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MTHION - Calcutus B (Quiz No.3) Cruiz Stort Time: 04 87 FM. 27 Jonuary 102

Question & 8 of 10 | Stort time: 05.0% 12 PAL 27 Jonuary 2023 ) Total Marks

For a function r(t) = 2(t)i + g(t)j + 2(t)k in 3 - space we define lim r(t)
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LIMITS OF VECTOR VALUED FUNCTIONS

The Iimit of a vector-valued function 1s defined to be the vector that results by takir

limit of each component. Thus, for a function r(t) = x (t)i + y (t)j in 2-space we def

lim y(t)))
X()1+ y(t)j

lim r(t) (!im X(t))n + (

=2 —»(1

and for a function r(t)
In 3-space we define.

im r(0) = (imx(0)i + (imy()j + (fimz(t)k

[f the limit of any component does not exist,
then we shall agree that the limit of r (1) does not exist.
These definitions are also annlicable to the one-sided limits lim
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I'he differential equation. d: 25" - 1 ry + 3) dx i1 2r' + 1) dy, is an exact differential equat
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We now work 1n reverse.

Any expression dz = Pdx + Qdy, where P and Q are functions of x and
differential 1f it can be integrated to determine z.

y, 1S an exi

0z 07
P=7" and —
OX Q Cy
= - - ¥
P 7 Q o7 -7
Now —=""—"and — = ﬂnd we know that = =
Cy Cyox OX  OXxOy Cyox  OXOy

-

: : - —
Theretfore, for dz to be an exact differential LW and this 1s the test we apply.

oy oX
EXAMPLE
dz = (3x” + 4y°) dx + 8xy dy.
[f we compare the right-hand side with Pdx + Qdy, then
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(1+y) dysy +5 (=4

-hz_ | 1 3
2 2
FinallyI=h+k+Is+1la= 0+437 -8-47 =8 SI==8

Remember that, unless we are directed otherwise, we always proceed round the closed
boundary in an anticlockwise manner.

Line integral with respect to arc length

We have already established that

1 _[Fld:-; I Pdx+Qdy !

AB AB
where Fi denoted the tangential force along the curve ¢ at the sample point K(x,y).
The same kind of integral can, of course, relate to any function f(x,y) which 1s a function
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Question & J of 10 ( Start time. 0% 00 29 PM._ 77 Jonuwary 2027 ) e —
The graphof ¢ = (1 4+ t)i + (-2 + 3t)j- 4tk is the
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Fath of integration paralled to , dr =10 I ]I‘J.Ig
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a, cosnr + b, sinnr ; n ks a positive integer, known as g i
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For a closed path in a conservative field
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Wallis sine formula when n is odd
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Wallis sine formula when n is odd

o

1

f Cos™ rdr

Ly

cct the correct option
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Consider a vector A for which V. A = 0 at all points, ie. for all values of x, y, =z, is called
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MTHI0! - Calcubus B (Quiz 3)

Question # 3 of 10 ( Start time: 09:27:37 AM, 2% July 2023 )
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Tuestion # 2ol 10 ( Start time: 09:26:48 AM, 28 July 2021 )

If Pdr + Qdy + Rdw s an exact differential equation then f{f'li.r ¢ Qdy + Rdw) is of
-
the path of integration .
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To evaluate the line integral, ['l-'{r]dr . the ﬁ ! ﬂ»«l in termns of 2, y, z with dr

t rect
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perpendicular. 1ic mohvation Tor the Tollowing usclu
applicable 1n both 2-space and 3-space.

e

1COorem, whnicn 1s

1S 1S

THEOREM:

If r (t) 1s a vector-valued function in 2-space or 3-space and ||r(t)]| 1s constant for all t,
then r(t).r'(t)=0

Proof: That is, r(t) and r(t) are orthogonal vectors for all t. It follows from (6) with
ri(t)=rt)= r(t) that

g dr  dr
1 [r(0.r(] = r(t). 50 + 30 - r(t)

: i . ]
or, uqun'ulumly.t— [e(O)] = 2r(1) _ﬂ'

dt

dt
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Dependence of the line integral on the path of integration
We know that integration along two separate paths joining the same two end points does
not necessarily give identical results. With this in mind, let us investigate the following

problem.

