Solutions of Practice Questions

Lecture#23

Q1l.

Find all possible polar co-ordinates representations of the point P whose rectangular co-ordinates are

(3v/2,-32)
Solution

We have

x=3v2 and y:—3\/5

For polar coordinate P(r,0)

= x4 7 =y (V2) +(=332)? =18 +18 =+/36 =26

== —_]=0=tan"'(-1)

The point P(3\/§,—3\/§) lies in the fourth quadrant

When



Whené’:’%r r=6

Polar co-ordinates of P are (—6, 34 —) and (6, —)

Q2.

Find polar co-ordinates of the point whose rectangular co-ordinates are (2, — 2)

Solution
As we know
r=yx’+y° and tan =2
X
So
F=y2) +(=2)° = B =22
tan@-— =1
2
0 =tan"'(-1)
3 Ix
4° 4
(2\/5 , 7—”+2mj,[—2\/_ —+2n7rj
n=0,1,2,-—————-—

Q3.

Express the equation xt = 8y in polar coordinates.



Solution

We use the formula x=rcosf and y=rsinf

x> =8y

(rcos@)’ =8rsind
r> cos’ @ =8rsinf
rcos” @ =8sinf
. 8sind

> =8secHtand
cos 6

Q4.

Convert the point (2, /3) from polar to Cartesian coordinates.

Solution

(r,0)=(2,%)
3
we have

x=rcos 8=2cos % =2—=1

1
2

y=rsin 9=2sin% =2 73 =B

Therefore, the point is (1, \/5) in Cartesian co-ordinates.



Lecture#24

Q1l.

Equation of a curve in polar co-ordinates is ¥ =1—cos @ . Discuss the symmetry of graph of this curve

about initial line.
Solution

Symmetry about initial line

As we know’ cos(—0) =cos8 so equation of a curve remains same if @ is replaced by —6 . So the

curve is symmetrical about initial line.

Q2.

Equation of a curve in polar co-ordinates is > = a” cos 26 . Discuss the symmetry of the graph of this

curve about y-axis.
Solution

Symmetry about y-axis

As we know

cos(2(r —0)) = cos (27 —20)
=cos2x cos20+sin2x sin26
= cos(26)

So equation of a curve remains same if @ is replaced by 7 — @ . So the curve is symmetrical

about y-axis.



Q3.

Equation of a curve in polar co-ordinates is 7> = 8sin 26 . Discuss the symmetry of the graph of this

curve about y-axis.
Solution

Symmetry about y-axis

As we know

sin (2(7r - 0)) = sin(27z -20)
=sin2x cos20 —cos2x sin20
= —sin(26)

So equation of a curve does not remain same if @ is replaced by 7 — 6 . So the curve is not

symmetrical about y-axis.

Lecture#25

Ql.

Use double integrals in polar co-ordinates to find area of the region bounded by the curver =7cos@ .

Solution

Here r =7 cos@is a circle of radius % and center at (%,Oj



7cos@ 7cos@

j rdrcm:j'
=3

2

r do
2

0 0

NH'—.N\N

(7cos )’ dé = 42—9

cos’ @ dé

NN

Il
N | =
NH)'—.N\N

v

N

9 1+cos26

2

do

!
|

oty ,\,Hg_.,\,m

1+cos20 dO

.|>|@

z
2

49 sin20
=—|0+
4 2

ﬁ(z_@]_ﬁ(z_ﬂ)z 497

-

4l2 2 | 427 4

Q2.

In each part, rewrite the double integral as an iterated integral in polar coordinates. (Do not evaluate.)

(a) [ [J1=x" =" dudy. where R is the left half of the unit disk.
R

(b) [[x*dxdy Where R is the right half of the ring 4<X¥ +17 <9
R

Solution

(a) The region R is the polar rectangle n/2 <0 < 3n /2, 0 <r < . In polar coordinates, the

integrand is v1—7° . So, we can rewrite the double integral as an iterated integral

37/2°1

| j(\/ﬁ |rardo.

z/2 0

(b) The region R is the polar rectangle —n /2 <0 <n/ 2, 2 <r < 3. In polar coordinates, the

integrand is (rcos #)”. So, we can rewrite the double integral as an iterated integral



/2 3 /2 3
J I(rcosﬁ)zrdrdﬁz I Ir3 cos” 8drd@ .

