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ORANGE MONKEY 

MIDTERM MCQS 

Mth603 
1. Which method requires a derivative of the solution. 

                                                  Regular-Falsi method 

2. In Gauss-Seidel method, each equation of the system is solved for the unknown with 

________ coefficient, in terms of remaining unknowns. 

                                                    Largest……confirm 

                           

3. The convergence of which of the following method is sensitive to starting value 

                                                  Newton-Raphson Method…….confirm 
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4. The number of significant digits in the number 608.030060 is 

                                                6 

5. For a system of linear equations, the corresponding coefficient matrix has the value 

of determinant; |A| = -3, then which of the following is true? 

                          The system has unique solution 

6. The number system that has a base 8 us called __________ system 

                                                                8 

7. If there are three equations in two variables then which of the following is true? 

                All above possibilities exist depends on the coefficients of variables 

8. The root of the equation 3x-ex=0 is bounded in the interval. 

                                               [0,1] 

9. In _____method matrix [A] of the system of equations is decomposed into the 

product of two matrices [L] and [U] where [L] is a lower-triangular matrix and [U] 

is an upper-triangular matrix with 1’s on its main diagonal. 

                              Crout’s Reduction……confirm 

 

10. Which method requires three starting points. 

                                   Muller method…….confirm 

                         

11. For the system of equations x=2, y=3. The inverse of the matrix associated with its 

coefficients is __________. 

                                                 Non-identity 
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12. While using the Gauss-Seidel Method for finding the solution of the system of 

equation, the following system 

3 11

2 5 16

5 4

x y z

x y z

z y z

  

  

   can be rewritten as 

                                                  

1
(11 )

3

1
(16 2 )

5

1
(4 )

5

x y z

y x z

z x y

  

  

  
 

13. While using the relaxation method for finding the solution of the below given system 

which of the following increment will be introduced 

1 2 3

1 2 3

1 2 3

6 2 3 1

2 7 2 5

5 13

x x x

x x x

x x x

  

   

   
 

                                                   

3

3

33

R
dx

a


 

14. Gauss-Seidel method is also known as method of  

                                        Successive displacement 

15. For a system of linear equations, the corresponding coefficient matrix has the value 

of determinant |A|=-3 then which of the following is true? 

                                        The system has unique solution 

16. If the product of two matrices is an identity matrices that is AB = 1 then which of 

the following is true? 

                                   A is inverse of B 

17. Which of the following is equivalent form of the system of equations in matrix form 

AX=B? 

                                  X=(Inverse of A)B 

18. If the determinant of a matrix A is equal to zero then the system of equations will 

have….. 

                            No solutions or infinitely many solution 
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19. While solving the system of linear equation x-y=2, -x+y=3 by Jacobi’s method, if 

(0,0) be its first approximate solution, then which of the following is second 

approximate solution? 

                                               (2,3) 

20. While solving a system of linear equations by Gauss Jordon Method in which of the 

following case the partial pivoting is essential? 

                                     When pivots are zero 

21. If the pivot element happens to be zero, then the i-th column elements are searched 

for the numerically ____________element 

                                               largest 

22. For two matrices A and B, such that “A=Inverse of B”, then which of the following 

is true? 

                                           All options are correct 

23. Which of the following rearrangement make strictly diagonal dominant, the system 

of linear equations; x-3y+z= –2, –6x+4y+11z=1, 5x–2y–2z=9? 

                                        5x-2y-2z=9,  x-3y+z=-2,  -6x+4y+11z=1     

24. In Jacobi’s method, We assume that the ________elements does not vanish. 

                                                                        Diagonal 

25. While solving by Gauss-Seidel method which of the following is the first iterative 

solution for the system x-2y=1 x+4y=4? 

                                                           (1, 0.75) 

26. While solving a system of three linear equations in three variables by Jacobi’s 

method, the first approximate solution is necessary to be taken as (0,0,0) 

                                                                True 

27. Gauss-Seidel method is similar to__________. 

 

                            Jacobi’s method 
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28. If  

2 0 0

3 2 3

1 4 9

A

 
 


 
    then by using Gaussian Elimination method the value of A-1 

will be 

 

                                                                      

1
0 0

2

2 3 1

1 4 2

5 2 1

6 3 3

 
 
 
 
 
 
 
    

29. If  

0 1 0

1 4 1

3 1 3

A

 
 

 
 
    then by using Gaussian Elimination method the value of A-1 

will be 

                                                    

11 1 1

6 2 6

1 0 0

11 1 1

6 2 6

 
 
 
 
 
  
   

                                                            

30. The Gaussian elimination method fails if any one of the pivot element becomes 

                                       zero 

31. The 2nd row of the augmented matrix of the system of linear equations is: 

2 4

3

5

x z

x y z

y z

 

   

    

                                                   1, -1, 1 and -3 
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32. The 3rd row of the augmented matrix of the system of linear equations is: 

2 4

3

5

x z

x y z

y z

 

   

     
                                                   0, -1, 1 and -5 

 

33. The first row of the augmented matrix of the system of linear equations is: 

2 4

3

5

x z

x y z

y z

 

   

    

                                                   2, 0, 1 and 4 

 

34. The first row of the augmented matrix of the system of linear equations is: 

2 4

3

5

x z

x y z

y z

 

   

     

                                                   2, 0, 1 and 4 

35. The system of linear equations; 2x+3y=6, x+4y=5 is not strictly diagonal dominant 

as ___________. 

                                                        |2|<|3| 

36. If 

1 1 1

4 3 1

3 3 3

A

 
 

 
 
      and 

1

7 1 2

3 3 5

3 1
0

2 2

11 1 1

10 3 10

A

 
 

 
  
 
 
  
   then the value of AA-1 will be 

 

                                            

1 0 0

0 1 0

0 0 1

 
 
 
    
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37. In Jacobi’s Method, We assume that the _______ elements does not vanish. 

                                                   Diagonal 

 

 

 

38. While using the Gauss Seidel Method for finding the solution of the system of 

equation, the following system 

3 11

2 5 16

5 4

x y z

x y z

x y z

  

  

    can be written as 

 

 

                                         

11 16 4
( , , )

3 5 5


 
 

 

39. While using the Gauss Seidel Method for finding the solution of the system of 

equation, the following system 

2 2 3

3 2

2

x y z

x y z

x y z

  

  

    can be written as 

 

 

                                              

3 2
( , , 2)
2 3  

 

40. While using the Gauss Seidel Method for finding the solution of the system of 

equation, the following system 

2 2 3

3 2

2

x y z

x y z

x y z

  

  

    can be written as 

 

                                                        

3

2 2

2

3 3 3

2

z
x y

x z
y

z x y

  

  

    
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41. While using the Gauss Seidel Method for finding the solution of the system of 

equation, the following system 

2 2 3

3 3 2

5 2

x y z

x y z

x y z

  

  

    can be written as 

                                      

3 2 2

2

3 3

2

5 5 5

x y z

x
y z

x y
z

  

  

  
 

42. While using the relaxation method for finding the solution of the following system 

2 2 3

3 3 2

5 2

x y z

x y z

x y z

  

  

    with the initial guess (0,0,0) the next iteration would be 

 

                            (3,  2/3,  2/5) 

 

43. While using the relaxation method for finding the solution of the following system 

1 2 3

1 2 3

1 2 3

8 3 2 5

4 7 2 9

3 5 9 2

x x x

x x x

x x x

  

  

  
 with the initial vector (0,0,0) the residuals would be 

                                       R1=5, R2=9,  R3=2      

 

44. While using the relaxation method for finding the solution of the following system 

1 2 3

1 2 3

1 2 3

11 8

8 5 9

9 7

x x x

x x x

x x x

  

  

  
 with the initial vector (0,0,0) the residuals would be 

                            

R1=8, R2=9,  R3=7 

         

45. While using the relaxation method for finding the solution of the following system 

1 2 3

1 2 3

1 2 3

5 3 5

5 2 7

2 9 3

x x x

x x x

x x x

  

  

  
 with the initial vector (0,0,0) the residuals would be 
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                           R1=5, R2=7 and R3=3 

 

46. While using the relaxation method for finding the solution of the following system 

1 2 3

1 2 3

1 2 3

8 3 2 5

4 7 2 9

3 5 9 2

x x x

x x x

x x x

  

  

  
 with the initial vector (0,0,0) the residuals would be 

                                                        R1=5, R2=9, R3=2 

47. Gauss – Jordan Method is similar to _________. 

                             Gaussian elimination method 

48. For the system; 2x+3y = 1, 3x +2y = - 4, if the iterative solution is (0,0) and ‘dxi = 2’ 

is the increment in ‘y’ then which of the following will be taken as next iterative 

solution? 

                                                   (0,2) 

49. While solving a system of linear equations, which of the following approach is 

economical for the computer memory? 

                                            Iterative………confirm 

 

50. Let A be an n x n matrix. The number x is an eigenvalue of A if there exists a non-

zero vector such that Av=xv 

                                                       True 

51. An augmented matrix may also be used to find the inverse of a matrix by combining 

it with the _______ matrix 

                                               Identity……….confirm 
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52. In Guass-Jacobi’s method, the corresponding elements of 
( 1)

1

rx 

replaces those of 
( )

1

rx
 

as soon as they become available. 

                                                                 True 

53. If n x n matrix A and B are similar, then they have the __________ eigenvalues 

(with the same multiplicities). 

                                              Same………confirm 

                    

54. 

1

7

12

14

u

 
 

  
 
 Will be in normalized form as 

                                                          

1

7 /14

14 12 /14

1

u

 
 

  
 
   

 

 

 

55. While using Gaussian Elimination method, the following augmented matrix 

3 11 1 1
1 0

4 40 5 40

3
[ ][ ] 0 1 0 0 1

2

11 1 1
0 0 1

40 5 10

A I

 
 

 
  
 
 
  
    

will reduce in identity matrix by performing. 

 

                                                                        
1 2

3

4
R R
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56. While using relaxation method, which of the following is increment ‘dxi’ 

corresponding to the largest residual for 1st iteration on the system 2x+3y=1, 

3x+2y=-4. 

                                                     -- 4………confirm                        

57. Gauss elimination and Gauss-Jordon methods are popular among many methods 

for finding the _________ of a matrix 

                                         Inverse……..confirm 

 

58. Let [A] be a 3x3 real symmetric matrix with |a23| be the numerically largest of f-

diagonal element then using Jacobi’s method the value of ) can be found by 

                                                       

23

23 33

2
tan 2

a

a a
 


 

59. While using Gaussian-Jorden Method, we have the following augmented matrix 

7 1 2
1 0 0

5 5 5

3 1
[A][I] 0 1 0 0

2 2

11 1 1
0 0 1

10 5 10

 
 

 
   
 
 
  
     

Then the value of A-1 will be 

 

                                                    

7 1 7

5 5 5

3 1
0

2 2

11 1 1

10 5 10

 
 

 
 
 
 
  
    

60. Let [A] be a 3x3 real symmetric matrix with |a12| be numerically the largest off-

diagonal element of A, then we can construct orthogonal matrix Sq by Jacobi’s 

method as 

 



 

ORANGE MONKEY TEAM Page 12 

 

                                                   

cos sin 0

sin cos 0

0 0 1

 

 

 
 
 
    

61. Let [A] be a 3x3 real symmetric matrix with |a13| be numerically the largest off-

diagonal element of A, then we can construct orthogonal matrix Sq by Jacobi’s 

method as 

                                                             

cos 0 sin

0 1 0

sin 0 cos

 

 

 
 
 
    

62. Which of the following system of equation is diagonally dominant? 

                              

11 4

8 5 2

9 3

x y z

x y z

x y z

  

  

    

63. Which of the following system of equation is diagonally dominant? 

                                                         

8 5

2 13 5 7

2 9 3

x y z

x y z

x y z

  

  

    

 

 

 

64. While using Jacobi method for the matrix  

1 3 2

3 3 2

2 2 1

A

 
 

  
 
    

          the value of theta 0 can be found as 

                                

23

22 23

2
tan 2

a

a a
 


 

65. While using Jacobi method for the matrix 
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1 1/ 4 1/ 3

1/ 4 1/ 3 1/ 2

1/ 3 1/ 2 1/ 5

A

 
 


 
    

The value of theta – can be found as 

 

                   

23

23 33

2
tan 2

a

a a
 


 

 

 

66. Which of the following systems of linear equations has a strictly diagonally 

dominant coefficient matrix? 

                                   

1 2 3

1 2 3

1 2 3

6 2 3 1

2 7 2 5

2 13

x x x

x x x

x x x

  

   

   
 

67. Which of the following systems of linear equations has a strictly diagonally 

dominant coefficient matrix? 

                                   

1 2 3

1 2 3

1 2 3

9 5 3 12

12 5 8

2 4 7 15

x x x

x x x

x x x

  

   

   
 

68. We have the largest eigen value and the corresponding eigenvector as 

                   

3

1.0

3.17890 1.231926

1.421389

u

 
 

  
 
   

                                                                     

,

1.0

3.17890 ( ) 1.231926

1.421389

X

 
 

   
 
   

69. The linear equation 0x+0y=2 has ___________ solution/solutions 

                                                         No solution 

70. The linear equation x+y=1 has __________ solution/solutions 

                                          Infinite manay 
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71. In _______ method, a system is reduced to an equivalent diagonal form using 

elementary transformations. 

                                   Gaussian elimination……..confirm 

                                 

72. In _________ method the elements above and below the diagonal are simultaneously 

made zero. 

                                                           Gauss-Jordon Elimination………confirm 

                                   

73. In full pivoting we interchange rows and columns such that the _________ elements 

in the matrix of the variables also get changed. 

                                                               Largest………confirm 
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Numerical Analysis 

Course Contents 
Solution of Non Linear Equations 
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Interpolation and Polynomial Approximation 

Numerical Differentiation 

Numerical Integration 

Numerical Solution of Ordinary Differential Equations 

Introduction 
We begin this chapter with some of the basic concept of representation of numbers on 

computers and errors introduced during computation. Problem solving using computers and the 

steps involved are also discussed in brief. 

Number (s) System (s) 

In our daily life, we use numbers based on the decimal system. In this system, we use ten 

symbols 0, 1,…,9 and the  number 10 is  called the base of the system. 

Thus, when a base N is given, we need N different symbols 0, 1, 2, …,(N – 1) to represent an 

arbitrary number. 

The number systems commonly used in computers are 

 

Base, N Number 

2 Binary 

8 Octal 

10 Decimal 

16 Hexadecimal 

An arbitrary real number, a can be written as 
 

a  am N
m  am1N

m1 ⋯ a1N
1  a0  a1N 1 ⋯ am N m 

In binary system, it has the form, 
a  a 2m  a 2m1 ⋯ a 21  a  a 21 ⋯  a 2m 

m m1 1 0 1  m 

The decimal number 1729 is represented and calculated 
(1729)10  110  7 10  2 10  910 

3 2 1 0 
 

While the decimal equivalent of binary number 10011001 is 

 

1 20  0  21  0 22 1 23 1 24  0 25  0 26  1 27 

 1 
1 
 

1 
 

1
 

8 16 128 

 (1.1953125)10 

Electronic computers use binary system whose base is 2. The two symbols used in this system 

are 0 and 1, which are called binary digits or simply bits. 

The internal representation of any data within a computer is in binary form. However, we prefer 

data input and output of numerical results in decimal system. Within the computer, the 

arithmetic is carried out in binary form. 

Conversion of decimal number 47 into its binary equivalent 

Sol. 
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2 47 Remainder 

2 23 1 

2 11 1 

2 5 1 

2 2 1 

2 1 0 

 0 1 Most significant 

bit 

 

(47)10  (101111)2 

Binary equivalent of the decimal fraction 0.7625 

Sol. 

Product Integer 

0.7625 x2 1.5250 1 

0.5250 x2 1.0500 1 

0.05 x2 0.1 0 

0.1 x2 0.2 0 

0.2 x2 0.4 0 

0.4 x2 0.8 0 

0.8 x2 1.6 1 

0.6 x2 1.2 1 

0.2 x2 0.4 0 

(0.7625)10  (0.11....11(0011))2 

 
Conversion (59)10 into binary and then into octal. 

Sol. 
 

 

 

2 29 

2 14 

2 7  

2 3  

2 1  

0 

1 

1 

0 

1 

1 

1 
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(59)10  (11011)2 

 
(111011)2  111011  (73)8 
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Errors in Computations 
Numerically, computed solutions are subject to certain errors. It may be fruitful to 

identify the error sources and their growth while classifying the errors in numerical 

computation. These are 

Inherent errors, 

Local round-off errors 

Local truncation errors 

Inherent errors 

It is that quantity of error which is present in the statement of the problem itself, before 

finding its solution. It arises due to the simplified assumptions made in the mathematical 

modeling of a problem. It can also arise when the data is obtained from certain physical 

measurements of the parameters of the problem. 

Local round-off errors 

Every computer has a finite word length and therefore it is possible to store only a fixed 

number of digits of a given input number. Since computers store information in binary 

form, storing an exact decimal number in its binary form into the computer memory gives 

an error. This error is computer dependent. 