Example 4 : Evaluate | = {f {3x? v dx + 2x'v dy} between O (0, 0) and A (2, 4)
.

(a) along cpi.c.y=x’
(b) along ¢z l.e. v=2x
(¢) alongczie. x=101from(0.,0)to (04)andy =4 from (0.4) to (2.4).

Solution:
(a).First we draw the figure and insert relevant information.

» o
' f.ﬁ"" ' -~ 1 % v




A closed path in a conservative field, fﬁ".di-'=
c




Lecture No -38 Vector Field

Conservative Vector Fields

In general, the value of the integral J c F.dr

between two stated points A and B depends e

a a a r !
on the particular path of integration followed. v !
If, however, the line integral between A and AL e

B 1s independent of the path of integration

between the two end points, then the vector field
F 1s said to be conservative.

It follows that, for a - in a conservative field, SE' F.dr = 0.
C

For, if the field 1s conservative,

_[c!.[,qg} F.dr= _LEMB} F.dr But ¢5(BA) F.dr — 'LZ{"H"H]' F.dr A/f__;-"f
Hence, for the closed path AB. +BA., ‘_f’ F.dr /"ﬁ :

Y

= .[C;{hﬂ} F.dr + _Lzmm F.dr

= .[C]{AB} F.dr — _[cz{ﬂﬂ} F.dr= ,[C]{AB} F.dr - _leu]. F.dr=10 mﬁ-

1L



MTH301 - Caleulus Il (Quiz Ne.3.)

Question # 2 of 10 ( Start time: 10:41:55 AM, 05 July 2024 )

Wallis sine formula when n is even

2
f Sin"zdr =
1]

Select the correct option

n—1 n-3 n-5 n-7

= n n—-2 n—-4 n—6 7T 5 3
() E.R_E.ﬂ_d.ﬂ_ﬁ...ﬁii.g
\ S 2 2 2 2 7 5 3
' n—1 n-1 n-1 n-1 5 34 1
L 2 2 2 2 6 4 2
) n—]_n—E‘n—E_n .5 31
A n n—2 n—-4 n-6 6 4 2



Wallis Sine Formula

&

n=1n=-3 n=-5 n-7

When n is even Isin" e : : _ _________E_i_l_f
o n n—2 n—-4 n-6 6422
%

When n is odd jcgg"xdx:”_1_”_3_”_5_”_?_________EEE
. n n—2 n-4 n—6 A

182
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So three tests can be applied to determine whether or not a vector field is conservative.
They are

(a) €E’ Fdr=0
(b) curl F=0
(c) F=grad V
Any one of these conditions can be applied as i1s convenient.

Divergence Theorem (Gauss’ theorem)
For a closed surface S, enclosing a region V in a vector field F

L div Fd'ﬂ.f=_[5 F.dS

In general, this means that the volume integral
(tripple integral) on the left-hand side can be expressed
as a surface integral (double integral) on the right-hand side.

A

Example

193
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MTH301 - Caleulus Il (Quiz No.3.)

Question # 7 of 10 ( Start time: 10:46:39 AM, 05 July 2024 )

We can apply the following test/tests: to determine whether or not a vector field is conservative.
Select the correct option
() (d) All (a), (b) and (c). gt
® () curl F =0
':_R (c) F=gradV
() (a) j{ F.df =0




Properties of line integrals

N _(Fds=_[ {Pdx + Qdy}
C C

. _[ Fds=- J Fds and _[ (Pdx+Qdy} = _[ {Pdx+Qdy}
AB BA BA

AB
1.e. the sign of a line integral 1s reversed when the direction of the integration along the

path 1s reversed.
3. (a) For a path of integration parallel to the y-axis, 1.e. x=k, dx =0

- i_([ Qdy.