-m/22 -r/2 2

Q3.Eva|uate the following double integral by changing to polar coordinates.

27

j j (x” +y*)dydx.

Solution

j ZJ.X2 (x2 +y2) dy dx
0

0
Region of integration isthepartof a circle centerat origin and radius V2 in first quadrant
V2
I r*r dr d@,since x> +y° =r’

0

S =y [N

3 i
:j j ¥ dr dO
0 0
S s 3
:£ %O d@:zl "’4‘02 d0:4—£4 4o
5 .
=£d9=|9|02=%
o

3
Q4. evaluate sin(x” + y*)dydx by converting to polar coordinates.
Yy )ay
-3 0

Solution



3 \9-x?

J J. sin(x2+y2)dy dx

-3 0

Region of integration isthe partof a circle centerat origin and radius 3 in upper half of plane

3
I(sin r*)r dr d@,since x* + y* =r’
0

—%‘cosrz‘; dé = —;—]:(0059—1) do

Oy Oy

1 z T T
=——|0cos9-0| =——(c0s9—-1)= —(1-cos9
2| , 2( ) 2( )

Solution of Practice Questions

Lecture#26

Q1. Given the integral J.H (x + y+z)dzdydx where —2<z<2,0<y<3,0<x<2. Evaluate
G

the integral with respect to the variable z only.

Solution

3 2
{x3z +yz+ Z?} dydx

2

'ﬁ- Jz. (X + v+ 2°)dzdydx =
00-2

O O O C——y
O ) O ——

[4)63 +4y+ %}dydx

1 9—x?
Q2. Evaluate the double integral J- I (x> +y*> +1) dydx by changing to polar co-ordinates.
|

—\9-x2

Solution



-
I I (x*+y>+1) dy dx
_I—VB:;;

—1<x<1 , —\9-x"<y<~9-x’

y=v9-x> =>x*+y*=9

Circle center at origin and radius 3.So r varies from 0 to 3 and 0 varies from 0 to 2n
Also x* +y* +1=r"+1

Putting values

27 3 27 3

[[o?+1)rdrdo=[[0*+r)drde

2z r4 rZ
=||—+— do
0 4 0
2
= [§+2jd¢9:%(2ﬂ_0):99—”
4 2 4
Jiex?

1
Q3. Evaluate the double integral j J \/xz +y2dydx by changing to polar co-ordinates.
-1 0

Solution



~1<x<1 , 0<y<Al-x°
y=vl
Circle center at origin and radius 1. So r varies from 0 to 1 and 6 varies from 0 to &

Alsorx> +y* =r

Putting values

3
-x’ =>x+y’ =1

jﬁr rdr dﬁzjfj.rz dr df
00 00

!

7"3 V4
5 d@:!

1
0

Q4. Convert the following integral from Cartesian to polar coordinates. (Do not integrate it).

J. x> (x> +y°) dy dx.
0

O C—y —

Solution

y=~a*—x?
=y =a-x"or X’+y' =a’

Comparing it with the general equation of circle x* + y* =’

) T
we get r =a, so we have 0 <r <gand 6 varies from 0 to 5,

S =0 [N
oty

[ cos” 0 rdrd = [ [ 1 cos® 0drd
0 0



Lecture#27

Ql.If r(t)= Sf+sint}'+cost1€ then find ||r(t)||.

Solution

[+(0)] = (5)* + (sint)* +(cost)?
= \/25+cos2t+sin2t

_B341=26

Q2. If the vector valued function 7(¢) = e*i +In(t —1) j + tk , then find the vector that r(t) associates
with? =2.

Solution

The vector associated with =2 is

r(2)=ePi +In(2-1)] + 2k
=e'T+1In()] +2k

=e' +2k



Lecture#28

Q1. Check whether the given limit exists or not? Also justify your answer.
) 1 /: 5 A. A

lim|| - [i+e” j+costk |.

t—0 t

Solution

lim{(ljﬁ e’ j+ costk} = lim(ljﬂ lime* j+limcostk

t—0 t >0\ ¢ t—0 t—0

(1
Since the limit of first component, that is, hm(— does not exist. So even though the limit
t—0 {

remaining two components exist, the limit of vector-valued function does not exist.