At the end of computation of a particular problem, the final results in the computer, 

which is obviously in binary form, should be converted into decimal form-a form 

understandable to the user-before their print out. Therefore, an additional error is 

committed at this stage too. 

This error is called local round-off error. 

(0.7625)10  (0.110000110011)2 

If a particular computer system has a word length of 12 bits only, then the decimal 

number 0.7625 is stored in the computer memory in binary form as 0.110000110011. 

However, it is equivalent to 0.76245. 

Thus, in storing the number 0.7625, we have committed an error equal to 0.00005, which 

is the round-off error; inherent with the computer system considered. 

Thus, we define the error as 

Error = True value – Computed value 

Absolute error, denoted by |Error|, 

While, the relative error is defined as 

Relative error 



Local truncation error 

It is generally easier to expand a function into a power series using Taylor series 

expansion and evaluate it by retaining the first few terms. For example, we may 

approximate the function f (x) = cos x  by the series 

x2 x4 
n  x2n 

cos x  1  ⋯ (1) ⋯ 
2! 4! (2n)! 

If we use only the first three terms to compute cos x for a given x, we get an approximate 

answer. Here, the error is due to truncating the series. Suppose, we retain the first n 

terms, the truncation error (TE) is given by 

Error 

True value 
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TE 

x2n2 

 

 

(2n  2)! 
 

The TE is independent of the computer used. 

If we wish to compute cos x for accurate with five significant digits, the question is, how 

many terms in the expansion are to be included? In this situation 

x2n2 

 

 

(2n  2)! 

Taking logarithm on both sides, we get 

 .5105  5106 

(2n  2) log x  log[(2n  2)!] 

 log10 5  6 log10 10  0.699  6  5.3 

or 

log[(2n  2)!]  (2n  2) log x  5.3 

We can observe that, the above inequality is satisfied for n = 7. Hence, seven terms in the 

expansion are required to get the value of cos x, with the prescribed accuracy 

The truncation error is given by 

TE 
x16 

 

 

16! 
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Polynomial 
An expression of the form 

 
f (x)  a xn  a xn1  a xn2  ...  a x  a 

 
where n is a 

0 1 2 n1 n 

positive integer and a0 , a1, a2  .... an are real constants, such type of expression is called 

an nth degree polynomial in x if a0  0 
 

Algebraic equation: 

 

An equation f(x)=0 is said to be the algebraic equation in x if it is purely a polynomial in 

x. 

For example 

x5  x4  3x2  x  6  0 It is a fifth order polynomial and so this equation is an algebraic 

equation. 

x3  6  0 

x6  x  0 

y4  4 y3  3y2  y  2  0 polynomial in y 

t 4  6t 2  21  0 polynomail in t 

These all are the examples of the polynomial or algebraic equations. 

 

Some facts 

1. Every equation of the form f(x)=0 has at least one root ,it may be real or complex. 
2. Every polynomial of nth degree has n and only n roots. 

3. If f(x) =0 is an equation of odd degree, then it has at least one real root whose sign is 

opposite to that of last term. 

4.If f(x)=0 is an equation of even degree whose last term is negative then it has at least 

one positive and at least one negative root . 

 

Transcendental equation 

 

An equation is said to be transcendental equation if it has logarithmic, trigonometric and 

exponential function or combination of all these three. 

For example 

ex  5x  3  0 

ex  sin x  0 

ln x  sin x  0 

it is a transcendental equation as it has an exponential function 

2 sec2 x  tan x  ex  0 

These all are the examples of transcendental equation. 
 

Root of an equation 

 

For an equation f(x) =0 to find the solution we find such value which satisfy the equation 

f(x)=0,these values are known as the roots of the equation . 

A value a is known as the root of an equation f(x) =0 if and only if f (a) =0. 

© Copyright Virtual University of Pakistan 1 
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Properties of an Algebraic equation 

 

1. Complex roots occur in the pairs. That is ,If (a+ib ) is a root of f(x)=0 then (a-ib ) 

is also a root of the equation 

2. if x=a is a root of the equation f(x)=0 a polynomial of nth degree ,then (x-a) is a 

factor of f(x) and by dividing f(x) by (x-a) we get a polynomial of degree n-1. 

 

Descartes rule of signs 

 

This rule shows the relation ship between the signs of coefficients of an equation and 

its roots. 

“The number of positive roots of an algebraic equation f(x) =0 with real coefficients 

can not exceed the number of changes in the signs of the coefficients in the polynomial 

f(x) =0.similarly the number of negative roots of the equation can not exceed the number 

of changes in the sign of coefficients of f (-x) =0” 
 

Consider the equation x3  3x2  4x  5  0 here it is an equation of degree three and 

there are three changes in the signs 

First +ve to –ve second –ve to +ve and third +ve to –ve so the tree roots will be positive 

Now f (x)  x3  3x2  4x  5 so there is no change of sign so there will be no negative 

root of this equation. 

 

Intermediate value property 
 

If f(x) is a real valued continuous function in the closed interval a  x  b if f(a) and f(b) 

have opposite signs once; that is f(x)=0 has at least one root  such that a    b 

Simply 

If f(x)=0 is a polynomial equation and if f(a) and f(b) are of different signs ,then f(x)=0 

must have at least one real root between a and b. 
 

Numerical methods for solving either algebraic or transcendental equation are classified 

into two groups 

 

Direct methods 

 

Those methods which do not require any information about the initial approximation of 

root to start the solution are known as direct methods. 

The examples of direct methods are Graefee root squaring method, Gauss elimination 

method and Gauss Jordan method. All these methods do not require any type of initial 

approximation. 

 

Iterative methods 

 

These methods require an initial approximation to start. 
 
 

© Copyright Virtual University of Pakistan 2 
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Bisection method, Newton raphson method, secant method, jacobie method are all 

examples of iterative methods. 

 

How to get an initial approximation? 

 

The initial approximation may be found by two methods either by graphical method or 

analytical method 

Graphical method 
 

The equation f(x)=0 can be rewritten as f1 (x)  f2 (x) and initial approximation of f(x) 

may be taken as the abscissa of the point of intersection of graphs of 

y  f1(x) and y  f2 (x) 

for example f (x)  x  sin x 1  0 

so this may be written as 

y  x 1 and y  sin x 

x 1  sin x Now we shall draw the graphs of 

 

 
 

 

 

Here both the graphs cut each other at 1.9 so the initial approximation should be taken as 

1.9 

 

Analytical method 

 

This method is based on the intermediate value property in this we locate two values a 

and b such that f(a) and f(b) have opposite signs then we use the fact that the root lies 
 
 

© Copyright Virtual University of Pakistan 3 
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between both these points ,this method can be used for both transcendental and algebraic 

equations. 

Consider the equation 

f
f (

(
0
x
)
) 

 

3x

1 
 

f (1)  3 


1 sin x  0 

1 sin(1 
180

)  3 






 1.64299 

Here f(0) and f(1) are of opposite signs making use of intermediate value property we 

infer that one root lies between 0 and 1 . 

So in analytical method we must always start with an initial interval (a,b) so that f(a) and 

f(b) have opposite signs. 

 

Bisection method (Bolzano) 

 
Suppose you have to locate the root of the equation f(x)=0 in an interval say (x0 , x1) ,let 

f (x0 ) and f (x1 ) are of opposite signs such that f (x0 ) f (x1)  0 
 

Then the graph of the function crossed the x-axis between 

existence of at least one root in the interval (x0 , x1) . 

x0 and x1 which exists the 

The desired root is approximately defined by the mid point x  
x0  x1 if

 
 

f (x )  0 then 
2 

2 
2 

x2 is the root of the equation otherwise the root lies either between x0 and x2 or x1and x2 

Now we define the next approximation by x  
x0  x2 provided f (x ) f (x )  0 then 

 
root may be found between 

 

3 
2 

0 2 

x0 and x2 

If provided f (x ) f (x )  0 then root may be found between x and x by x  
x1  x2 

 

1 2 1 2 3 
2

 

Thus at each step we find the desired root to the required accuracy or narrow the range to 

half the previous interval. 

This process of halving the intervals is continued in order to get smaller and smaller 

interval within which the desired root lies. Continuation of this process eventually gives 

us the required root. 

 

NOTE: In numerical analysis all the calculation are carried out in radians mode 

and the value of pi is supposed to be 3.14 

 

Example 

Solve x3  9x 1  0 for the root between x=2 and x=4 by bisection method 
 

Solution: 

Here we are given the interval (2,4) so we need not to carry out intermediate value 

property to locate initial approximation. 

Here 
 

© Copyright Virtual University of Pakistan 4 
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f (x)  x3  9x 1  0 

now f (2)  23  9(2) 1  8 18 1  9 

f (4)  43  9(4) 1  64  36 1  29 

here f (2) f (3)  0 so root lies between 2 and 4 

x0   x1  

x  
2  4 

 3 
2 

2
 

f (3)  33  9(3) 1  27  27 1  1 

here f (2) f (3)  0 so the root lies between 2 nad 3 

x  
2  3 

 2.5 
3 

2
 

f (2.5)  2.53  9(2.5) 1  15.625  22.5 1  5.875  0 

so the root lies between 2.5 and 3 as f (2.5) f (3)  0 

x  
2.5  3 

 2.75 
4 

2
 

now 

similarly x5  2.875 and x6  2.9375 and the process is continued 

untill the desired accuracy is obtained. 

 
n xn f ( xn ) 

2 3 1.0 

3 2.5 -5.875 

4 2.75 -2.9531 

5 2.875 -1.1113 

6 2.9375 -0.0901 

 

 

 

 
When to stop the process of iteration? 

Here in the solved example neither accuracy is mentioned and nor number of iteration is 

mentioned by when you are provided with the number of iteration then you will carry 

those number of iteration and will stop but second case is accuracy like you are asked to 
 

© Copyright Virtual University of Pakistan 5 
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find root with an accuracy of 103 then you will check the accuracy by subtracting two 

consecutive root like 2.135648 and 2.135769 

2.135769-2.135648=0.000121 

So the accuracy of 103 is achieved so you will stop here. 

 

Example: 
 

Carry out the five iterations for the function f (x)  2x cos(2x)  (x  1)2 
 

Note: All the calculations should be done in the radians. 

Solution: 

f (x)  2x cos(2x)  (x 1)2 

f (1)  2(1) cos(2)  (11)2  2(0.4161)  0.8322  0 

f (0)  2(0) cos(0)  (0 1)2  1  1  0 

so the root lies between 0 and 1 as f (0) f (1)  0 

x  
0 1 

 0.5 
2 

2
 

f (0.5)  2(0.5) cos(1)  (0.5 1)2  0.5403  0.25  0.7903  0 

so root lies between 1 and  0.5 as f (1) f (0.5) 

x  
0.5 1 

 0.75 
3 

2
 

f (0.75)  2(0.75) cos(1.5)  (0.75 1)2  0.106  0.0625  0.1686  0 

so root lies between 1 and  0.75 as f (1) f (0.75) 

x  
0.75 1 

 0.875 
4 

2
 

f (0.875)  2(0.875) cos(1.75)  (0.875 1)2  0.3119  0.015625  0.296275  0 

so root lies between  0.875 and  0.75 as f (0.75) f (0.875) 

x  
0.75  0.875 

 0.8125
 

5 
2
 

f (0.8125)  2(0.8125) cos(1.625)  (0.8125 1)2  0.0880  0.0351  0.052970  0 

so root lies between  0.8125 and  0.75 as f (0.75) f (0.8125) 

x  
0.75  0.8125 

 0.78125
 

5 
2
 

 

Example : 

Carry out the first five iterations 

 
f (x)  x cos x  2x2  3x 1 


1.2  x  1.3 

Note: All the calculations should be done in the radians. 

Solution: 
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f (x)  x cos x  2x2  3x 1 

f (1.2)  1.2 cos1.2  2(1.2)2  3(1.2) 1 

 1.2(0.3623)  2(1.44)  3.6 1    

f (1.3)  1.3cos1.3  2(1.3)2  3(1.3) 1 

 1.3(0.2674)  2(1.69)  9.3 1    

as f (1.2) f (1.3)  0 so the root lies between both 

x  
1.2 1.3 

 1.25
 

2 
2
 

f (1.25)  1.25 cos1.25  2(1.25)2  3(1.25) 1 

 1.25(0.3153)  2(1.5625)  3.75 1    

as f (1.25) f (1.3)  0 so the root lies between both 

x  
1.25 1.3 

 1.275
 

3 
2
 

f (1.275)  1.275 cos1.275  2(1.275)2  3(1.275) 1 

 1.275(0.2915)  2(1.6256)  3.825 1    

as f (1.25) f (1.275)  0 so the root lies between both 

x  
1.25 1.275 

 1.2625
 

4 
2
 

f (1.2625)  1.2625 cos1.2625  2(1.2625)2  3(1.2625) 1 

 1.275(0.3034)  2(1.5939)  3.7875 1    

as f (1.25) f (1.265)  0 so the root lies between both 

x  
1.25 1.2625 

 1.25625
 

5 
2
 

f (1.25625)  1.25625 cos1.25625  2(1.25625)2  3(1.25625) 1 

 1.25625(0.3093)  2(1.5781)  3(1.25625) 1  0.00108  

as f (1.25625) f (1.265)  0 so the root lies between both 

x  
1.25625 1.2625 

 1.259375
 

6 
2
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Regula-Falsi method (Method of false position) 
 

Here we choose two points xn and xn1 such that f (xn ) and f (xn1 ) have opposite signs. 

Intermediate value property suggests that the graph of the y=f(x) crosses the x-axis 

between these two points and therefore, a root lies between these two points. 

Thus to find the real root of f(x)=0 using Regula-Falsi  method ,we replace the part of the 

curve between the points A(xn , f (xn )) and B(xn1, f (xn1 )) by a chord in the interval and 

we take the point of intersection of this chord with x-axis as initial approximation. 

Now, the equation of the chord joining the points A and B is, 
 

y  f (xn ) 


f (xn1 )  f (xn ) 

x  xn 

xn1  xn 

 

Setting y=0 in the above equation we get 
 

x  xn 
xn  xn1 

 

f (xn )  f (xn1 ) 

 

f (xn ) 

Hence the first approximation to the root is given by 

xn1  xn 
xn  xn1 

 

f (xn )  f (xn1 ) 
f (xn ) 

We observe that f (xn1 ) and f (xn1 ) are of opposite signs thus it is possible to apply the 

above procedure, to determine the line through B and A1 and so on. 

Hence for successive approximation to the root above formula is used. 

Example 

Use the Regula-Falsi method to compute a real root of the equation x3 – 9x + 1 = 0, 

(i) if the root lies between 2 and 4 

(ii) if the root lies between 2 and 3. 

Comment on the results. 

 

Solution 
 

Let 

f (x) = x3 - 9x + 1 

f (2) = 23 - 9(2) + 1=8  18+1= 

 

 
 9and f (4) = 43 - 9(4) + 1=64 

 

 
 36+1=29. 

Since f (2) and f (4) are of opposite signs, the root of f (x) = 0 lies between 2 and 4. 

Taking x1 = 2, x2 = 4 and using Regula-Falsi method, the first approximation is given by 

 
x  x  x2  x1 

 
f (x )  4  4  2 (29)  4  

2(29)
 

 

f (x2 )  f (x1) 29  (9) 38 

 4  
58 

 4 1.5263  2.4736 
  38  

3 2 2 



Numerical Analysis –MTH603 VU 

16 

 

 

3 

 

Now 

f (x3) = 2.47363 - 9(2.4736) + 1=15.13520-22.2624+1= -6.12644. 

Since f (x2) and f (x3) are of opposite signs, the root lies between x2 and x3. 

The second approximation to the root is given as 

 
 

x  x  x3  x2 
 

f (x )  2.4736  2.4736  4 
 

(6.12644) 

f (x3 )  f (x2 ) 6.12644  29 

 2.4736 
1.5264 

 

 

35.12644 
(6.12644)  2.4736  (0.04345)(6.12644) 

 2.4736  0.26619  2.73989 

Therefore 

f (x4) = 2.739893 - 9(2.73989) + 1=20.5683-24.65901+1= =- 3. 090707. 

Now, since f (x2) and f (x4) are of opposite signs, the third approximation is obtained 

from 

x  x  x4  x2 f (x )    2.73989  4 (3.090707) 

2.86125 

 

f (x4 )  f (x2 ) 
 

3.090707  29 

  

Now 

1.26011 
(3.090707)    0.039267(3.090707)      2.86125 

32.090707 

f (x5) = 2.861253 - 9(2.86125) + 1=23.42434-25.75125+1= -1.326868. 

(ii) 

Here 

f (x) = x3 - 9x + 1 

f (2) = 23 - 9(2) + 1 = 8  18 + 1=- 9 and f (3) = 33 - 9(3) + 1= 27  27+1= 1. 

Since f (2) and f (3) are of opposite signs, the root of f (x) = 0 lies between 2 and 3. 