(b)  For a path of integration parallel to the x-axis, i.e.y=k,  dy=0.

ﬂ Qdy=0 .. Ic=j Pdx.

4 lf the path of 1 mtegratmn c joining A to B 1s dwlded into two parts AK and KB, then
I = Iap = lak + Ika.
5 If the path of integration c 1s not single
valued for part of its extent, the path 1s

divided into two sections.
y = f1(x) from A to K,y = f5 (x) from K to B.

" X

6. In all cases, the actual path of integration involved must be continuous and single-
valued.

167



MTH301 - Caleulus |l (Quiz Ne.3.)

Question 2 1 of 10 ( Start time: 10:41:01 AM, 05 July 2024 )

Path of integration parallel to ,dy=0. = Io=| Pdz.
o
Select the correct option

¢y z - axis
b

= - axis
[!D ! ~
,: :‘:l y - axis
@, N ¥




MTH301 - Calculus Il (Quiz No.3.)

Question 2 8 of 10 ( Start time: 10:47:30 AM, 05 July 2024 )

Path of integration parallel to

Select the correct option

Iij z - axis

r"_"\l dz=10

\_/

,k::l y - axis
;

Irj T - Axis




MTH301 - Calculus Il (Quiz No.3.)

Question # 9 of 10 ( Start time: 10:48:26 AM, 05 July 2024 )

If Pdr 4 Qdy + Rdw is an exact differential equation then a

Select the correct option

® (@ Al (a), (b) and (9). >
O ®) o =28
O ™ % =5
O © 5 oo




33-Examples VU

Exact differentials in three independent variables

A line integral in space naturally involves three independent variables, but the method 1s
very much like that for two independent variables.

dz = Pdx + Q dy + R dw is an exact differential of z = f(x, y, w)

P _2Q P R R _0Q
Yoy “ox’ow ox Cdy ow

If the test 1s successful, then

(a) ,[ (P dx + Q dy + R dw) 1s independent of the path of integration.
C

(b) C_F (P dx + Q dy + R dw) 1s zero.
s
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MTH301 - Caleulus Il (Quiz Ne.3.)

Question 2 & of 10 ( Start time: 10:45:00 AM, 05 July 2024 )

Evaluate fin.'l:d:l: N R S———

Select the correct option

nt—z+z

O

zinr -4+ c¢

®

1
::Inz—;+c

.
Inz s +¢€
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Integration By Parts

IUderUIde—JDde.%]dx

Example Evaluate _[ X Inx dx

J X Inx dx= Inx I xdx — J' [I X dx. 'ii(ln x)] dx (We are integrating by parts)
X

b oy M=y e [ (Eovix
=Inx(=-)-[ (ST ) Inx- [ (S)dx=(S) Inx-2 (5)

Example Evaluate _[ X sinx dx

I x sinx dx =xj sin xdx — I [I sinx dx. 'ii{x}] dx (We are integrating by parts)
X

= x(-msx}-J- (-cosx)(1)dx= -x(cosx ) +I cosx d x = -x(cosx)+sin x

Line Integrals
Let a point p on the curve ¢ joining A and B be denoted

by the position vector r with respect to origin O. If g ol L
. . . . - - F ok dr
1s a neighboring point on the curve with position vector '

o

r+dr , then E =T |%3




34-Examples VU

(a) Grad operator V acts on a scalar field to give a vector field.
(b) Div operator V. Acts o a vector field to give a scalar field.
(¢) Curl operator ¥ x acts on a vector field to give a vector field
(d) With a scalar function ¢ (x,y,2)

_00. 0. 0¢
Grad p = V¢ = ox 5}'] 52
(e) With a vector function A=a+ayjt+ak
o B B :5"31 E?a,ﬁ, oa.
(1) div A =V.A= By +5,
i ] k
0 ¢ 0

(i) Curl A=V x A= |~ oy oz

A ay A I -?_ 9