- 1 A A A
Q2. The vector equation for a given curve Cis 7(¢) :(—ji + 17 +(2\/t_)k and its derivative is
t

- 1 A A A
r'(t)=——i +2t j+—=k . Find the tangent vector to C at the pointz, =3.
t

Ji

Solution

Att =3
?(3) = ll +9A' +2\/§IAC and :'(3)——12 +6A'+L/;
3 J 9 J \/5

For vector equation of tangent line at the point where?, =3, we have

of



r=r3) +1r(3)

1/\ A A 1A A l/\
= =i +9j +2\Bk |+ 1| —=i +6j+ —k
(3 ! J ( O ﬁ]

G—étji +(9+61) ) +(2\/§+ 1—th

NG

Q3. ) ) 5 .
Let (¢)=sint i +3cost j . Find t, such that 7(¢) and »'(¢) are perpendicular to each other.

Solution

N A N N A A
r(t)=sint i +3cost j and r'(t) =costi—3sint j
— -
Since r(t) and r' (t)are perpendicular so

r(t)er' (1) =0
(sint i +3costj)-(costi—3sintjj =0

sintcost —9sintcost =0
—8sintcost=0
sintcost =0

Multiply by 2 on both sides
2sintcost =0

sin2¢ =0

2t=0, 7,27, 37w, ———

t:0,£5 7, 3_72-,___
2 2
t=—;n=0,1,2,3,———

Lecture#29



Q#1: Write down the expression for the arc-length of the curve represented by the vector valued

function

#(t)=(5t—In3¢)i +(¢* +7) ] where0<t<4. (Do not evaluate the expression).
Solution:
Here

x=5t-In3t, y=t"+7
dx=5 3 dy

dr 3’ dt

et [£] (2]
152 vy

Q#2: What is the arc-length of the curve r(¢)=2 sint i+2cost j ;when 0<¢<27 ?

Solution:



F(f)=2 sint i+2cost |

Parametric equations corresponding to the vector equation are
x=2sint , y=2cost

dx dy

—=2cost, ——=-2sint
dt dt

2z 2 2
Arc —length = I \/(ﬁj + (d—yj dt
o \\dt dt

2z
- I\/(2cost)2+(—2sint)2 dt
0

= 2J:Z\/(4cos2 t)+ (4sin2 t) dt
0

= 2‘|i[\/4(sin2 t+cos’ t) dt
0

2z
=2[dt =2l  =4x
0

Q#3: What is the arc-length of the curve 7(1‘) =(2+5t)i+(3—-6¢) j when 2<¢t<37?

Solution:



1) = (2+50) i+(3—61) ]

Parametric equations corresponding to the vector equation are
x=2+5¢t y=3-6¢

& _ A

5, -6
dt dt

Q#4: Given the equations of two curves y=x and y= Jx . Find the intersecting points of these
curves.

Solution:

x=+x

x’=x or x’-x=0
x(x-1)=0

x=0 or x=1

x=0 and x =1 are the intersecting points.

Q#5: Given the equations of two curves y =—6—x" and y =4-"7x . For which values of x these
curves intersect each other?

Solution:



—6-x>=4-"Tx

x*=T7x+10=0

x*=5x-2x+10=0

x(x—=5)-2(x-5)=0

(x-2)(x-5)=0

x =2 and x =75 are the required insecting points.

Q#6: Given the equations of two curves y =4—x and y =4—x" . For which values of x these
curves intersect each other?

Solution:

4-x=4-x

¥ —x=0
x(x-1)=0
x=0or x-1=0

x =0 and x =1 are the intersecting points.

Lecture#30

Q#1: Determine whether the following differential is exact or not.
dz =4xy’ dx+6xy° dy

Solution:



:622
—=12 2
—=12 2

So the given differential is exact.