Taking x1 = 2, x2 = 3 and using Regula-Falsi method, the first approximation is given by 
 

 
x  x  x2  x1 f (x )  3  

3  2 
(1) 

 

3 2 
 

 

 3 

f (x2 )  f (x1) 

1 
 2.9 

1 9 

10 

f (x ) = 2.93 - 9(2.9) + 1 =24.389  26.1+1=  0.711 
 

Since f (x2) and f (x3) are of opposite signs, the root lies between x2 and x3. 

The second approximation to the root is given as 

x4  2.9 
2.9  3 

 

 

0.7111 
(0.711)  2.9 

0.1 
 

 

1.711 
(0.711)  2.9 

0.1 
 

 

1.711 
(0.711) 

 2.9  (0.05844)(0.711)  2.9 _ 0.04156  2.94156 

f (x4 )  0.0207 

f (x4 ) = 2.941563 - 9(2.94156) + 1 =25.45265  26.47404+1=  0.0207 
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Now, we observe that f (x2) and f (x4) are of opposite signs; the third approximation is 

obtained from 

x  2.94156  
2.94156  3 

(0.0207)  2.94156  
0.05844 

(0.0207) 
  

5 0.0207 1 1.0207 

 2.94156  (0.05725)(0.0207)  2.94275 

f (x ) = 2.942753 - 9(2.94275) + 1 =25.48356   =  0.0011896 

We observe that the value of the root as a third approximation is evidently different in 

both the cases, while the value of x5, when the interval considered is (2, 3), is 

closer to the root. 

 

Important observation: The initial interval (x1, x2) in which the root of the equation 

lies should be sufficiently small. 

 

Example 

 

Use Regula-Falsi method to find a real root of the equation lnx – cos x = 0 

accurate to four decimal places after three successive approximations. 

 

Note: here is a transcendental equation all the calculation should be done in the 

radians mode 

 
 

Sol: 

f (x)  ln x - cos x 

we have 

f(1)=ln1-cos(1)=0-0.540302=-0.540302<0 

f(2)=ln2-cos(2)=0.69315-0.41615=1.109 

As f(1)f(2)<0 so the root lies between 1 and 2 

the first approximation is obtained form 

x3  2 
2 1 

 

 

1.109  0.540302 
(1.109) 

 2  
1.1093 

 1.3275 
1.6496 

f (x3 )  ln 1.3275 - cos 1.3275 

 

 
 02833  0.2409  0.0424 

 

Now, since f (x1) and f (x3) are of opposite signs, the second approximation is obtained as 

x4  1.3275 
(.3275)(.0424) 

 

 

0.0424  0.5403 

 1.3037 

f (x )  ln 1.3037 - cos 1.3037 =1.24816 103 
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Similarly, we observe that f (x1) and f (x4) are of opposite signs, so, the third 

approximation is given by 
 

x  1.3037  
(0.3037)(0.001248) 

5 0.001248  0.5403 

 1.3030 

f (x )  0.6245104 
 

The required real root is 1.3030 

 

Example: 

 

Use method of false position to solve ex  2x  2 cos x  6  0 1  x  2 
 

Solution: 

 

f (x)  ex  2x  2 cos x  

x0  1 , 

now 

x1  2 

xn1 
xn  xn1 

 

f (xn )  f (xn1 ) 
f (xn ) 

f (1)  e1  21  2 cos1 6          

f (2)  e2  22  2 cos 2  6          

now for n  1 

x  x  x1  x0 f (x )  2  2 1 
 

(0.8068) 
  2 1 f (x )  f (x ) 1 0.8068 1.7011 

1 0 

x  2  
1 

(0.8068)  1.6783 
 

2 2.5079 

f (1.6783)  e1.6783  21.6783  2 cos(1.6783)  6  

now for n  2 

x  x  x2  x1 f (x )  1.6783  1.6783  2 (0.5457) 
 

f (x2 )  f (x1) 
 

(0.5457)  0.8068 

x  1.6783  
(0.3217) 

(0.5457)  1.6783  0.12979  1.8081 
3 (1.3525) 
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f (1.8081)  e1.6783  21.8081  2 cos(1.8081)  6  

now for n  3 

x  x  x3  x2 f (x )  1.8081 1.80811.6783 (0.08575) 
f (x3 )  f (x2 ) (0.08575)  0.5457 

x3  1.8081
0.1298 

 

 

0.45995 
(0.08575)  1.6783  0.12979  1.8323 

f (1.8323)  e1.8323  21.8323  2 cos(1.8323)  6  

now for n  4 

x  x  x4  x3 f (x )  1.8323  1.8323 1.8081 
 

(0.01199) 
 

f (x4 )  f (x3 ) 
 

0.01199  0.08575 

x5  1.8323 
0.0242 

 

 

0.09774 
(0.01199)  1.8323  0.00296  1.8293 

f (1.8293)  e1.8293  21.8293  2 cos(1.8293)  6  

now for n  5 

x  x  x5  x4 f (x )  1.8293  1.8293 1.8323 (0.000343) 
f (x5 )  f (x4 ) 0.000343  0.01199 

x6  1.8293 
(0.003) 

 

 

0.012333 
(0.000343)  1.8293 

 

Example: 

Solve the equation 2x cos 2x  (x  2)2  0 2  x  3 Perform only three iterations. 

 
Solution 

 

 

f (x)  2x cos 2x  (x  2)2 

here x0  2 and x1  3 

so f (2)  2(2) cos 4  (2  2)2  4 cos 4  2.6146 

f (3)  2(3) cos 2(3)  (3  2)2  6 cos 6 1  4.7610 

here xn1 

for n  1 

 xn 
xn  xn1 

 

f (xn )  f (xn1 ) 
f (xn ) 

x  x  x1  x0 f (x )  3  3  2 
 

(4.7610) 
f (x1)  f (x0 ) 4.7610  2.4146 
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 3 

1 
 

 

7.3756 

 
(4.7610)  3  0.6455  2.3545 

f (2.3545)  2(2.3545) cos 2(2.3545)  (2.3545  2)2  4.709 cos 4.709  0.1257  0.1416 

for n  2 

x  x  x2  x1 f (x )  2.3545  2.3545  3 (0.1416) 
f (x2 )  f (x1) 0.1416  4.7610 

 2.3731 

f (2.3713)  2(2.3713) cos 2(2.3713)  (2.3713  2)2  4.7462 cos 4.7462  0.1392  0.1392 

for n  3 

x  x  x3  x2 f (x )  2.3713  
2.3731 2.3545 

(0.0212) 
 

f (x3 )  f (x2 ) 0.0212  0.1416 

 2.3707 

f (2.3707)  2(2.3707) cos 2(2.3707)  (2.3707  2)2  4.7414 cos 4.7412  0.1374  0.00013 

for n  4 

x  x  x4  x3 f (x )  2.3707  2.3707  2.3731 
(0.00013)

 
 

f (x4 )  f (x3 ) 0.00013  0.0212 

 2.3707 
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Example 

Using Regula-Falsi method, find the real root of the following equation correct, to three 

decimal places: x log 10 x =1.2 

Solution: 

Let f (x) = x log10x  1.2 

f (2) =  log10 2  1.2 =  0.5979, 

f (3) = 3 log10 3  1.2 = 0.2314. 

Since f (2) and f (3) are of opposite signs, the real root lies betweenx1 = 2, x2 = 3. 
 

The first approximation is obtained from 
 

 
x  x  x2  x1 

 
f (x )  3  3  2 

 
(0.2314) 

f (x2 )  f (x1) 0.2314  0.5979 

 3  
0.2314 

 2.72097 
0.8293 

f (x3 )  Let f (x) = 2.72097log10 2.72097 

 

 
 1.2 =  0.01713. 

 

Since f (x2) and f (x3) are of opposite signs, the root of f (x) = 0 lies between x2 and 

x3. Now, the second approximation is given by 

x  x  x3  x2 f (x )  2.72097  2.72097  3 (0.1713)  2.7402 
f (x3 )  f (x2 ) 0.1713  0.2314 

f (x4 ) = 2.7402 log10 2.7402  1.2  3.8905104 

 

Thus, the root of the given equation correct to three decimal places is 2.740 

 

NOTE: Here if TOL is given then we can simply find the value of TOL by subtracting 

both the consecutive roots and write it in the exponential notation if the required TOL is 

obtained then we stop. 

 

Method of Iteration 
 

Method of iterations can be applied to find a real root of the equation f (x) = 0 by 

rewriting the same in the form. 

x  (x) 

Let x  x0 be the initial approximation to the actual root, say,  of the equation .then the 

first approximation is x1   (x0 ) and the successive approximation are x2  (x1 ) 

x3   (x2 ), x4   (x3 ),..., xn   (xn1 ) if sequence of the approximate roots, 

converges to  it is taken as the root of the equation f(x)=0. 

x1 , x2 , x3 ,...xn 

For convergence purpose the initial approximation is to be done carefully.the choice 

of the x0 is done according to the theorem. 
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Theorem 

If  be a root of f(x) =0 which is equivalent to 

 
x   (x) 

 
 

I be any interval containing the 

point x= and |  '(x) | 1 x I , then the sequence of approximations x1, x2 , x3 ,...xn will 

converge to the root  provided that the initial approximation x0 is chosen in I 
 

Example, 

f (x) = cos x - 2x + 3 = 0. 

It can be 

Rewritten as x  
1 

(cos x  3)  (x) 
2 

(x)  
1 

(cos x  3) 
2 

f (x) = cos x - 2x + 3 = 0. 

f(1)=cos 1 - 2(1) + 3 =1.54030>0 

f(2)=cos 1 - 2(2) + 3 =-0.041614-4+3=-1.41614<0 

so root lies between 1 and 2 

 '(x)   
1 

(sin x) 
2 

both '(1)and '(2)  1 so the method of iterations can be applied 

let x0  1.5 

x  
1 

(cos x  3)  
1 

(cos(1.5)  3)  1.999825 
  

1 
2 

0 
2
 

x  
1 

(cos x  3)  
1 

(cos(1.999825)  3)  1.999695 
  

2 
2 

1 
2
 

x  
1 

(cos x  3)  
1 

(cos(1.999625)  3)  1.999695 
  

3 
2 

2 
2
 

 

So this is the required root correct up to 5 places of decimal. 
 

Example 

 
Find the real root of the equation 

 
 
x3  x2 1   by method of iterations 

 

Solution 

let f (x)  x3  x2 1 

now f (0)  03  02 1  1  0 

f (1)  13 12 1  1  0 

hence a real root lies between 0 and 1 
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1 

x 1 

1 

x0 1 

1 

1.65 

1 

x1 1 

1 

1.7784989 

1 

x2 1 

1 

1.7498479 

1 

x3 1 

1 

1.7559617 

1 

x4 1 

1 

1.7546446 

1 

x5 1 

1 

1.7549278 

1 

x6 1 

1 

1.7548668 

1 

x7 1 

1 

1.7548799 

1 

x8 1 

1 

1.7548771 

1 

x9 1 

1 

1.7548777 

1 

x10 1 

1 

1.7548776 

 

 
here 

x3  x2 1  0 

x2 (x 1)  1 

x2 
1 

 
 

(x 1) 
 x    (x) 

 
3 

 
 

here  '(x)  1/ 2[1/(x 1)2 ] 
5 

 '(0)  1/ 2  1 and  '(1)  1/ 22  1 

so '(x)  1 for all the values in the int erval 

let x0  0.65 

x   (x )    0.7784989 
1 0 

 

x   (x )    0.7498479 
2 1 

 

x   (x )    0.7559617 
3 2 

 

x   (x )    0.7546446 
4 3 

 

x   (x )    0.7549278 
5 4 

 

x  (x )    0.7548668 
6 5 

 

x   (x )    0.7548799 
7 6 

 

x8  (x7 )    0.7548771 

 
x  (x )    0.7548777 

9 8 

 

x  (x )    0.7548776 
10 9 

 

x  (x )    0.7548776 
11 10 

 

hence root is 0.7548776 

Note: In this question the accuracy up to 7 places is acquires or here the TOL is 107 
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Example 
 

Find a real root of the equation cos x  3x 1 

 

 
correct to seven places of decimal. 

 

Solution 

 

Here it is a transcendental function and all the calculation must be done in the radians 

mode and value of pi should be 3.14 
 

f (x)  cos x  3x 1 

f (0)  cos 0  3(0) 1  1  0 

f ( / 2)  cos(1.57)  3(1.57) 1  0.0007963  4.711  3.7092037  0 

so a real root lies between 0 and  / 2 

here (x)  
1 

(cos x 1) 
3 

we have  '(x)   
1 

sin x 
3 

it is clearly less than1 as sin is a bounded function and it ' s values lies between 1 and 1 

hence iteration method can be applied 

let x0  0.5 be the inital approximation then 
 

 

 

x   (x )  
1 

[cos(0.5) 1]  0.6258608 
 

1 0 
3
 

x   (x )  
1 

[cos(0.6258608) 1]  0.6034863 
 

2 1 
3
 

x   (x )  
1 

[cos(0.6034863) 1]  0.6077873 
 

3 2 
3
 

x   (x )  
1 

[cos(0.6077873) 1]  0.6069711 
 

4 3 
3
 

x   (x )  
1 

[cos(0.6069711) 1]  0.6071264 
 

5 4 
3
 

x  (x )  
1 

[cos(0.6071264) 1]  0.6070969 
 

6 5 
3
 

 

 

 

 

 

 
 

© Copyright Virtual University of Pakistan 4 



Numerical Analysis –MTH603 VU 

5 © Copyright Virtual University of Pakistan 

25 

 

 

x   (x )  
1 

[cos(0.6070969) 1]  0.6071025 
 

7 6 
3
 

x  (x )  
1 

[cos(0.6071025) 1]  0.6071014 
 

8 7 
3
 

x  (x )  
1 

[cos(0.6071014) 1]  0.6071016 
 

9 8 
3
 

x  (x )  
1 

[cos(0.6071016) 1]  0.6071016 
 

10 9 
3
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Newton -Raphson Method 

 

This method is one of the most powerful method and well known methods, used for 

finding a root of f(x)=0 the formula many be derived in many ways the simplest way to 

derive this formula is by using the first two terms in Taylor’s series expansion of the 

form, 

f (xn1 )  f (xn )  (xn1  xn ) f '(xn ) 

setting f (xn1 )  0 gives, 

f (xn )  (xn1  xn ) f '(xn )  0 

thus on simplification, we get , 

xn1  xn 
f (xn ) 

 

f '(xn ) 
for n  0,1, 2... 

 

Geometrical interpretation 
 

Let the curve f(x)=0 meet the x-axis at x= meet the x axis at x= .it means that  is 

the original root of the f(x)=0.Let x0 be the point near the root  of the equation f(x)=0 

then the equation of the tangent P0[x0 , f (x0 )] is 

y  f (x0 )  f '(x0 )(x  x0 ) 

This cuts the x-axis at x  x  f (x0 ) 
 

f '(x0 ) 

This is the first approximation to the root  .if P1[x1, f (x1 )] is the point corresponding 

to x1 on the curve then the tangent at P1 is 

y  f (x1 )  f '(x1 )(x  x1 ) 
 

 
This cuts the x-axis at x  x  f (x1 ) 

 

f '(x1 ) 

This is the second approximation to the root  .Repeating this process we will get the 

root  with better approximations quite rapidly. 

 

Note: 
 

1. When f '(x) very large .i.e. is when the slope is large, then h will be small (as 

assumed) and hence, the root can be calculated in even less time. 

2. If we choose the initial approximation 

the equation very quickly. 

x0 close to the root then we get the root of 

3. The process will evidently fail if f '(x)  0 is in the neighborhood of the root. In 

such cases the regula falsi method should be used. 

1 0 

2 1 
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4. If the initial approximation to the root is not given, choose two say, a and b, such 

that f(a) and f(b) are of opposite signs. If |f(a)|<|f(b)| then take a as the initial 

approximation. 

5. Newton’s raphson method is also referred to as the method of tangents. 

 

 

Example 

 

Find a real root of the equation x3 – x – 1 = 0 using Newton - Raphson method, correct to 

four decimal places. 

 

Solution 

f(x)=x3 - x - 1 

f(1)=13 - 1 - 1 =-1<0 

f(2)=23 - 2 - 1 = 8       

so the root lies between 1 and 2 

here f '(x)  3x2 1 

f '(1)  3*12 1  

f '(x)  3* 22 1 

here 

f "(1)  6 

f "(2)  6(2)  12 

and f "(x)  6x 

here f (2) and f "(2) have the same signs so x0  2 

The second approximation is computed using Newton-Raphson method as 
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x  x  f (x0 )  2  
5
  1.54545 

f (x0 ) 11 

f(1.54545)=1.545453 - 1.54541 - 1 =3.691177-1.54541-1=1.14576 

f '(x)  3x2 1   1  3(2.38829) 1  7.16487 1  6.16487 

x  1.54545  
1.14576 

 1.35961 
2 6.16525 

f(1.35961)=1.359613 - 1.35961 - 1 =3.691177-1.54541-1=1.14576 

f '(x)  3x2 1   1  3(2.38829) 1  7.16487 1  6.16487 

x  1.54545  
1.14576 

 1.35961 
2 6.16525 

x  1.35961 
0.15369 

 1.32579, 
3 4.54562 

4.60959103 

 

 

f (x )  4.60959103 

 
5 

x4  1.32579 


x5  1.32471

4.27316 

3.39345105 

4.26457 

 1.32471, 

 
 1.324718, 

f (x4 )  3.3934510 

 
f (x  )  1.823107 

 

Hence, the required root is 1.3247 

 

Note! 

 

Methods such as bisection method and the false position method of finding roots of a 

nonlinear equation f(x) = 0 require bracketing of the root by two guesses. Such methods 

are called bracketing methods. These methods are always convergent since they are 

based on reducing the interval between the two guesses to zero in on the root. 

In the Newton-Raphson method, the root is not bracketed. Only one initial guess of the 

root is needed to get the iterative process started to find the root of an equation. Hence, 

the method falls in the category of open methods. 

Newton - Raphson method is based on the principle that if the initial guess of the root of 

f( x ) = 0 is at xi, then if one draws the tangent to the curve at f( xi ), the point xi+1 where 

the tangent crosses the x-axis is an improved estimate of the root 
 

 

 
 

f(x)  x f x 



f(xi) 

  i,  i 








f(xi+1) 

3 

 

28  
X

 

1 0 
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Draw backs of N-R Method 

 

Divergence at inflection points: 

 

If the selection of a guess or an iterated value turns out to be close to the inflection point 

of f ( x ), 

[where f”( x ) = 0 ], 

the roots start to diverge away from the root. 
 

x  x  f ( x i ) 
 

i  1 i f   '( x   ) 

 

Division of zero or near zero: 

 

If an iteration, we come across the division by zero or a near-zero number, then we get a 

large magnitude for the next value, xi+1. 

 

Root jumping: 

 

In some case where the function f (x) is oscillating and has a number of roots, one may 

choose an initial guess close to a root. However, the guesses may jump and converge to 

some other root. 

 

Oscillations near local maximum and minimum: 

 

Results obtained from N-R method may oscillate about the local max or min without 

converging on a root but converging on the local max or min. Eventually, it may lead to 

division to a number close to zero and may diverge. 

 

Convergence of N-R Method 

Let us compare the N-R formula 
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n 

n 

 
 

xn1  xn 
f (xn ) 

 

f (xn ) 
 

with the general iteration formula 

xn1   (xn ), 

(xn )  xn 
f (xn ) 

f (xn ) 

(x)  x 
f (x) 

 

 

f (x) 
 

The iteration method converges if 

(x)  1. 

Therefore, N-R formula converges, provided 

f (x) f (x)  f (x) 2 

in the interval considered. 

Newton-Raphson formula therefore converges, provided the initial approximation x0 is 

chosen sufficiently close to the root and are continuous and bounded in any small interval 

containing the root. 

 
Definition 

Let xn    n , xn1    n1 

where  is a root of f (x) = 0. 

If we can prove that n1 
 K p , 

where K is a constant and n  is the error involved at the n - th step, while finding the 

root by an iterative method, then the rate of convergence of the method is p. 

The N-R method converges quadratically 

xn    n , 

xn1    n1 

 

where  is a root of f (x) = 0 and 

finding the root by N-R formula 

n is the error involved at the n-th step, while 

 

 
 

        
f (  n ) 

 

n1 n f (    ) 

    
f (  n ) 

 
n f (  n )  f (  n ) 

 

n1 n f (  n) f (  n ) 

Using Taylor’s expansion, we get 
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⋯ 

n 

n 

2 



 

 


 

 1 
[ f ( )   f ( ) ⋯]  


f ( )  


f ( ) 

n    f ( )  






n1 
f ( )   f ( ) ⋯ 

 n n
  n 

2 




n 

 

 
 

Since  is a root, 






f ( )  0. 

 


Therefore, the above expression simplifies to 

 

2 

n1    n
 

2 
f ( ) 

1 

f ( )  n f 

 
( ) 

 2 f ( )  f ( ) 
1

    n 

  1 n  




2 f ( )  f ( ) 
 2 f ( )  f ( )    n 

  1 n  




2 f ( )  f ( ) 
 2 f ( )  f ( )    n 

  1 n  




2 f ( )  f ( ) 
  

 2
 f ( ) 

  3
 

n1 
n 

2 f ( ) 
O( n ) 

On neglecting terms of order  3 and higher powers, we obtain 
 

n1 
 K 2 

Where 

K 
 f ( ) 

2 f ( ) 

It shows that N-R method has second order convergence or converges quadratically. 

 

Example 

Set up Newton’s scheme of iteration for finding the square root of a positive number N. 

 

Solution 

The square root of N can be carried out as a root of the equation 

x2  N  0. 

Let 

f (x)  x2  N. 

By Newton’s method, we have 

xn1  xn 
f (xn ) 

 

f (xn ) 

In this Problem 

f (x)  x2  N , f (x)  2x. 

Therefore 


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x 

 

 

 
x  x 

x2  N 1  N 
 n     

n1 n 
2xn 2  

n 
xn 

Example 

Evaluate 

Solution 

Since 

9  3, 16  4, 

We take 

 
, by Newton’s formula. 

x0  (3  4) / 2  3.5. 

x  
1  

x  
N  

 
1  

3.5  
12  

 3.4643 
1 

2 
 0 

x 
 

2 


3.5 



 0   

x  
1  

3.4643  
12  

 3.4641 2 
2 
 3.4643 




 

x  
1  

3.4641 
12  

 3.4641 3 
2 
 3.4641 




 

Hence 
 

12  3.4641. 

Here in this solution we use the iterative scheme developed in the above example and 

simply replace the previous value in the next iteration and finally come to the result. 
 

Example 

Find the first three iteration of the equation 

[0, / 2] . 

Solution 

 
f (x)  x  0.8  0.2 sin x 

 
in the interval 

12 
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f (0)  0  0.8  0.2 sin(0)  0  0.8  0.2(0)  0.8 

f (1.57)  1.57  0.8  0.2 sin(1.75) 

     

       

f '(x)  1 0.2 cos x 

f '(0)  1 0.2 cos(0)     

here  f (0) | is greater then x0  0 

x  x  f (x0 )  0  
0.8 

 1 
 

1 0 

 

now 

f '(x0 ) 0.8 

f (1)  1 0.8  0.2 sin(1) 

    

 

f '(x)  1 0.2 cos x 

f '(1)  1 0.2 cos(1)     

x  x  f (x1 )  1 
0.0317 

 1 0.0355  0.9645 

f '(x1) 0.8919 

f (0.9645)  0.9645  0.8  0.2 sin(0.9645) 

     

 

f '(x)  1 0.2 cos x 

f '(0.9645)  1 0.2 cos(0.9645)    

x  x  f (x2 )  0.9645  0.0002  0.9645  0.00022  0.9643 

f '(x2 ) 0.88604 

 

 

 

NOTE: In the above question the function is a transcendental function and we have to 

perform all the calculation in the radians mode and the value of pi should be taken as 3.14 

 
 

Example 
 

Consider the equation 

0  x  8 

f (x)  4x cos x  (x  2)2 find the root of the equation in the range 

 

Solution 

2 1 

3 2 
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f (x)  4x cos x  (x  2)2 

here 

f (0)  4(0) cos 2(0)  (0  2)2  4 

f (8)  4(8) cos 2(8)  (8  2)2 

 32 cos16  (6)2  30.6451 36  66.6451 

f '(x)  4 cos 2x  8x sin 2x  2(x  2) 

  cos 2x  8x sin 2x  2(x  2) 

f '(8)  4 cos16  64 sin16  2(8  2) 

 3.8306 18.4250 12  2.5952 

sin ce  f (8) | is greater so x0  8 

x  x  f (x0 )  8  
(66.6451) 

 33.6801 

f '(x0 ) 2.5952 

f (33.6801)  4(33.6801) cos 2(33.6801)  (33.6801 2)2 

 24.6545 1003.6  1028.25 

f '(33.6801)  4 cos 2(33.6801)  8(33.6801) sin 2(33.6801)  2(33.6801 2) 

     

x  x  f (x1 )  33.6801 
1028.25 

 38.8011 

f '(x1) 200.79 

f (38.8011)  4(38.8011) cos 2(38.8011)  (38.8011 2)2 

 91.83611354.3  1446.14 

f '(38.8011)  4 cos 2(38.8011)  8(38.8011) sin 2(38.8011)  2(38.8011 2) 

       

x  x  f (x2 )  38.8011 1446.14  38.8011 4.4332  43.2343 
f '(x2 ) 326.205 

 

Example 

 

Perform three iteration of the equation ln(x 1)  cos(x 1)  0 when 1.2  x  2 .Use 

Newton Raphson method to calculate the root. 

 

Solution 
Here 

ln(x 1)  cos(x 1)  0 when 1.2  x  2 

f (x)  ln(x 1)  cos(x 1) 

1 0 

2 1 

3 2 
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f (x)  ln(x 1)  cos(x 1) 

f (1.2)  ln(1.2 1)  cos(1.2 1) 

     

f (2)  ln(2 1)  cos(2 1) 

     

now f (x)  ln(x 1)  cos(x 1) 

f '(x) 
1 

 

 

x 1 
 sin(x 1) 

f '(1.2) 
1 

 

 

1.2 1 
 sin(1.2 1) 

 5  0.1986  4.8014 

x  x  f (x0 )  1.2  
0.6293 

 1.2  0.1311  1.3311 

f '(x0 ) 4.8014 

f (1.311)  ln(1.33111)  cos(1.33111) 

     

f '(1.3311) 
1 

1.33111 
 sin(1.33111) 

 3.0202  0.3251  2.6951 

x  x  f (x1 )  1.3311 
0.1596 

 1.3311 0.0592  1.3903 

f '(x1) 2.6951 

f (1.3903)  ln(1.3903 1)  cos(1.3903 1) 

     

f '(1.3903) 
1 

1.3903 1 
 sin(1.3903 1) 

 2.5621 0.3805  2.1816 

x  x  f (x2 )  1.3903  
0.016 

 1.3903  0.0073  1.3976 

f '(x2 ) 2.1816 

1 0 

2 1 

3 2 
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Secant Method 
 

The secant method is modified form of Newton- 

Raphson method .If in Newton-Raphson method; we replace the derivative 

difference ratio, i.e, 

 
f '(xn ) by the 

 

 
f '(x )  f (xn )  f (xn1 ) 

 n x  x 
n n1 

Where xn and xn1 are two approximations of the root we get 
 

 
x  x  

f (xn )(xn  xn1 )  

n1 
f (xn )  f (xn1 ) 

 
xn f (xn )  xn f (xn1 )  f (xn )(xn  xn1 ) 

f (xn )  f (xn1 ) 

 
xn1 f (xn )  xn f (xn1 ) 

f (xn )  f (xn1 ) 

Provided f (xn )  f (xn1 ) 

This method requires two starting values x0 and x1 ; values at both these points are 

calculated which gives two points on the curve the next point on the curve are obtained 

by using the derived formula. We continue this procedure until we get the root of 

required accuracy. 

 

Geometrical Interpretation 

 
 

Geometrically, the secant method corresponds to drawing secants rather than tangents 

to obtain various approximations to root ; 

To obtain x2 we find the intersection between the secant through the points (x0 , f (x0 )) 

And (x1, f (x1)) and the x-axis. 

It is experienced that the secant method converges rather quickly .there is a possibility of 

the divergence if the two roots lie on the same side of the curve .the order of the 

convergence of the decant method equal to 
(1


2 

5) 
 1.618 ,which shows that this 

method has the order of convergence slightly inferior that of Newton-Raphson method, In 

this method f(x) is not required to change signs between the estimate. 

n 
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2 

 
 

 
 

Some more description 

 

We choose x0, x1 close to the root ‘a’ of f (x) =0 such that f (x0) f(x1) 

As a next approximation x2 is obtained as the point of intersection of y = 0 and the 

chord passing through the points 

(x0, f(x0 )), (x1 f(x1 )). 

y  f (x )  f (x1 )  f (x0 ) (x  x ),
 

 0 x  x 0 
1 0 

Putting y = 0 we get 

x  x  
x0 f (x1 )  x1 f (x0 ) 

f (x1)  f (x0 ) 

Convergence of Secant Method 

 

Here the sequence is generated by the rule 
 

x  
xn1 f (xn )  xn f (xn1 ) 

 

n1 
f (xn )  f (xn1 ) 

Starting with x0 and x1 as {x0 , x1 …} 

It will converge to ‘a’ , that is f (a) = 0 

NOTE 

The Secant method converges faster than linear and slower than Newton’s quadratic 

y=f(x) 

f(x1) 

x2 

O 

x0 
 x1 

x 

f(x2) 

F(x0) 
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2 

3 

4 

 

Example 

Do three iterations of secant method to find the root of 

f (x)  x3  3x 1  0, 

Taking 

x0  1, 

n  1, 

x1  0.5 

f (x0 ) 

f (x1 ) 

f (1)  13  3(1) 1  1 

f (0.5)  0.53  3(0.5) 1  0.125 1.5 1  0.375 

x  
x0 f (x1 )  x1 f (x0 ) 

f (x1)  f (x0 ) 

 
(1)(0.375)  (0.5)(1) 

 0.2
 

0.375  (1) 

n  2, 

f (x )  f (0.2)  0.23  3(0.2) 1  0.008  0.6 1  0.408 

x  
x1 f (x2 )  x2 f (x1 ) 

f (x2 )  f (x1) 

 
(0.5)(0.408)  0.2(0.375) 

 0.3563
 

0.408  (0.375) 
 

n  3, 

f (x3 ) 


f (0.3563)  0.35633  3(0.3563) 1  0.04523 1.0689 1  0.02367 

x  
x2 f (x3 )  x3 f (x2 ) 

f (x3 )  f (x2 ) 

 
(0.2) f (0.3563)  0.3563 f (0.2) 

f (0.3563)  f (0.2) 

x5  0.3473, f (x5 )  0.0000096 

and x5  x4  0.0004. 
 

Though X5 is not the true root, yet this is good approximation to the root and 

convergence is faster than bisection. 

 

Example 

 

Find the root of 2 cosh x sin x  1 using the secant method, with accuracy of 4 decimal point 

.Take 0.4 and 0.5 as the two starting values 
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2 

3 

4 

 

f (x)  2 cosh x sin x 1 

now f (x0 )  2 cosh x0 sin x0 1 

 2 cosh 0.4 sin 0.4 1 

    

f (x1 )  2 cosh x1 sin x1 1 

 2 cosh 0.5sin 0.5 1 

     

x  
x0 f (x1 )  x1 f (x0 ) 

f (x1)  f (x0 ) 

 
0.4  0.0811 0.5 0.1580 

 
0.03244  0.979 

 0.4661 
0.0811 0.1580 0.2391 

f (x2 )  2 cosh x2 sin x2 1 

 2 cosh 0.5sin 0.5 1 

    

x  
x1 f (x2 )  x2 f (x1 ) 

f (x2 )  f (x1) 

 
0.5 0.018  0.4661 0.0811 

 
0.009  0.0378 

 0.4668
 

  

0.0018  0.081 

f (x3 )  2 cosh x3 sin x3 1 

 

0.0828 

x  
x2 f (x3 )  x3 f (x2 ) 

f (x3 )  f (x2 ) 

 
0.4661 0.00009  0.4668 0.0018 

 
0.000042  0.00048 

 0.4667
 

  

0.00009  0.0018 0.00171 
 

Comparison: 

 

In secant method, we do not check whether the root lies in between two successive 

approximates Xn-1, and Xn. 

This checking was imposed after each iteration, in Regula –Falsi method. 

 

 

 

Muller’s Method 

 

In Muller’s method, f (x) = 0 is approximated by a second degree polynomial; that is by a 

quadratic equation that fits through three points in the vicinity of a root. The roots of this 

quadratic equation are then approximated to the roots of the equation f (x) 0.This method 

is iterative in nature and does not require the evaluation of derivatives as in Newton- 
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Raphson method. This method can also be used to determine both real and complex roots 

of f (x) = 0. 

Suppose, xi2 , xi1, xi 

be any three distinct approximations to a root 

Of f (x) = 0. 

f (xi2 )  fi2 , f (xi1 )  fi1 

f (xi )  fi . 

Noting that any three distinct points in the (x, y)-plane uniquely; determine a polynomial 

of second degree. 

A general polynomial of second degree is given by 

Noting that any three distinct points in the (x, y)-plane uniquely; determine a polynomial 

of second degree. 