Q#2: Determine whether the following differential is exact or not.

dz = (5x+9xy) dx+ 5x°dy

Solution:

Let P=5x+9xy and Q=5x’

Then
op =9x Q =15x"
oy ox
: o0 : . L
Since — # — so given differential is not exact.
oy Ox

Q#3: Determine whether the following differential is exact? If so, find z.

dz =3x(xy—2) dx+ (x> +2y) dy
Solution:



Since P=3x(xy—2) and Q= (x’+2y)

Then
op =3x Q =3x"
oy ox

Since the given differential is exact, therefore, (Z_)]j = aa—g
Since dz is exact differential so
z :jP dxzj3x(xy—2) dx:I3x2y—6x) dx
=x"y=3x+f(y)-—————~ 0y
2=[0dy=[G"+2p)dy
=Xy ) m 2)

Compare right hand side of both the expressions (1) and (2) we get

f)=y
and
Jf(x)=-3x
Thus

z=x"y-3x+)"

Lecture#31

Q#1: Evaluate the line integral J —y dx + x dy along > =3x from the point (3, 4)to the

C

point (1, 0).

Solution:



=
3
2
dx=—yd
3 yay
Put values of C , x and dx in given line integral
I—y dx + x dy
C
0 y2 2
J—y(—ydyj+—dy=f——y2dy+ v’ dy
4 3 4 3
0
-1,
==y
15
]
313,
- L0-64)
9
_ 64
9

Q#2: Evaluate the line integral J. 3y” dy where C is the line segment from (2, 0) to (1, 5).

C

Solution:

Q#3: Evaluate the line integral J.3x2 ydx +xy dy along y=x’+1 from the point (-1, 0) to
C
the point (1, 2) .

Solution:



y=x"+1
dy =3x>dx
Put values of C, y and dy in given line integral
J.3x2y dx +xy dy
C
1

1
J.3x2 (x> +1) dx +x(x* +1)(3x7) dx :I (3x5 +3x7 +3x° +3x° )dx
-1

1 1 3 3
=—+1l+—4———+1+=—=
7 4
=2+§
7
_14+6_§
7 7

Lecture#32

Q1. Evaluate j4x3ds where Cis the curve shown below.
C

¥

2 -

1= Choigpes]
| | - | *
ey a5 A 2

C" y=x-1
Gyl /"'( s

- - - —



Solution:

So, first we need to parameterize each of the curves

C:x=t,y=-1, -2<t<0
C,: x=t,y=t"—-1, 0<¢<I
C,: x=1y=t, 0<t<2

Now let’s do the line integral over each of these curves.

Jazrds= [ 48 J(0P +(0F &= 48 ae = =16
G

é[4x3ds= jualf,/‘[lf +(3) a

= Inlélf 149¢* 4

= %[%J(Hw*)g

1

y 2
= —[103 —1} =2 268
Zi

]

[42 ds= [ 4(07 J0) +(1) de= [[ 4ae=2

Finally, the line integral that we were asked to compute is,



I4x3d3: I4x3ds+ I 4% c;n!’s+I 45" ds
e G = G

=-164+2.2684+86
=-57732

Answer (-5.732)

Q2. Evaluate the following line integral with respect to arc-lengths

9

2
I3xy222ds,WhereCisthecurve x=t |, y=t2 z=§t3 and 0<t<1.
C

Solution:
2
x=t, =1, z==1
Y 3
A dy
dt dt dt

ds (dx]z (dyjz (a’zjz
il - +| = | +| —
dt dt dt dt

=N1+4c + 48 = JA+202) =1+ 27




2
3xy’z? =31(t%)° [%fj = %t“ (Putting values of x, y, z)

4|4 gl

= —|— + —|—
3 12 3 14

40,801 4 12 1
3127 314 9 21 63 63

Answer (E )

Q3.

Evaluate the following line integral which is independent of path.

(=1,0)
I (3x2y2) dx + (2x3y) dy

(2-2)
Solution:
Let dz =(3x°y?) dx+(2x°y) dy

As given line integral is independent of path so dz is an exact differential. z will be found as given

below

P(x, y) =3x"y",  O(x,y) =2x"y



Z=IP dx=j(3x2y2)dx Z=IQ dy:J-(2x3y)dy
=Xy ()= =X+ f(1)-—==(2)

As there is no dissimilar term at the right side of equations (1) and (2), so

f(»)=0and f(x)=0
Thus z=x"y

Sofor dz =(2xy°) dx+(3y°x*) dy , we have z =x’y’
Put this value in given integral, with limits (2, —2) to (-1, 0)

(=1,0)

I(3x2y2) dx+(2x3y) dy = I d(x3y2)
c (2,-2)
IR ()
- ‘x Y ‘ (2,-2)
=[8(4)]=32
Answer (32)
QA4.