A general polynomial of second degree is given by 

f (x)  ax2  bx  c 

Suppose, it passes through the points 

(xi2 , fi2 ), (xi1, fi1 ), (xi , fi ) 
 

Then the following equations will be satisfied 
 

2 

i2 

ax2 

 bxi2

 bx
 c 

 c 

fi2 

f 
i1 i1 

ax2  bx  c  f 
i1 

i i i 

 

Eliminating a, b, c, we obtain 
 

x2 x 1 f 
x2 x 1 f 

i2 

2 

i1 

x2 

i2 

xi1 1 
x 1 

i2    0 
fi1 

f 
i i i 

 

 

This can be written as 
 

f  
(x  xi1 )(x  xi ) f

 
  

(x  xi2 )(x  xi ) f  
(x  xi2 )(x  xi1 ) f

 
 

(x  x   ) i2 
 

(x  x )(x  x ) i1 (x  x )(x  x   ) i 
i2 i1 i1 i2 i1 i i i2 i i1 

We further define 

ax 

x 
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i i   i 

 

  
h
 

hi 

 
x  xi 

xi  xi1 

i 
hi 

hi1 

i  1 i 
 

 

 

 
 

 
 

Fig: Quadratic polynomial 

 

With these substitutions we get a simplified Equation as 
 

f  
1 

[( 1) 2 f 
 

i  i2 

i 

( 1  1) f 
i i i   i1 

( 1  1) f ] 

Or 





Numerical Analysis –MTH603 VU 

10 © Copyright Virtual University of Pakistan 

42 

 

 

i i i i i 

 

f   2 ( f  2  f   f  ) 1 
i2    i i1   i   i i   i i 

 [ f  2  f  2 
i2    i i1 i 

 f (   )] 1  f 
 

To compute , set f = 0, we obtain 
 ( f   f   f ) 2  g    f  0 

i i2 

Where 

i i1 i i i i   i 

g  f  2  f  2  f (   ) 
i i2 i i1 i i i i 

A direct solution will lead to loss of accuracy and therefore to obtain max accuracy we 

rewrite as: 
fii  

gi   ( f   f   f )  0 
  

 2 
i i2 i i1   i i 

So that, 
1 g [g 2  4 f   ( f   f   f )]1/2 

 i i i   i   i i2   i i1   i i  

2 fi i 

Or 

  
2 fii 

 

g [g 2  4 f   ( f   f   f )]1/2 
i i i   i   i i2    i i1   i i 

Here, the positive sign must be so chosen that the denominator becomes largest in 

magnitude. 

We can get a better approximation to the root, by using 

xi1  xi  hi


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0 0 

1 1 

0 

2 2 

1     2        1 2 

h 

0 





Muller’s Method 

 
Muller’s method is a generalization of the secant method, in the sense that it does not require the derivative 

of the function. It is an iterative method that requires three starting points , , 

and . A parabola is constructed that passes through the three points; then the quadratic 

formula is used to find a root of the quadratic for the next approximation. It has been proved that near a 
simple root Muller's method converges faster than the secant method and almost as fast as Newton's 

method. The method can be used to find real or complex zeros of a function and can be programmed to use 

complex arithmetic. 

 

Example 
Do two iterations of Muller’s method to solve x3  3x 1  0 starting with x  0.5, x  0, x  1 

Solution 

0 2 1 

 

f (x  )   f    (0.5)
3   
 3(0.5)  1  0.375 

f (x )   f    (1)
3   
 3(1)  1  1 

f (x )  f  0  3  0  1  1 

c  f  0.375 

h  x  x  0.5 
1 1 0 

h  x  x  0.5 
2 0 2 

h  f  (h  h ) f  h f 

a    2     1 1 2         0 1     2 

hh (h  h ) 

 
(0.5)(1)  (0.375)  (0.5) 

 1.5
 

0.25 
f    f    ah

2
 

b    1 0 1 

1 

 2 

 x  x 


 0.5 

2 

2c 

 

2(0.375) 

4  4(1.5)(0.375) 

 

 0.5 
2 

0.75 

4  2.25 

 

 0.33333 ≺ 0.5 

b     b
2   
 4ac 
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0 0 

2 2 2 

3 2 1   3 

1 0    2 0 

3 2 1   3 

1 0    2 0 

 

 
 

Take 

x2  0, x0  0.33333, x1  0.5 

h1  x1  x0  0.16667, h2  x0  x2  0.33333 

c  f0  f (0.33333) 

 x3  3x 1  0.037046 

f  x3  3x 1  0.375 
1 1 1 

f  x3  3x 1  1 

a  
h2 f1  (h1  h2 ) f0  h1 f2 

 
0.023148 

h1 h2 (h1  h2 ) 0.027778 

= 0.8333 

f  f  ah2 
b    1 0 1  2.6 

h1 

x  x0 

 0.333333  
0.074092

 
5.2236 

 0.3475 > 0.33333  x0 

For third iteration take, 

x2  0.333333, x0  0.3475, x1  0.5 
 

Graeffe’s Root Squaring Method 

 

GRAEFFE’S ROOT SQUARING METHOD is particularly attractive for finding all the roots of a 
polynomial equation. Consider a polynomial of third degree f (x)  a  a x  a x2  a x3 

f (x)  a  a x  a x2  a x3 
0 1 2 3 

0 1 2 3 

f (x)  a  a x  a x2  a x3 
0 1 2 3 

f (x) f (x)  a2 x6  (a2  2a a )x4 

(a2  2a  a )x2  a2 

f (x) f (x)  a2t3  (a2  2a a )t 2 

(a2  2a a )t  a2 
 

The roots of this equation are squares or 2i (i = 1), powers of the original roots. Here i = 1 indicates that 

squaring is done once. 

The same equation can again be squared and this squaring process is repeated as many times as required. 

After each squaring, the coefficients become large and overflow is possible as i increase. 

 

Suppose, we have squared the given polynomial ‘i’ times, then we can estimate the value 

of the roots by evaluating 2i root of 

, i  1, 2,…, n 

 

 

Where n is the degree of the given polynomial. 

b  b2  4ac 

ai 

ai 1 

2c 
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2 4 1 3 5 

 
 

The proper sign of each root can be determined by recalling the original equation. This method fails, when 

the roots of the given polynomial are repeated. 

 

This method has a great advantage over other methods in that it does not require prior information about 

approximate values etc. of the roots. But it is applicable to polynomials only and it is capable of giving all 

the roots. Let us see the case of the polynomial equation having real and distinct roots. Consider the 

following polynomial equation 
f (x)  xn  a xn1  a xn2  ...  a x  a 1) 

1 2 n1 n 

separating the even and odd powers of x and squaring we get 

(xn  a xn2  a xn4  ...)2  (a xn1  a xn3  a xn5  ...)2 

puttig x2  y and simplifying we get the new equation 

yn  b yn1  b yn1  ...  b yn1  b  0 (2) 
1 1 1 n 

b  a 2  2a2 
1 1 

b  a 2  2a a  2a 
2 2 1   3 4 

..... .... ... 

b  (1)n a 2 
n n 

if p , p ,... p be the roots of eq 1then the roots of the equation 2 are p 2 , p 2 ,... p 2 
1 2 n 1 2 n 

 

 

Example 

Using Graeffe root squaring method, find all the roots of the equation x3  6x2 11x  6  0 
 

Solution 

Using Graeffe root squaring method, the first three squared polynomials are as under: 

For i = 1, the polynomial is 
 

x3  (36  22)x2  (121 72)x  36 

 x3 14x2  49x  36 

For i = 2, the polynomial is 
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x3  (196  98)x2  (24011008)x 1296 

 x3  98x2 1393x 1296 

For i = 3, the polynomial is 

x3  (9604  2786)x2  (1940449  254016)x 1679616 

 x3  6818x2 16864333x 1679616 

The roots of polynomial are 
 

 0.85714,  1.8708,  3.7417 
 

Similarly the roots of the p; oynomial 2 are 

1296  0.9821, 1393 98 
4  4  1.9417, 4  3.1464 

1393 98 1 

Still better estimates of the roots obtained from polynomial (3) are 

1679616 1686433 6818 
8  0.99949, 8  1.99143, 8  3.0144 

1686433 6818 1 

The exact values of the roots of the given polynomial are 1, 2 and 3. 
 

Example 

Apply Graeffe,s root squaring method to solve the equation 

 
x3  8x2  17x 10  0 

 

Solution 
 

f (x)  x3  8x2 17x 10 

here three chnges are observed form  ve to  ve , ve to  ve , ve to  ve 

hence according to deccarte rule of signs f (x) may have three positive roots 

rewriting eq as x(x2 17)  (8x2 10) 

and squaring on both sides and putting x2  y 

y( y 17)2  (8 y  10)2 

y3  34 y2  289  64 y2 160 y 100 

y( y2 129)  30 y2 100 

putting y2  z we get 

z(z 129)2  (30z 100)2 

z3  258z2 16641z  900z2  6000z 10000 

z(z2 16641)  (642z2 10000) 

squaring again and putting z2  u we get 

u(u 16641)2  (642u 10000)2 

u3  33282u2  276922881u  412164u2 12840000u  108 

u3  378882u2  264082u 108  0 

36 

49 

49 

14 

14 

1 
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if the roots of the eq1 are p1 , p2, p3, and those of eqiuation 5 are q1 , q2 , q3 

p  (q )1/8  ( )1/8  (378882)1/8  4.9809593  5 
1 1 1 

p  (q )1/8  ( /  )1/8  (264082 / 378882)1/8  0.9558821  1 
2 2 2 1 

p  (q )1/8  ( /  )1/8  (108 / 264082)1/8  2.1003064  2 
3 3 3 2 

here f (5)  f (2)  f (1)  0 

hence all are the roots of the eqiuation 
 

Example 

Find all the root of the equation x4  3x 1  0 
 

Solution 
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2 2 2 

0 


2 


3 

 4 



 

 

f (x)  x4  3x  1 (1) 

here there are two changes in the sign so there are two positive roots of the equation and 

there are no chnge in the roots of the equation f ( x) so two positive real roots and two 

are complex roots 

rewriting the above equation as 

x4 1  3x 

squaring the equation and putting x2  y 

we have 

( y2 1)2  9 y 

squaring again and putting y2  z 

 z   81z 

z4  4z3  6z2  77z 1  0 

z4  6z2 1  z(4z2  77) (2) 

squaring once again and putting z2  u , we get 

(u2  6u 1)  u(4u  77)2 

u4  4u3  645u2  5917u 1  0 

if p1 , p2 , p3 , p4 are the roots of the equation 1 and q1 , q2 , q3 , q4 are roots of equation 3 then 

p  (q )1/8  ( )1/8  (4)1/8  1.189207 
1 1 1 

p  (q )1/8  [ 
2 ]1/8  [ 

654
]1/8  1.8909921 

  

2 2 

1 

p  (q  )1/8  [ 
3 ]1/8  [

5917 
]1/8  1.3169384 

  

3 3 654 

p  (q )1/8  [ 
4 ]1/8  [ 

1
 

 

]1/8  0.3376659 
4 4 5971 

from equation (2 ) and (3) 

from equation 2 and   we observe the magnitude of the cofficients 1 and 2 have become 

cons tan t which implies p1 and p4 are the real roots , then p2 and p3 are real roots, 

let the complex roots be  ei2         i 

from equation (3) it ' s magnitude is given by 

 2(23 )  
3  

5917 
  

   1.5780749 
2 2 

1 

also from equation 1 sum of roots is zero i.e   22  p4  0 

2  1/ 2( p1  p4 )  0.7634365 

2   1.9074851  1.3811173 

hence, the four roots are1.1892071, 0.3376659, 0.734365 and 1.3811173i 

 

 
 

Revision Example 

Obtain the Newton-Raphson extended formula 

x1  x0 
2 

f (x0 ) 1 [ f (x )] 
 

  3 f (x0 ) 
f (x0 ) 2 [ f (x0 )] 

For finding the root of the equation f(x)=0 

  2 2 

2 2 

 4 
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Solution 

Expanding f (x) by Taylor’s series and retaining up to second order term, 

0  f (x)  f (x0 )  (x  x0 ) f (x0 ) 

(x  x )2 
 0 f (x ) 

2 
0 

Therefore, 

f (x1 )  f (x0 )  (x1  x0 ) f (x0 ) 

(x  x )2 
    1 0 f (x )  0 

2 
0 

This can also be written as 

 
1 [ f (x )]2 




f (x0 )  (x1  x0 ) f 
(x

0 
)  

2 [ f (x )]2 
f
 

(x0 )  0 

Thus, the Newton-Raphson extended formula is given by 
f (x0 ) 1 [ f (x )]2 





x1  x0  

 
 

 3   
f 

(x0 ) f (x0 ) 2 [ f (x0 )] 

This is also known as Chebyshev’s formula of third order 

0 

0 
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Solution of Linear System of Equations and Matrix Inversion 

 

The solution of the system of equations gives n unknown values x1, x2, …, xn, which 

satisfy the system simultaneously. If m > n, the system usually will have an infinite 

number of solutions. 

If A  0 then the system will have a unique solution. 

If A  0, 

Then there exists no solution. 
Numerical methods for finding the solution of the system of equations are classified as 

direct and iterative methods. In direct methods, we get the solution of the system after 

performing all the steps involved in the procedure. The direct methods consist of 

elimination methods and decomposition methods. 

Under elimination methods, we consider, Gaussian elimination and Gauss-Jordan 

elimination methods 

Crout’s reduction also known as Cholesky’s reduction is considered under decomposition 

methods. 

 

Under iterative methods, the initial approximate solution is assumed to be known and is 

improved towards the exact solution in an iterative way. We consider Jacobi, Gauss- 

Seidel and relaxation methods under iterative methods. 

 

Gaussian Elimination Method 

 

In this method, the solution to the system of equations is obtained in two stages. 

i) the given system of equations is reduced to an equivalent upper triangular form 

using elementary transformations 

ii) the upper triangular system is solved using back substitution procedure 

 

This method is explained by considering a system of n equations in n unknowns in the 

form as follows 

 
a11x1  a12 x2 ⋯ a1n xn  b1 

a x  a x ⋯ a x  b 



21 1 22   2 2n   n 2 

. 



an1x1  an2 x2 ⋯ ann xn  bn 

Stage I: Substituting the value of x1 from first equation into the rest 
x1  a12 x2 ⋯ a1n xn  b1

a x ⋯ a x  b   



22   2 2n   n 2 



an 2 x2  ⋯ ann xn   bn   

. 

⁝ 
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

 

2 

y  z  7 






Now, the last (n – 1) equations are independent of x1, that is, x1 is eliminated from the 

last (n – 1) equations. 

This procedure is repeated and x2 is eliminated from 3rd, 4th, …, n-th equations 

The same procedure is repeated till the given system assumes the upper triangular form: 
c11x1  c12 x2 ⋯ c1n xn  d1 

c x ⋯ c x  d 



22   2 2n   n 2  



cnn xn   dn    




Stage II: The values of the unknowns are determined by backward substitution. 

First xn is found from the last equation and then substitution this value of xn in the 

preceding equation will give the value of xn-1. Continuing this way, we can find the 

values of all other unknowns 

 

Example 

Solve the following system of equations using Gaussian elimination method 

2x  3y  z  5 

4x  4 y  3z  3 

2x  3y  z  1 

Solution 

 

Stage I (Reduction to upper-triangular form): 

Divide first equation by 2 and then subtract the resulting equation (multiplied by 4 and – 

2) from the 2nd and 3rd equations respectively. Thus, we eliminate x from the 2nd and 

3rd equations. 

The resulting new system is given by 

 
x  

3 
y  

z 
 

5  

2 2 2 



6 y  2z  6 



Now, we divide the 2nd equation by –2 and eliminate y from the last equation and the 

modified system is given by 

⁝ 
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

 

x  
3 

y  
z 
 

5 


2 2 2 


y  
z 
 

7 


2 2 
 5z  15 






Stage II (Backward substitution): 

From the last equation, we get 
 

z  3 

Using this value of z, the second equation gives 

y  
7 
 

3 
 2 

2 2 
Putting these values of y and z in the first equation, we get 

x  
5 
 

3 
 3  1 

2 2 
Thus, the solution of the given system is given by 

x = 1, y = 2, z = 3 

 
Partial and Full Pivoting 

The Gaussian elimination method fails if any one of the pivot elements becomes zero. In 

such a situation, we rewrite the equations in a different order to avoid zero pivots. 

Changing the order of equations is called pivoting. 

 

Partial pivoting 

 

If the pivot happens to be zero, then the i-th column elements are searched for the 

numerically largest element. Let the j-th row (j > i) contains this element, then we 

interchange the i-th equation with the j-th equation and proceed for elimination. This 

process is continued whenever pivots become zero during elimination. 

For example, let us examine the solution of the following simple system 
105 x  x  1 

1 2 

x1  x2  2 

Using Gaussian elimination method with and without partial pivoting, assuming that we 

require the solution accurate to only four decimal places. The solution by Gaussian 

elimination gives x1 = 0, x2 = 1. 

 

 

If we use partial pivoting, the system takes the form 
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    

      

 

x1  x2  2 

105 x  x  1 
1 2 

 

 

 

Using Gaussian elimination method, the solution is found to be x1 = 1, x2 = 1, which 

is a meaningful and perfect result. 

In full pivoting (or complete pivoting), we interchange rows and columns, such that the 

largest element in the matrix of the variables also get changed. Full pivoting, in fact, is 

more complicated than the partial pivoting. Partial pivoting is preferred for hand 

computation. 