Evaluate the following line integral which is independent of path.

)

(0,0)

5
I (2xsin y) dx—(x>cos y)dy

Solution:

Let dz =(2xsin y) dx—(x*cos y) dy



Since given line integral is independent of path so dz is an exact differential. z will be found as

given below.

P(x, y) =2xsiny, O(x,y)=-x"cosy

z:fP dxszxsiny dx

=x’siny+ f(y)—-——-(1)

z:j-Q a’yz—jx2 cos ydy
=x’sin y+ f(x)————(2)

As there is no dissimilar term at the right side of equations (1) and (2) so

f()=0 and f(x)=0

Thus z=x’siny

So fordz =(2xsin y) dx—(x’cos y) dy , we have z = x’sin y

Put this value in given integral, with limits (0, 0) to(l, %j

[@xsiny) dx—(x*cosy) dy="[ d(x’siny)

C (0,0)
(I‘ ]
2

2 .
=|X SIn ‘
‘ Y (0,0)

=1

Answer (1)



Lecture#33

Q1. Use Green’s Theorem to evaluate (j) xydx +x°y°dy , where Cis the triangle with
C

vertices (0,0), (1,0), (1,2) with positive orientation.

¥
2 e
[ A
y=2x
]_ -
i A
0 | | _— | - | x
1] nz 0.4 0a 0z 1
Solution:

So, the curve does satisfy the conditions of Green’s Theorem and we can see that the following
inequalities will define the region enclosed.

We can identify P and Q from the line integral. Here they are.

P =y O = x¥y7

So, using Green’s Theorem the line integral becomes,



tf)xydx+xjy3 o :” 2ry — xdd
o

Answer (E )

Q2.

Use Green’s Theorem to evaluate Cj)(xz - 4xy) dx + (y2 —xy) dy where Cis a square with vertices
C

at(0, 0), (2,0), (2,2) and (0, 2)

Solution:
Here

P= (x2 - 4xy)
and
0=(y"-x)
o =—4x

y

o0



Limits for x is from 0 to 2 and for y is O fo 2.

Thus by Green’s Theorem

g}(xz —4xy) dx +(y2 —xy) dy :—I (—4x —y)dy dx

C

o

:j.(8x+2 ) dx

:Mx2+2ﬂj=16+4=20

Answer (20)

Q3. Use Green’s Theorem to evaluate 4}y3dx —x’dy where Cis the positively oriented circle of radius
C

2 centered at the origin.

Solution:

Let’s first identify P and Q from the line integral.

P=y g=-x

Now, using Green’s theorem on the line integral gives,

(EI;yEcix— x3dy: _”—3;:2 —3}?2 fA
o) D

Where D is a disk of radius 2 centered at the origin.



Since D is a disk it seems like the best way to do this integral is to use polar coordinates. Here is the
evaluation of the integral.

Answer (=247 )

Lecture#34

Ql.Findcurl F,if F =x"yi+xyz j-x"y°k .

Solution:



A

F=x"yi+xyz j-x’y*k

i Jj k

curl F=VxF = i — i
ox Oy oz
2 2.2

Xy xyz —Xxy

0(xyz) (x"y)

_ (a(—xzyZ) ) a(xyz)j . [ o(x’y) a(—nyZ)j }{
oy oz 0z ox

=(=2x"y—xp)i-2xy" j+(yz—x))k

Answer ((=2x>y —xp)i—2xy° j+(yz—x)k)

Q2.Finddiv F,if F=yz’i+xy j+yzk

Solution:

F=yz’i+xy j+yzk
divF =V eF = ii+ij+ik 0(1?:yzzi+xyj+yzkj
ox Oy 0z
_o(yz") L9 o(yz)
ox oy oz
=0+x+y=x+y

Answer (x+y )

ox

A

Oy

Js



Q3.1f A=x"yi +y22° ] - 2°x*k then find graddiv 4 .