The general form of a system of m linear equations in n unknowns x1, x2, x3, …, xn can 

be represented in matrix form as under: 
 a11 a12 a13 ⋯ a1n   x1   b1 
 
a a a ⋯ a 

  
x   b 

 21 22 23 2n  
2    

2 
 ⁝ ⁝ ⁝ ⁝   ⁝   ⁝ 
a a a ⋯ a 

  
x  

b 


 m1 m 2 m3 mn   n   m 


Using matrix notation, the above system can be written in compact form as 

[ A]( X )  (B) 

Note: 

1. This method fails if any of he pivots become zero in such cases, by interchanging 

the rows we can get the non-zero pivots. 

 
 

Example 

 

Solve the system of equations by Gaussian elimination method with partial pivoting. 

x  y  z  7 

3x  3y  4z  24 

2x  y  3z  16 
 

Solution 
 

1 1 1  x   7 

3 3 4

  
y 
 
 
 

24 



2 1 3  z  16 


To start with, we observe that the pivot element 

a11  1( 0). 

However, a glance at the first column reveals that the numerically largest element is 3 

which is in second row. Hence R12 
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      

1 1 1 y   7 



0 





 

 

 

Thus the given equation takes the form after partial pivoting 

3 3 4  x   24 
       
       

2 1 3  z  16 

Stage I (Reduction to upper triangular form): 

1 1 



4   x   8 
3     
1 
    

 1 
  y   0 

3     
 

1 
    

0 0 


 
3 
 z  1

Stage II (Back substitution): 

z  3 

 y 1  0 or 

x 1 4  8 or 

y  1 

x  3 
 

Example 

 

Solve the following system of equations by Gaussian elimination method with partial 

pivoting 
 

 

 

0x1  4x2  2x3  8x4  24 

4x1 10x2  5x3  4x4  32 

4x1  5x2  6.5x3  2x4  26 

9x1  4x2    4x3  0x4  21 
 

Solution 

In matrix notation, the given system can be written as 
 

0 4 2 8  x1  24

4   10 5 4

  
x 

 32

   2    
4 5 6.5 2  x3  26

9 4 4 0

  
x 
  

   4  21


To start with, we observe that the pivot row, that is, the first row has a zero pivot element 

(a11 = 0). This row should be interchanged with any row following it, which on 

becoming a pivot row should not have a zero pivot element. 


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While interchanging rows it is better to interchange the first and fourth rows, which is 

called partial pivoting and get, 
 

9 4 4 0  x1  21

4   10 5 4

  
x 

 32

   2    
4 5 6.5 2  x3  26
0 4 2 8

  
x 

 

24


   4   

Stage I (Reduction to upper-triangular form): 


1 

4 4 
 

  

0
 
 x   2.333 




 9 9  

   
0 8.2222 3.2222 4

 
 
x

2   
22.6666


  

 x
  16.6666 

0 3.2222 4.7222 2 
3   

0 4 2 8
 
 x4   24 




1 

4 4 
 

  



0 
 
 x   2.333 



 9 9 
 
   

0 1 0.3919 0.4865
 
 
x

2    
2.7568 

  
 x  7.78836

0 0 3.4594 0.4324  
3 
  

0 0 0.4324 6.0540
 
 x4  12.9728




1 

4 4 
 

  



0 
 
 x   2.3333 



 9 9 
 
   

0 1 0.3919 0.4865
 
 
x

2    
2.7568 


  

 x
   2.2500 

0 0 1 0.1250 
3   

0 0 0 5.999 
 
 x4  11.9999

 


Stage II 

Back substitution 
 

x1  1.0, x2  1.0, x3  2.0, x4  2.0 
 

Example  
 

3x  y  z  3 

Solve the system of equations 2x  8 y  z  5 using Gauss elimination method. 

x  2 y  9z  8 
 

Solution 

The given system is equivalent to 

1 

1 

1 
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

 

3 1 1  x   3 

2 8 1 

  
y
 
 

5



     

1 2 9    z   8 

 X  B 

the arg umented matrix is 

3 1 1 3 
[ A | B]  


2 8 1  5




 

1 2 9 8 


now making  as an upper triangular matrix 

 
3 1 1 

3 
 

26 5 
 

2 1 

~ 0 


0 



 

3 3 

7 28 
 

  

3 3 

 7


7 



R2 
3 

R1, R3  
3 

R1 

now choo sin g 
26 

as the pivot from the sec ond column, 
3 

 
3 1 1 

3 
 

26 5 
 

2 1 

~ 0 




 

3 3 
693 

 7 


231




R2 
3 

R1 , R3  
3 

R1 

0 0 
 78 

26 

from this we get 

3x  y  z  3 

26 
y  

5 
z  7 

3 3 

693 
z  

231 

78 26 

now by back substitution z  1 

26 
y  7  

5 
(z)  7  

5 
(1)  

26 
 y  1 

3 3 3 3 

now x  
1 

[3  y  z]  
1 

[3 11]  1 
3 3 

so the solution is x  y  z  1 

Example 
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Using Gauss elimination method, solve the system. 

3.15x 1.96 y  3.85z  12.95 

2.13x  5.12 y  2.89z  8.61 

5.92x  3.05 y  2.15z  6.88 
 

Solution 

The given system is equivalent to 
3.15 1.96 3.85   x  12.95

2.13 5.12 2.89

    
y
 
 

8.61




     

5.92 3.05 2.15     z   6.88 

A X  




3.15 1.96 3.85 
[ A | B]  


2.13 5.12 2.89  




 

5.92 3.05 2.15  

3.15 1.96 3.85  
~ 
 

0 6.4453 5.4933  
   

R  
2.13 

R , R 
 

  
5.92 

R
 

 
 

  2 3.15 1 3 3.15 1 

   0 6.7335 5.0855 

choo sin g  as pivot 

3.15 1.96 3.85 

 
 

~ 
 

0 6.4453 5.4933  



R  
6.7335 

R
 

 
 

  3 6.4453 1 

 0 0 0.6534  

form this , we get 

3.15x 1.96 y  3.85z  12.95 

6.4453y  5.4933z  17.3667 

0.6534z  0.6853 

by backward substitution 

z  
0.6853 

 1.0488215 
0.6534 

y  
5.4933 17.3667 

 1.8005692 
6.4453 

x  
1.96 y  3.85z 12.95 

 1.708864
 

3.15 
 

 

Example 
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Solve the system of equation 

x1  x2  x3  x4  2 

x1  x2  3x3  2x4  6 

2x1  3x2  x3  2x4  7 

x1  2x2  x3  x4  2 

By using Gauss elimination method. 
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





 

x1  x2  x3  x4  2 

x1  x2  3x3  2x4  6 

2x1  3x2  x3  2x4  7 

x1  2x2  x3  x4  2 

the given system in matrix form is 

1 1 1 1   x1   2 

1 1 3 2  x  6
   2    
2 3 1 2   x3   7 
1 2 1 

 
  

x 
  

 1  4  2

A X  B 

1 1 1 1 2 

1 1 3 

[ A | B]   2 

 6




2 3 1 2 7 
1 2 1 1 2




 

1 1 1 1 2 

0 0 2 

~ 
3 


 8



 R 

 
 R , R

 
 2R , R  R

0 1 3 0 3  2 1 3 1 4 1 

0 1 0 2 4




 

sin ce the element in the sec ond column is zero so int erchanging the rows 

1 1 1 1 2 

0 1 3 0 3 




~    R 
0 0 2 3 
0 1 0 2 

8   23 
4



 

1 1 1 1 2 

0 1 3 0 3 




~    R  R 
0 0 2 3 
0 1 3 2 

8   4 2 
4



 

now the pivot is 2, therefore 

1 1 1 1 
2 



0 1 3 0 ~ 

3  
R  

3 
R 

0 0 2 3 

0 0 0 

5
 

 2 

8
 4 

2 3 

5 

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5 















from this we get 

x1  x2  x3  x4  2 

x2  3x3  3 

2x3  3x4  8 

( 
2

)x4  5 

now x4  2 

x  
1 

(8  3x )  
1 

(8  6)  1 
  

3 
2 

4 
2
 

now 

x2  3  3x3  3  3  0 

now from equation 1 

x1  2  x2  x3  x4  2  0 1 2  1 

so x1  1, x2  0, x3  1, x4  2 
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



      

      

      

      

      

      

 

 

Solution of Linear System of Equations and Matrix Inversion 

Gauss–Jordon Elimination Method 

This method is a variation of Gaussian elimination method. In this method, the elements above and below 
the diagonal are simultaneously made zero. That is a given system is reduced to an equivalent diagonal 

form using elementary transformations. Then the solution of the resulting diagonal system is obtained. 

Sometimes, we normalize the pivot row with respect to the pivot element, before elimination. Partial 

pivoting is also used whenever the pivot element becomes zero. 

 

Example 

 

Solve the system of equations using Gauss-Jordan elimination method: 
 

x  2 y  z  8 

2x  3y  4z  20



4x  3y  2z  16

Solution 

In matrix notation, the given system can be written as 

1   2   1  x   8 
2   3   4 

 
y 
 
 
 

20 



4    3    2  z   16 

1 2 1   x   8 
0   1 2  

 
y 
 
 
 

4 

 (-2) R1 +R2 and (-4) R1+R3 

       

0    5    2  z   16 

Now, we eliminate y from the first and third rows using the second row. Thus, we get 

1 0 5   x   16 
0   1 2   y    4        

0 0 12  z   36 

Before, eliminating z from the first and second row, normalize the third row with respect to the pivot 

element, we get 

1 0 5  x  16 
0   1   2 

 
y 
 
 
 

4 



       

0 0 1  z   3 

Using the third row of above Equation, and eliminating z from the first and second rows, we obtain 
1 0 0  x   1 0   1   0 

 
y 
 
 
 
2 




     

0 0 1  z    3 

The solution is 

x =1, y =2, z =3. 
 

Example 

 

Solve the system of equation by using the Gauss Jordan elimination method 

10x  y  z  12 

2x 10 y  z  13 

x  y  5z  7 

Solution 
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       

 

 

 

10x  y  z  12 

2x 10 y  z  13 

x  y  5z  7 

the given system 

10 1 1  x  12
 2 10   1  y  13

1 1 5 z   7 

the arg umented matrix may be written as 

10 1 1   

 A / B   2 10   1  

 1 1 5  

1   8   44 
 2   10 1    R  9R 
  1 3 

1 1 5   

1   8   44 
 0   26 89   R  2R , R  R 
  2 1 3 1 

0 9 49  

1   8   44 
 0 1 89    R  3R 
  2 3 

0 9 49  

1   0 420  
 0   1 58      R  8R , R  9R 
  1 2 3 2 

0    0    473    

1 0   0      



 0   1   0  1 R  R  420R , R  58R 
   3 1 3 2 2 

0    0    1    

thus the system reduces to reduced echlon form 

so x  y  z  1 
 

Example 

Solve the system of equations by Gauss Jordan method 

10x1  x2  x3  12 

x1 10x2  x3  10 

x1  2x2 10x3  9 
 

Solution 
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10x1  x2  x3  12 

x1 10x2  x3  10 

x1  2x2 10x3  9 

the matrix form of the given system may be written as 

10 1 1   x1  12
 1 10 1  x   10
   2     

 1 2   10   x3   9 

the arg umented mairix may be written as 

10 1 1 
 A / B   1 10 1  

 

 1 2   10  

1   89   10 
~ 1 10 1    R  9R 
  1 2 

1 2 10  

1   89   10 
~ 0 9 1    R  R , R  R 
  2 1 3 1 

0 1 0   

1   89   10 
~ 0 9 1      R2 , 

R3 
 

    99 87 

0 1 0   

1   89   10 
~ 0 1 1    R  8R 


0 1 0 
 2 3 

 

1 0 79   
~ 0   1 1    R  89R , R  R 
  1 2 3 1 

0    0 1   

1 0   0   
~ 0 1   1  1 R  79R , R  R 
  1 3 2 3 

0    0    0   

so the system gives the values of all the three var iables 

x1  x2  x3  1 

Example 
Solve the system of equations by using Gauss Jordan method. 

x  2 y  z  w  2 

2x  3y  z  2w  7 

x  y  3z  2w  6 

x  y  z  w  2 

Solution 
 

x  2 y  z  w  2 

2x  3y  z  2w  7 

x  y  3z  2w  6 

x  y  z  w  2 
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1   1 1 1 w 2 



 

  R 

 



0   1   0   0 y 



 

 
 

the system may be written as 

1   2 1 1   x  2
2   3 1 2    y   7 
          
1   1 3 2   z  6
         
         



the arg umented matrix may be written as 

1   2 1 1 
2 3 

 A / B   1 2 
 



1   1 3 2    
1   1 1 1  




 

1 2 1 
0 1 3 



1 

4 









R  2R , R 

 

 R , R  R
0   1   2   1    2 1 3 1 4 1 

0   1   0 2  




 

1   0   5 7  
0   1 3 

 4 

  1 2R ,   (R 

 

 
 R ), R  R

0   0 1 
0   0 3 

1  
2  




1 2  
5

 3 2 4 2 

 

1   0   0 2  
0   1   0 

 1 
 
 R  5R , R  3R , R  3R 

0   0   1   1    1 3 2 3 4 3 

0   0   0 1  




 

1   0   0   0  


   



R  2R , R 

 

 R , R  R

0   0   0   1 



 


1 4 2 4 3 4 

 

the system maybe written as 

1   0   0   0    x    
       
        
0   0   1   0     z  

0   0   0   1

    
w
  

 


       

the values of all the ariables are 

x  1, y  0, z  1, w  2 
 

Crout’s ReductionMethod 

 

Here the coefficient matrix [A] of the system of equations is decomposed into the product of two matrices 
[L] and [U], where [L] is a lower-triangular matrix and [U] is an upper-triangular matrix with 1’s on its 

main diagonal. 

 
For the purpose of illustration, consider a general matrix in the form 

LU    A

0 1 0 0 

0 0 1 0 
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


l11 

 
0 0  1 

 
u12 

 
u13  a11 

 
a12 

 
a13 

l l 0  0 1 u     a a a   
 21 22   23    21 22 23 
l31 l32 l33  0 0 1   a31 a32 

a33 




The sequence of steps for getting [L] and [U] are given below: 

Step I: Multiplying all the rows of [L] by the first column of [U], we get 
 

l11  a11 , l21  a21 , l31  a31 

Thus, we observe that the first column of [L] is same as the first column of [A]. 

 

Step II: Multiplying the first row of [L] by the second and third columns of [U], we obtain 
 

l11u12  a12 , 

Or 

l11u13  a13 

u12 
 

a12 , l u13 
 

a13 

l 
11 11 

Thus, the first row of [U] is obtained. We continue this process, getting alternately the column of [L] and a 

row of [U]. 

Step III: Multiply the second and third rows of [L] by the second column of [U] to get 

l21u12  l22  a22 , 

This gives 

l31u12  l32  a32 

l22    a22  l21u12 , l32  a32  l31u12 

Step IV: Now, multiply the second row of [L] by the third column of [U] which yields 

l21u13  l22 u23  a23 

u23 
 

a23  l21u13 

l 
22 

Step V: Lastly, we multiply the third row of [L] by the third column of [U] and get 

l31u13  l32 u23  l33  a33 

This gives 

l33  a33  l33 u13  l32 u23 

Thus, the above five steps determine [L] and [U]. 

This algorithm can be generalized to any linear system of order n. 

Consider a system of equations 
a11 x1  a12 x2  a13 x3  b1 
a x  a x  a x  b 




21   1 22    2 23   3 2 
a x  a x  a x  b 

31   1 32    2 33   3 3 

In matrix notation as [A](X) = (B). Let [A] = [L] [U], then we get, 

[L][U ]( X )  (B) 

Substituting [U] (X) = (Z) in Eq. we obtain [L] (Z) = (B) 
l11 z1  b1 

l z  l z  b 



21   1 22   2 2  
l z  l z  l z  b 
31   1 32   2 33   3 3 

Having computed z1, z2 and z3, we can compute x1, x2, and x3 from equation [U] (X) = (Z) or from 

1   u12 u13   x1   z1 
0 1 u   x    z  23   2   2 
0 0 1   x   z 
   3   3 

This method is also known as Cholesky reduction method. This technique is widely used in the numerical 

solutions of partial differential equations. 
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This method is very popular from computer programming point of view, since the storages space reserved 

for matrix [A] can be used to store the elements of [L] and [U] at the end of computation. 

This method fails if any 

aii  0 

Example 
Solve the following system of equations by Crout’s reduction method 

5x1  2x2    x3  4 

7x1    x2  5x3  8 

3x1  7x2  4x3  10 
 

Solution 

Let the coefficient matrix [A] be written as [L] [U]. Thus, 
l11 0 0  1 u12 u13  5 2 1 
l l 0  0 1 u     7 1 5
 21 22   23   
l31 l32 l33  0 0 1   3 7 4 



Step I: Multiply all the rows of [L] by the first column of [U], we get 
 

l11  5, l21  7, l31  3 

Step II: Multiply the first row of [L] by the second and third columns of [U], we have 

l11u12  2, l11u13  1 

u     
2 

, u    
1
 

 

12 
5 

13 
5

 

 

STEP III: Multiply the 2nd and 3rd rows of [L] by the 2nd column of [U], we get 

l u    l    1 or l  1 
14 

 
19 

 

21   12 22 22 5 5 
6 41 




l u    l    7 or l  7   
 

31   12 32 32 
5 5  

STEP IV: Multiply the 2nd row of [L] by the 3rd column of [U] 

l21u13  l22 u23  5 

19 
u
 

5   
23 
 5  

7
 

5 

u23 
  

32 

19 

STEP V:Finally, multiply the 3rd row of [L] with the 3rd column of [U], we obtain 

 

l31u13  l32 u23  l33  4 

l33 
 

327 

19 

Thus, the given system of equations takes the form [L][U][X] = (B). 

  1  
2 1   x1   4 


 5 0 0   5 5       

 
19 

  32 
      

7 0  0 1 
 

 

   x    8 




 5   19   2      
41   327 

 
0 0 1       

3    
 x 


 

10

 5 19    3 

That is, 
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 z 

 z 

 

   z1   4 
5 0 0  

19 
        
        

7 0   z 
 

   8 
 5  

2      
41  327 

      
3 
 5 19   3 

10

Let [U](X) = (Z), then 

[L](Z )  (4 8 10)T 

Or 
   z1   4 
5 0 0  

19 
        
        

7 0   z 
 

   8 
 5  

2      
41  327 

      
3 
 5 19   3 

10

Which gives utilizing these values of z, the Eq becomes 

By back substitution method, we obtain 

x3 
46 

,
 

327 
x  

284 
,
 

2 327 
x  

366 
1 327 

This is the required solution. 
 

Example 

 

 
Solve the following system 

 
 

2x  3y 10z  3 

x  4 y  2x  20 

5x  2 y  z  12 
 

Solution 
 

2x  3y 10z  3 

x  4 y  2x  20 

5x  2 y  z  12 

the given system is AX  B 

 2 3   10  x    
A  1 4 2  X   y     

     

 5 2 1 

let LU  A 

 z  

 1 0 0 u11 u12 u13 
L  l 1 0 U   0 u u 

 21   22 23 
l31 l32 1  0 0 u33 



 u11 u12 u13   2 3   10
l u l u  u l u  u   1 4 2 
 21   11 21   12 22 21   13 23   

l31u11 l31u12  l32u22 
l31u13  l32u23  u33 

  5 2 1 




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

    



    

 2 






here 

u11  2  u12 

 
 3 

 
u13  10 

l u    1  l  
1 

 

21   11 21 
2

 

l u    5  l    
5
 

 

31   11 31 
2

 

 

l u  u  4  u  4  l u    4  ( 
1 

3)  
5
 

21   12 22 22 21   12 
2 

)( 
2

 
l u  u  2  u  2  l u  2  ( 

1 
 7 

 
 

21   13 23 23 21  13 
)10 

2 

l u  l u  5  l  
1 

[5  l u 
 ]  

19 
 

31   12 32   22 32 
u22 

31   12 
5

 

l u  l u  u  u  1 l u  l u  
253 

 

31   13 32   23 33 33 31   13 32   23 
5

 

   
 1 0 0 2   3 10 

1 

  
5 



L     1 0 U  0 7   


 2  5 19 
 2  253

 1
 2 5 



 y1 

0 0 
 5   

let UX  Y where y   y  , then LY  B, 
 2 
 y3 



  1 0 0 
 y   3 

1 
 
   

i.e    
 2 

1 0  y2    20  y  12
 5 19 

 

 

 2 5 

and 

  3   
1


  1 0 0 
 x   y 


1 

 
   

 1 0  y   y2  z   y 
 5 19 

 

 

 2 5 

    3 
1


now eqn (1) implies 

y1  3 
1 

y  y  20  y  
43

 
  

2   
1 2 2 

2
 

5 
y  

19 
y  y 

  

 
 12  y  

506 
 

2 1 5 
2 3 3 

5
 

1 

1 
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2x  3y  10z 3 , 
5
 y  7z  

43 
,  

253 
z  

506 

2 2 5 3 

by back substitution x  4, y  3and z  2 
 

Example 

 

Solve the following system 

x  3y  4z  4 

x  4 y  3z  2 

x  3y  4z  1 
 

Solution 
 

x  3y  4z  4 

x  4 y  3z  2 

x  3y  4z  1 

the given system is AX  B 

1   3   8  x    
A  1   4   3 X   y   

     

1 3 4

let LU  A 

 z    

 1 0 0 u11 u12 u13 
L  l 1 0 U   0 u u 

 21   22 23 
l31 

 u11 

l32 1

u12 

 0 0 

u13 

u33 


 1 3   8
l u l u  u l u  u   1   4   3
 21   11 21   12 22 21   13 23   

l31u11 

here 

l31u12  l32u22 
l31u13  l32u23  u33 

 1   3    4

u11  1 u12  3 u13  8 

l21u11  1 

l31u11  1 

 l21   1 

 l31  1 
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

    

 2 



 

l u  u  4  u  4  l u    4  ( 
1 

3)  
5
 

21   12 22 22 21   12 
2 

)( 
2

 

l21u13  u23  2  u23  4  l21u13  4  (1)3  1 

l u  l u  3  l  
1 

[3  l u 
 

]  0 
31   12 32   22 32 

u22 

31  12 

l31u13  l32u23  u33  u33  4  l31u13  l32u23  4 

1   0   0
L  1   1   0

1   3 
U  0   1 

8 
5

   

1   0    1
 y1 

0    0 4

let UX  Y where y   y  , then LY  B, 
 2 
 y3 



1  0  0  y1   4 
i.e 0   1   0   y   2

   2   

1    0    1   y3  

and 

 

 1 

 1 0 0 
 x   y 


1 

 
   

 1 0  y   y2  z   y 
 5 19 

 

 

 2 5 

    3 
1


now eqn (1) implies 

y1  4 

y2  2 

y1  y3  1  y3  1 y1  3 

we also have 

x  3y  8z  4 

y  5z  2 

4z  3 

by back substitutiton 

z  
3
 

4 

y  2  5z  2 
3 7 

5( ) 
4 4 

x  4  3y  8z  4  
7 





3 
 

29 
 

  3( ) 8( ) 
4 4 4 

1 
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

 

 

 

Solution of Linear System of Equationsand Matrix Inversion 

 

Jacobi’s Method 

This is an iterative method, where initial approximate solution to a given system of 

equations is assumed and is improved towards the exact solution in an iterative way. 

 

In general, when the coefficient matrix of the system of equations is a sparse matrix 

(many elements are zero), iterative methods have definite advantage over direct methods 

in respect of economy of computer memory 

Such sparse matrices arise in computing the numerical solution of partial differential 

equations 

Let us consider 
a11x1  a12 x2 ⋯ a1n xn  b1 
a x  a x ⋯ a x  b 




21 1 22   2 2n   n 2 

⁝ ⁝ ⁝ ⁝ 



an1 x1   an 2 x2  ⋯ ann xn   b1 


In this method, we assume that the coefficient matrix [A] is strictly diagonally dominant, 

that is, in each row of [A] the modulus of the diagonal element exceeds the sum of the 

off-diagonal elements. 

We also assume that the diagonal element do not vanish. If any diagonal element 

vanishes, the equations can always be rearranged to satisfy this condition. 

Now the above system of equations can be written as 

x  
b1

  a12 x 
 

⋯ 
a1n x 





1 a a 2 a n 

11 11 11 
x  

b2
  a21 x 

 

⋯ 
a2n x 





2 

a a 
1 

a 
n 

22 22 22 
⁝ ⁝ ⁝ ⁝ 


x  

bn
  an1 x

 
 

⋯ 
an(n1) 

x 



n 

a a 
1 a 

n1 
nn nn nn 

We shall take this solution vector (x , x ,..., x )T as a first approximation to the exact 
1 2 n 

solution of system. For convenience, let us denote the first approximation vector by 
(x(1) , x(1) ,..., x(1) ) got after taking as an initial starting vector. 

1 2 n 

 

Substituting this first approximation in the right-hand side of system, we obtain the 

second approximation to the given system in the form 
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n 

 
 

x(2)  
b1    

a12 x(1) ⋯ 
a1n x(1) 

1 
a a 

2 
a 

n 
11 11 11 

x(2)  
b2    

a21 x(1) ⋯ 
a2n x(1) 

2 
a a 

1 

a 
n 

22 22 22 
⁝ ⁝ ⁝ ⁝ 



x(2)  
bn    

an1 x(1) ⋯ 
an(n1) 

x(1) 
n 

a a 
1 a 

n1 

nn nn nn 

This second approximation is substituted into the right-hand side of Equations and obtain 

the third approximation and so on. 

This process is repeated and (r+1)th approximation is calculated 

x(r 1)  
b1    

a12 x(r ) ⋯ 
a1n x(r ) 

1 
a a 

2 
a 

n 
11 11 11 

x(r 1)  
b2    

a21 x(r ) ⋯ 
a2n x(r ) 

2 
a a 

1 

a 
n 

22 22 22 
⁝ ⁝ ⁝ ⁝ 



x(r 1)  
bn    

an1 x(r ) ⋯ 
an(n1) 

x(r ) 
n 

a a 
1 a 

n1 

nn nn nn 

Briefly, we can rewrite these Equations as 

x(r 1)  
bi   

aij 
x(r ) ,   

i 
a a 

j 

ii j 1  ii 
j i    

r  1, 2,..., i  1, 2,..., n 

It is also known as method of simultaneous displacements, 

since no element of (r 1) 

i is used in this iteration until every element is computed. 
 

A sufficient condition for convergence of the iterative solution to the exact solution is 
n 

aii   aij , 
j 1 
j 1 

i  1, 2,..., n When this condition (diagonal dominance) is true, Jacobi’s 

method converges 

 

Example 

Find the solution to the following system of equations using Jacobi’s iterative method for 

the first five iterations: 

83x 11y  4z  95 

7x  52 y 13z  104 

3x  8 y  29z  71 

Solution 

x 
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   
z  



   
z  





 
 

x  
95 

 
11 

y  
4 

z 



83 83 83 
104 7 13 




y   x  z 



52 52 52 



z  
71 

 
3 

x  
8 

y 



29 29 29 


Taking the initial starting of solution vector as (0, 0, 0)T , 

approximation as 

 
 x(1)  1.1446 
 

y(1) 
 
 
 

2.0000 



from Eq. ,we have the first 

 (1) 
 

 2.4483

Now, using Eq. ,the second approximation is computed from the equations 
 

x(2)  1.1446  0.1325 y(1)  0.0482z(1) 

y(2)  2.0  0.1346x(1)  0.25z(1) 



z(2)  2.4483  0.1035x(1)  0.2759 y(1) 



Making use of the last two equations we get the second approximation as 

 x(2)   0.9976 
 

y(2) 
 
 

1.2339 




 (2) 
 

1.7424 



Similar procedure yields the third, fourth and fifth approximations to the required 

solution and they are tabulated as below; 
 

Variables 

Iteration number r x y z 

1 1.1446 2.0000 2.4483 

2 0.9976 1.2339 1.7424 

3 1.0651 1.4301 2.0046 
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1 

2 

 

 

4 1.0517 1.3555 1.9435 

5 1.0587 1.3726 1.9655 

 

Example 

Solve the system by jacobi’s iterative method 

8x  3y  2z  20 

4x 11y  z  33 

6x  3y 12z  35 

(Perform only four iterations) 

Solution 

Consider the given system as 

8x  3y  2z  20 

4x 11y  z  33 

6x  3y 12z  35 

the system is diagonally do min ant 

x  
1 
20  3y  2z 

8 

y  
1 
33  4x  z

11 

z  
1 
35  6x  3y

12 

we start with an initial aproximation x0  y0  z0  0 

substituting these 

first iteration 

x  
1 
20  3(0)  2(0)  2.5 

8 

y1 



z1 

1 
33  4(0)  0  3 

11 
1 
35  6(0)  3(0)  2.916667 

12 

Second iteration 

x  
1 
20  3(3)  2(2.9166667)  2.895833 

8 

y2 


z 

1 
33  4(2.5)  2.9166667  2.3560606 

11 
1 
35  6(2.5)  3(3)  0.9166666 

 

2 12 
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3 

4 

 

 

 

 

 

third iteration 

x  
1 
20  3(2.3560606)  2(0.9166666)  3.1543561 

8 

y3 



z3 

1 
33  4(2.8958333)  0.9166666  2.030303 

11 
1 
35  6(2.8958333)  3(2.3560606)  0.8797348 

12 
fourth iteration 

x  
1 
20  3(2.030303)  2(0.8797348)  3.0419299 

8 

y4 


z 

1 
33  4(3.1543561)  0.8797348  1.9329373 

11 
1 
35  6(3.1543561)  3(2.030303)  0.8319128 

 

4 12 
 

Example 

Solve the system by jacobi’s iterative method 

3x  4 y 15z  54.8 

x 12 y  3z  39.66 

10x  y  2z  7.74 

(Perform only four iterations) 

Solution 

 
 

Consider the given system as 
3x  4 y 15z  54.8 

x 12 y  3z  39.66 

10x  y  2z  7.74 

the system is not diagonally do min ant we rearrange the system 

10x  y  2z  7.74 

x 12 y  3z  39.66 

3x  4 y 15z  54.8 

x  
1 
7.74  y  2z

10 

y  
1 
39.66  x  3z 

12 

z  
1 
54.8  3x  4 y

15 
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we start with an initial aproximation x0  y0  z0  0 

substituting these 

first iteration 

x1 



y1 



z1 

1 
7.74  (0)  2(0)  0.774 

10 
1 
39.66  (0)  3(0)  1.1383333 

12 
1 
54.8  3(0)  4(0)  3.6533333 

15 

Second iteration 

x2 



y2 



z2 

1 
7.74 1.1383333  2(3.6533333)  1.3908333 

10 
1 
39.66  0.774  3(3.6533333)  2.3271667 

12 
1 
54.8  3(0.774)  4(1.1383333)  3.1949778 

15 
 

 

third iteration 

x3 



y3 



z3 

1 
7.74  2.3271667  2(3.1949778)  1.1802789 

10 
1 
39.66 1.3908333  3(3.1949778)  2.3903528 

12 
1 
54.8  3(1.3908333)  4(2.3271667)  2.7545889 

15 
fourth iteration 

 

 
x4 



y4 



z4 

1 
7.74  2.5179962  2(2.7798501)  1.0781704 

10 
1 
39.66 1.1802789  3(2.7545889)  2.51779962 

12 
1 
54.8  3(1.1802789)  4(2.3903528)  2.7798501 

15 
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i 

i 

i 





 

 

 

Solution of Linear System of Equations and Matrix Inversion 

Gauss–Seidel Iteration Method 

 

It is another well-known iterative method for solving a system of linear equations of the 

form 
a11x1  a12 x2 ⋯ a1n xn  b1 
a x  a x ⋯ a x  b 




21 1 22   2 2n   n 2 

⁝ ⁝ ⁝ ⁝ 



an1 x1   an 2 x2  ⋯ ann xn   bn 


In Jacobi’s method, the (r + 1)th approximation to the above system is given by 

Equations 

x(r 1)  
b1    

a12 x(r ) ⋯ 
a1n x(r ) 

1 
a a 

2 
a 

n 
11 11 11 

x(r 1)  
b2    

a21 x(r ) ⋯ 
a2n x(r ) 

2 
a a 

1 

a 
n 

22 22 22 
⁝ ⁝ ⁝ ⁝ 



x(r 1)  
bn    

an1 x(r ) ⋯ 
an(n1) 

x(r ) 
n 

a a 
1 a 

n1 

nn nn nn 

Here we can observe that no element of 

computation. 

(r 1) 

i replaces x(r) entirely for the next cycle of 

In Gauss-Seidel method, the corresponding elements of 

x(r) as soon as they become available. 

x(r1) replaces those of 

Hence, it is called the method of successive displacements. For illustration consider 
a11x1  a12 x2 ⋯ a1n xn  b1 
a x  a x ⋯ a x  b 




21 1 22   2 2n   n 2 

⁝ ⁝ ⁝ ⁝ 



an1 x1   an 2 x2  ⋯ ann xn   bn 


In Gauss-Seidel iteration, the (r + 1)th approximation or iteration is computed from: 

x(r 1)  
b1    

a12 x(r ) ⋯ 
a1n x(r ) 

1 
a a 

2 
a 

n 
11 11 11 

x(r 1)  
b2    

a21 x(r 1) ⋯ 
a2n x(r ) 

2 
a a 

1 

a 
n 

22 22 22 
⁝ ⁝ ⁝ ⁝ 



x(r 1)  
bn    

an1 x(r 1) ⋯ 
an(n1) 

x(r 1) n a a 1 a 
n1    

nn nn nn 

Thus, the general procedure can be written in the following compact form 

x 



Numerical Analysis –MTH603 VU 

2 © Copyright Virtual University of Pakistan 

78 

 

 

1 

3 

2 

3 

 

x(r 1)    
bi    

i aij 
x(r 1)    

aij 
x(r ) 

1 n 
 

   

 
for all i  1, 2,..., n and r  1, 2,... 

i 
a a 

j 
a 

j 

ii j 1  ii j i1  ii 

To describe system in the first equation, we substitute the r-th approximation into the 

right-hand side and denote the result by x(r1). In the second equation, we substitute 

(x(r 1) , x(r ) ,..., x(r ) ) and denote the result by x(r 1) 

1 3 n 2 

In the third equation, we substitute (x(r1) , x(r1) , x(r) ,..., x(r) ) and denote the result by 
1 2 4 n 

x(r1) , and so on. This process is continued till we arrive at the desired result. For 

illustration, we consider the following example : 

Note 

The difference between jacobi’s method and gauss Seidel method is that in jacobi’s 

method the approximation calculated are used in the next iteration for next 

approximation but in Gauss-seidel method the new approximation calculated is 

instantly replaced by the previous one. 