Solution:

A=xyi +y*2%)] — %%
0 ~0 0 - . n
divA=V.A=|i—+j—+k—|(xyi+y’2 ] -z%%k
(6)6]8)/ 6zj(yyj )
=3x’y+2yz’ —32°x" = ¢ (say)
graddiv 4 = grad ¢

= %{+%]+%l€
ox Oy oz

= (6xy—6x27)i + (3x* +22°) j— (6yz” — 6zx2)l€
=6x(y—2°) +(3x*+22)j— 62(yz —xz)lé

Answer (6x(y—z*)i +(3x* + 223)}—6Z(yz—x2)/€ )

Q4: Given , f(x,y)=sinxy+cosxy find di VF).
Solution:

We are given that

f(x,y) =sinxy+cosxy



Vf = i'A+i 7 | (sinxy+cosxy)
ox Oy

A

= (ycosxy — ysin xy)i + (xcosxy — xsin xy ) j
grad(Vf) = [% [+ %f} . ((YCOSXy —ysinxy )i + (xcosxy —xsinxy )j )

=—y’sinxy— y’ cosxy — x” sin xy — x* cos xy

= —sin xy(x2 + y2)— cos xy(x2 + yz)
Answer (—sin xp(x”> + y*) = cos xp(x”> + y?) )

Question 1

Evaluate jx3 In xdx by parts.

Ans

4 4
X

—Ihx-——+c¢

4 16

Question 2
Evaluate _[X oS xdx by parts.

Ans

xsinx+cosx+c

Question 3

T

D il
Evaluate -[0 sin’* xdx

119753



Lecture#35

1.

Solution

(cos3 x+cos’ x) dx =

2.4.
cos" x dx = 6

Use Wallis cosine formula to evaluate

S o [y

2
2

cos X dx+I cos’ x
0

O'—.N‘h\

......... (=D o o oddand >3

cos® x dx _2
3

2><4
3x5

w

(@)

Q

7

=

&
Il

Sl V[ OV [N OV [y OV [N O m— 0|y

2. Use Wallis sine formula to evaluate

8

15

(cos3 x+cos’ x) dx =

3.5.7........ n

2
—+—
3

8
15

_18
15

(sin4 X +sin® x)dx .

S =y [N

Solution:

2 5 T
j(sin4x+sin6x)dx J sin® x dx+j sin® x
0 0 0

2

J.sin”xdx—£135 """"" (n=1) if nis even and > 2
0 2 246......... n

3

J.sin4xdx:££§J=3—ﬂ

) 2(8) 16

J%sin6xdx—£( 3%5 }—15”

0 2\ 2x4%x6 96

2 37 157 33z
j(sm X +sin x)dx —_—t—=—

o 16 96 96

(cos3 x+cos’ x) dx .



Lecture#36
1. Evaluate the line integralJ.F -di where F(x,y,z)=xyi +x’z and c is given by the
curve 7(t) =tf+2§+(1—t)l€, 0<¢<1.

Solution:
We are given that F(x, y,z) = xyi + x’zj and 7(t) = ti + 26 + (1- 1)k .
This implies
di =i +2]—k)dt .
Also,
F(F()=Q)i +2(1-1)]

=205+ (2 =1)]

ﬁ-df=(2t25+(z2—z3)j)~({+ 2}—/€)dt

F-di =

S S——

) S——
—_~
[\®]
~

)
+
[\
~
)
|
[\®]
~
w
~—
53
I
© — —
—_
N
~
[}
|
[\®}
~
(98]
~
53

which is the required result.

2. Evaluate the line integraljﬁ' -dF where F(x,y,z)= yzi +3xyzj + 2x° yl€ and c is the
curve given by 7 () :f+t]:+tzl€, 0<r<I.
Solution:

We are given that F(x, y,z) = yzi +3xyzj + 2x2yl€ and 7() =1+ + k.
di = (] +2tk)dr .
Also,
F(7(0)) =t +30°] + 2tk
F-df=(t3f+ 3]+ 2tl€)- (j'+ 2tl€)




Lecture#37

Consider the vector field /' =3xzi+2y j over the surface S which is the portion of the sphere

x” +y”>+z° =9 bounded by the planes x=0 , y=0, z=0 (as shown in the figure below).

Ifn =§ i +§ Jj+ g k is a unit upper normal to S. express IF endS in spherica coordinates.

S

Note: Do not evaluate the integral.

Solution:

A
-

Put values of £ and " in given integral

[Fen dSzj(3xzi+2yj)0(§i +§j+ ik] ds
S S

3
:'[ (xzz+zy2j ds
% 3

To convert it to spherical polar coordinates, we have
x =3sin¢ cos

y =3sin¢sind

z=3cos¢

dS =9sing d¢ do

Limits are:



@ ranges from 0 to %

0 ranges from 0 to %

Put these values

Practice Questions

Lecture#38

5
Q1. Determine whether the following vector field /' is conservative or not.

a) F(x v,2)=Qz" -y )z+(z 3xy’ )]+(y+8xz )k

b) F(x v, z)——2xcoszz+y ]+x smzk

Q2. Let S isthe surface bounded by the plane x=0 x=1,y=0 y=2, z=0z=3.If
F =Q2x’y+z)i+xz’ j+ (e’ —yz)k , use Divergence Theorem to find IF- n dS , where n denote the

unit outer normal to S.

Q3. Use Stokes’ Theorem to evaluate the integral qurlF en dS

s



A

If F=z"i—3xy j+x’y k and surface S is the portion of paraboloid z = 5— x> — y* above the

plane z =1. Assume that S is oriented upward.

Lecture#39

Q1. Write amplitude, period and frequency of the following:

a) y=2sin 3x

X
b) y=3sin—
)y 5
¢) y=S5sin 8x

Q2. Define the periodic function whose graph is shown below.




Q3. Sketch the graph of the following periodic functions

/2 0<t<4
f(t)=18 4<t<6

0 6<t<8
Q4. Evaluate

Va
j sinmxsinnx dx = (n =m)
-
V1
I sinmxsinnx dx =0 (n #m)

-

Lecture#40

Q1. Determine the Fourier co-efficient a, of the following function.

f@g:% 0<x<2rm

Q2. Determine the Fourier co-efficient a, of the following function.

f@g:% 0<x<2r7

Q3. Determine the Fourier co-efficient b, of the following function.

showing all

relevant values:



O<x<2rm

fx)=

Q4. Determine the Fourier co-efficienta,, a, and b, of the following function

-r<x<0

0
f(x):{
X

0<x <7z andhas aperiod 2w

[Fen ds:j(m 27 )as
:

O 0 | N

[(3 sin ¢ cos 8)*(3cos @) + %(3 sin @sin 6’)2j 9sing dp d

Practice Questions Lecturei#t41-43

Q1. Check whether the given function is even, odd or neither.

f(x)=x"€".

Solution



Let g(x)= (xz)
h(x)=e".
As g(—x) = (—x)’
= xZ
=g(x)
So g(x) is an even function.
h(x) is neither odd nor even function. Since product of even function and
"neither even nor odd function" is "neither even nor odd function"

so f(x) is neither even nor odd function.

Q2. Check whether the given function is even, odd or neither.

f(x)=cos’ x sin5x .
Solution

Let g(x)=cos’ x
h(x) =sin5x
g(x) is an even function as
g(=x) = (cos(-x) )’
=(cos x)2
=cos” x = g(x)
h(x) is also an odd function as
h(—x) = sin 5(—x)
= sin(—5x)
=—sinS5x=—h(x)
Since product of an even and and an odd function is an odd function

so f(x) is an odd function.

Q3. Consider a periodic function defined by
f(x)=x; -n<x<rxm

Determine Fourier Co-efficienta,, a, and b,.



Solution

f(x)=x; -n<x<nm
Since f(—x)=—x=—f(x) so fis anodd function.

If f(x) is an odd function defined over the interval — m < x < m, then the Fourier series for f(x)

contains sine terms only. So a,anda, are zero.

b, = 1 '[ f(x) sin nx dx
ﬂ—/r

2 )
=—Ix sinnx dx
72-0

2 175
=—[ +—Icosnx dx]
T ny,

2 1 . =
= —/[—z cos nr+ —sin nx|0]

T

—XCOS nx

n 0

nr n
—2cosnr —2cosnr
n n
_ 2"
n

Q4. Determine the Fourier coefficient a, for a periodic function f'(¢) of period 4 defined by

(1+1) 2<t<0

f(t)z{o 0<t<2

Solution

Here the given function is of period 4, so T =4 and



r

a, =

2 2 2 1 0 2
rwar =3 j2 (0 dtza{ j2 () dt+ ! (0 dt}

[ 2 RN
_Eu(lﬂ)cm!(m dt}_g[w 51_5(2—2)_0

Q5. Determine the Fourier co-efficient b, of the periodic function

f(x)=2x+2,0<x<2
Solution
Here period=T=2
2r

O=—=7
T

T
b, =%'([f(x) sinnwx dx

2
b = J(2x +2)sin znx dx
0

(—cos znx) (—cos znx) ?
(2x+2) -2f dx
n n .

2
2(sin znx
_ _(2x+2)cos7mx+ ( i )}
n T°n .
6 2j —4
= ——+— —_——_—
n 7n n

Q6. Determine the Fourier co-efficient b, of the following periodic function.

f(x)=x+1, 0<x<l

Solution



Here period=T=1

2
T

T
b, =%£f(x) sinnwx dx

1
b, = 2I (x+1)sin27znx dx
0

1
o sy (—cos27znx) ~ _[ (—cos 27mx)dx]
n 2wn o

=2 —(x+1) 5

. 1
cos 2 wnx . (sm 27mx)
n 47’n* .

-2 1 j -1
=2 —+—|=—
2xn  27nn n

Practice Questions with Solution

Lecture#44 &45

Q1. Find Laplace transform of the functions F(¢) if

a) F(t)=e™
Solution:
F(t)=e"
As Lie"} = where s and a are constants

s—a
1

L eSt —

{e”} R

b) F(t)=t>



Solution:

F@)=¢
n! :

As L{t"} = — where s isa constant
s

5! S5x4x3x2x1 120
L{ts}: 5+1 = 6 = 6
s s s

c) F(t)=sin5t
Solution:

F(t) =sin5¢t

As L{sin at} = where s and a are constants

2+a2
2
s*+25

L{sin 5t} =

d) F(t)=e*cos3t

Solution:

F(t)=e* cos3t

As L{e" cosbt} = ﬁ where s,aand b are constants
s—a) +
2t S — 2
L{e" cos3t} = —————
(s—2)"+9

e) F)y=t>+3t-2

Solution:

F(t)=t+3t-2



|
As L{? +3t =2} = L{ Y +3L{t} - 2L{1} = %+3 %—2 1
S S

S

Q2. Show that Laplace transform of the function

f({t)=tis — wheresisa constant for the integration and s > 0.
s

Solution:

As we know
+00

LLf®O]= [e™ f@)dt
So for f(t)=t

L[t]= Te”t dt

0

: —st
=lim,,  |e "t dt

00

o —_—

' e Lo e
=lim, , 4|t + Il —dt
S o 0 S
) e—st ! e—st !
=lim,_ _ <[t—| —|—
S o S

In order for this limit to exist, we again must insist that s # 0 and that s > 0
so that e has a limit (of zero ). We obtain

= —llim,_w (le-0)- l—zlim,_>+m(e’51 -1)
s s




Q3. Find Laplace transform of the function F'(¢) if

F(t)=e” cos t

Solution:

Since

L{cos t} =
¢ } s2+1

So by First Shift Theorem
s=2
(s—2)*+1

B s=2
(s +4—4s)+1
o522

P —4s+5

L{e™ ™ cos 2t} =

Q4. Determined:

1 3
2) L {s2+4}

Solution:

L 23 =L 3—23 5 = 2—23 ; =S sin2s
s°+4 285 +2 2 25 +2 2

b vl
(s+5)

Solution:




e et e
(s+5) 3(s+5) 3 (s+5)*

Q5. Find Laplace transform of the function F(¢) if

F(t)=¢e sin 4t

Solution:

Since
4
s> +16
So by First Shift Theorem
4
(s=3)+16
B 4
(s> +9-65)+16
B 4
s —65+25

L{sin 4¢} =

L{e™™" sin 41} =