 

Example 

Find the solution of the following system of equations using Gauss-Seidel method and 

perform the first five iterations: 

4x1  x2  x3  2 

x1  4x2  x4  2 

x1  4x3  x4  1 

x2  x3  4x4  1 
 

Solution 

The given system of equations can be rewritten as 
 

x1  0.5  0.25x2  0.25x3 
x  0.5  0.25x  0.25x 




2 1 4  
x  0.25  0.25x  0.25x 




3 1 4 
x  0.25  0.25x  0.25x 

4 2 3 

Taking x2  x3  x4  0 on the right-hand side of the first equation of the system , we get 

x(1)  0.5. Taking x  x  0 and the current value of x , we get from the 2nd equation 
1 3 4 1 

of the system 

x(1)  0.5  (0.25)(0.5)  0  0.625 
 

Further, we take x4 = 0 and the current value of x1 we obtain from the third equation of 

the system 
 

x(1)  0.25  (0.25)(0.5)  0 

 0.375 
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4 

1 2 3 

2 1 4 

3 1 4 

4 2 3 

 

Now, using the current values of x2 and x3 the fourth equation of system gives 

x(1)  0.25  (0.25)(0.625) 

(0.25)(0.375)  0.5 
 

The Gauss-Seidel iterations for the given set of equations can be written as 

x(r1)  0.5  0.25x(r)  0.25x(r) 

x(r1)  0.5  0.25x(r1)  0.25x(r) 

x(r1)  0.25  0.25x(r1)  0.25x(r) 

x(r1)  0.25  0.25x(r1)  0.25x(r1) 

Now, by Gauss-Seidel procedure, the 2nd and subsequent approximations can be 

obtained and the sequence of the first five approximations are tabulated as below: 
 

 
 

 
Iteration 

Variables 

 
x1 

 

 
x2 

 

 
x3 

 

 
x4 

number r     

1 0.5 0.625 0.375 0.5 

2 0.75 0.8125 0.5625 0.59375 

3 0.84375 0.85938 0.60938 0.61719 

4 0.86719 0.87110 0.62110 0.62305 

5 0.87305 0.87402 0.62402 0.62451 
 
 

Example 
Solve the system by Gauss-Seidel iterative method 

8x  3y  2z  20 

4x 11y  z  33 

6x  3y 12z  35 

(Perform only four iterations) 

Solution 

Consider the given system as 
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1 

3 

 

8x  3y  2z  20 

4x 11y  z  33 

6x  3y 12z  35 

the system is diagonally do min ant 

x  
1 
20  3y  2z

8 

y  
1 
33  4x  z

11 

z  
1 
35  6x  3y

12 

we start with an initial aproximation x0  y0  z0  0 

substituting these 

first iteration 

x  
1 
20  3(0)  2(0)  2.5 

8 

y1 



z1 

1 
33  4(2.5)  0  2.0909091 

11 
1 
35  6(2.5)  3(2.0909091)  1.1439394 

12 

Second iteration 

x  
1 
20  3y  z   

1 
20  3(2.0909091)  2(1.1439394)  2.9981061 

  

2 
8 

1 1 
8
 

y  
1 
33  4x 
 

 z  
1 
33  4(2.9981061) 1.1439394  2.0137741 

 

2 11 
2 1 

11
 

z  
1 
35  6x 

 

 3y  
1 
35  6(2.9981061)  3(2.0137741)  0.9141701 

 

2 12 
2 2 

12
 

 

 

third iteration 

x  
1 
20  3(2.0137741)  2(0.9141701)  3.0266228 

8 

y3 



z3 

1 
33  4(3.0266228)  0.9141701  1.9825163 

11 
1 
35  6(3.0266228)  3(1.9825163)  0.9077262 

12 
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4 

 

fourth iteration 

x  
1 
20  3(1.9825163)  2(0.9077262)  3.0165121 

8 

y4 


z 

1 
33  4(3.0165121)  0.9077262  1.9856071 

11 
1 
35  6(3.0165121)  3(1.9856071)  0.8319128 

 

4 12 
 

Example 

 
 

Solve the system by suing Gauss-seidel iteration method 

28x  4 y  z  32 

x  3y 10z  24 

2x 17 y  4z  35 
 

 

Solution 

28x  4 y  z  32 

x  3y 10z  24 

2x 17 y  4z  35 
 

the given system is diagonally do min ant so we will make it diagonaaly do min ant by 

iterchanaginhg the equations 

 

28x  4 y  z  32 

2x 17 y  4z  35 

x  3y 10z  24 

 

hence we can apply Gauss  Seidel method 

from the above equations 

 

x  
1 

[32  4 y  z] 
28 

y  
1 

[35  2x  4z] 
17 

z  
1 

[24  x  3y] 
10 
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First approximation 

putting y  z  0 

x1 
1 

[32]  1.1428571 
28 

puting x  1.1428571 , z  0 

y1 
1 

[35  2(1.1428571)  4(0)]  1.9243697 
17 

putting x  1.1428571  y  1.9243697 

z1 
1 

[24 1.1428571 3(1.9243697)]  1.7084034 
10 

Second iteration 

x2 



y2 



z2 

1 
[32  4(1.9243697) 1.7084034]  0.9289615 

28 
1 

[35  2(0.9289615)  4(1.7084034)]  1.5475567 
17 
1 

[24  0.9289615  3(1.5475567)]  1.8408368 
10 

third iteration 

x3 



y3 



z3 

1 
[32  4(1.5475567) 1.8428368]  0.9875932 

28 
1 

[35  2(0.9875932)  4(1.8428368)]  1.5090274 
17 
1 

[24  0.9875932  3(1.5090274)]  1.8485325 
10 

fourth iteration 

x4 



y4 

1 
[32  4(1.5090274) 1.8485325]  0.9933008 

28 
1 

[35  2(0.9933008)  4(1.8428368)]  1.5070158 
17 

z  
1 

[24  0.9933008  3(1.5070158)]  1.8485652 
4 10 

 

Example 
Using Gauss-Seidel iteration method, solve the system of the equation. 

10x  2 y  z  w  3 

2x 10 y  z  w  15 

x  y 10z  2w  27 

x  y  2z 10w  9 
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(Perform only four iterations) 
Solution 

10x  2 y  z  w  3 

2x 10 y  z  w  15 

x  y 10z  2w  27 

x  y  2z 10w  9 

it is diagonally do min anat and we may write eqaution as 

x  
1 

[3  2 y  z  w] 
10 

y  
1 

[15  2x  z  w] 
10 

z  
1 

[27  x  y  2w] 
10 

w  
1 

[9  x  y  2z] 
10 

first approximation 

putting y  z  w  0 on RHS of (1) , we get 

x1  0.3 

y1 
1 

[15  2(0.3)]  1.56 
10 

putting x  0.3, y  1.56 and w  0 

z1 
1 

[27  0.3 1.56]  2.886 
10 

putting x  0.3, y  1.56 and z  2.886 

w1 
1 

[9  0.3 1.56  2(2.886)]  0.1368 
10 

sec ond iteration 

x2 



y2 



z2 



w2 

1 
[3  2(1.56)  2.886  0.1368]  0.88692 

10 
1 

[15  2(0.88692)  2.886  0.1368]  1.952304 
10 
1 

[27  0.88692 1.952304  2(0.1368)]  2.9565624 
10 
1 

[9  0.88692 1.952304  2(2.9565624)]  0.0247651 
10 

third iteration 

x3 
1 

[3  2(1.952304)  2.9565624  0.0.0247651]  0.9836405 
10 
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y3 



z3 



w3 

1 
[15  2(0.9836405)  2.9565624  0.0247651]  1.9899087 

10 
1 

[27  0.9836405 1.9899087  2(0.0247651)]  2.9924019 
10 
1 

[9  0.983405 1.9899087  2(2.9924019)]  0.0041647 
10 

fourth iteration 

x4 



y4 



z4 



w4 

1 
[3  2(1.9899087)  2.9924019  0.0041647]  0.9968054 

10 
1 

[15  2(0.9968054)  2.9924019  0.0041647]  1.9981848 
10 
1 

[27  0.9968054 1.9981848  2(0.0041647)]  2.9986661 
10 
1 

[9  0.9968054 1.9981848  2(2.9986661)]  0.0007677 
10 

Note 

When to stop the iterative processes ,we stop the iterative process when we get the 

required accuracy means if your are asked that find the accurate up to four places of 

decimal then we will simply perform up to that iteration after which we will get the 

required accuracy. If we calculate the root of the equation and its consecutive values are 

1.895326125, 1.916366125, 1.919356325, 1.919326355, 1.919327145, 1.919327128 

Here the accuracy up to seven places of decimal is achieved so if you are asked to acquire 

the accuracy up to six places of decimal then we will stop here . 

But in the solved examples only some iteration are carried out and accuracy is not 

considered here. 
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

 

 

Solution of Linear System of Equations and Matrix Inversion 

Relaxation Method 

This is also an iterative method and is due to Southwell.To explain the details, consider 
again the system of equations 
a11x1  a12 x2 ⋯ a1n xn  b1 
a x  a x ⋯ a x  b 




21 1 22   2 2n   n 2 

⁝ ⁝ ⁝ ⁝ 



an1 x1   an 2 x2  ⋯ ann xn   bn 


Let 

X ( p )  (x( p ) , x( p ) ,..., x( p ) )T 

1 2 n 

be the solution vector obtained iteratively after p-th iteration. If ( p ) 

i denotes the 

residual of the i-th equation of system given above , that is of ai1 x1  ai 2 x2 ⋯ ain xn  bi 

defined by 
R( p)  b  a x( p)  a x( p) ⋯ a x( p) 

i i i1 1 i 2  2 in   n 

we can improve the solution vector successively by reducing the largest residual to zero 

at that iteration. This is the basic idea of relaxation method. 

 

To achieve the fast convergence of the procedure, we take all terms to one side and then 

reorder the equations so that the largest negative coefficients in the equations appear on 

the diagonal. 
 

Now, if at any iteration, Ri is the largest residual in magnitude, then we give an 

increment to xi; aii being the coefficient of xi 
 

dxi  
Ri 

aii 

In other words, we change 

Example 

xi . to (xi  dxi ) to relax Ri that is to reduce Ri to zero. 

 

Solve the system of equations 
 

6x1  3x2  x3  11 

2x1  x2  8x3  15 

x1  7x2  x3  10 

by the relaxation method, starting with the vector (0, 0, 0). 

 

Solution 

At first, we transfer all the terms to the right-hand side and reorder the equations, so that 

the largest coefficients in the equations appear on the diagonal. 

R 



Numerical Analysis –MTH603 VU 

8 © Copyright Virtual University of Pakistan 

86 

 

 

 

Thus, we get 
0  11 6x1  3x2  x3 
0  10    x  7x    x 




1 2 3 
0  15  2x    x  8x 

1 2 3 








after interchanging the 2nd and 3rd equations. 

 
Starting with the initial solution vector (0, 0, 0), that is taking 

 

x1  x2  x3  0, 
 

we find the residuals R1  11, R2  10, R3  15 
 

of which the largest residual in magnitude is R3, i.e. the 3rd equation has more error and 

needs immediate attention for improvement. 

 

Thus, we introduce a change, dx3in x3 which is obtained from the formula 

dx3 
  

R3
 

a33 

 
15 

 1.875 
8 

Similarly, we find the new residuals of large magnitude and relax it to zero, and so on. 

We shall continue this process, until all the residuals are zero or very small. 
 

Iteration Residuals Maximum Difference Variables 

 

 
 

number R1 R2 R3 Ri dxi 
x1 x2 x3 

         

0 11 10 -15 -15 1.875 0 0 0 

         

1 9.125 8.125 0 9.125 1.5288 0 0 1.875 

         

2 0.0478 6.5962 - 

3.0576 

6.5962 -0.9423 1.5288 0 1.875 

 

Iteration Residuals Maximum Difference Variables 
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number R1 R2 R3  Ü  Ü x1 x2 x3 

 
0 

 
11 

 
10 

 
-15 

 
-15 

  
15/8 

=1.875 

  
0 

 
0 

 
0 

1 9.125 8.125 0 9.125 
 

-9.125/(-6) 

=1.5288 

 
0 0 1.875 

2 0.0478 6.5962 - 

3.0576 

6.5962 
 

-6.5962/7 

=-0.9423 

 
1.5288 0 1.875 

3 - 

2.8747 

0.0001 - 

2.1153 

-2.8747 
 

2.8747/(-6) 

=-0.4791 

 
1.0497 - 

0.9423 

1.875 

 
4 

 

- 

0.0031 

 
0.4792 

 

- 

1.1571 

 
-1.1571 

  
1.1571/8 
=0.1446 

  
1.0497 

 

- 

0.9423 

 
1.875 

 

 

Iteration Residuals Maximum Difference Variables 

number R1 R2 R3 Ü Ü x1 x2 x3 

5 - 

0.1447 

0.3346 0.0003 0.3346 -.3346/7 

=-0.0478 

1.0497 - 

0.9423 

2.0196 

6 0.2881 0.0000 0.0475 0.2881 -.2881/(-6) 

=0.0480 

1.0497 - 

0.9901 

2.0196 

7 - 

0.0001 

0.048 0.1435 0.1435 =-0.0179 1.0017 - 

0.9901 

2.0196 

8 0.0178 0.0659 0.0003 - - 1.0017 - 

0.9901 

2.0017 

 

At this stage, we observe that all the residuals R1, R2 and R3 are small enough and 

therefore we may take the corresponding values of xi at this iteration as the solution. 

Hence, the numerical solution is given by 
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x1  1.0017, x2  0.9901, x3  2.0017, 

The exact solution is 

x1  1.0, x2  1.0, x3  2.0 
 

Example 

 
Solve by relaxation method, the equation 

10x  2 y  2z  6 

x 10 y  2z  7 

x  y 10z  8 
 

Solution 

 
The residual r1, r2 , r3 

r1  6 10x  2 y  2z 

r2  7  x 10 y  2z 

r3  8  x  y 10z 

 

 
are given by 

The operation table is as follows 

 

x y z r1 r2 r3 

1 0 0 -10 1 1 L1 

0 1 0 2 -10 1 L2 

0 0 1 2 2 -10 L3 

 
 

The relaxation table is as follows 

 

x y z r1 r2 r3 

0 0 0 6 7 8 L4 

0 0 1 8 9 -2 L5=L4+L3 

0 1 0 10 -1 -1 L6=L5+L2 

1 0 0 0 0 0 L7=L6+L1 

 

Explanation 

 

(1) In L4 ,the largest residual is 8.to reduce it, To reduce it ,we give an increment of 

8 
 

8 

c3 10 
 0.8  1 

the resulting residulas are obtained by 

L4  (1)L3, i.e line L5 

 

(2) In line L5 the largest residual is 9 
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Increment= 

9 
 

9 

b2 10 
 0.9  1 

The resulting residuals (= L6 ) = L5  1.L2 

(3) In line L6 ,the largest residual is 10 

Increment = 
10 

 
10 

 1 

a1 10 

The resulting residuals (= L6 ) = L5  1.L2 

Exact solution is arrived and it is x=1,y=1,z=1 

 

Example 

Solve the system by relaxation method, the equations 
 

9x  y  2z  7 

x 10 y  2z  15 

2x  2 y 13z  17 

Solution 

The residuals r1, r2 , r3 

9x  y  2z  9 

x 10 y  2z  15 

2x  2 y 13z  17 

here 

r1  9  9x  y  2z 

r2  15  x 10 y  2z 

are given by 

r3  17  2x  2 y 13z 

 

Operation table 

 

x y z r1 r2 r3 

1 0 0 -9 -1 -2 

0 1 0 1 -10 2 

0 0 1 -2 2 13 

 

Relaxation table is 

x y z r1 r2 r3 

0 0 0 9 15 -17 

0 0 1 7 17 -4 

0 1 0 8 7 -2 

0.89 0 0 -0.01 6.11 -3.78 

0 0.61 0 0.6 0.01 -2.56 

0 0 0.19 0.22 0.39 -0.09 

0 0.039 0 0.259 0 -0.012 
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0.028 0 0 0.007 -0.028 -0.068 

0 0 0.00523 -0.00346 -1.01754 -0.00001 
 
 

Then x=0.89+0.028=0.918;y=1+0.61+0.039=1.694 

And z=1+0.19+0.00523=1.19523 

Now substituting the values of x,y,z in (1) ,we get 

r1=9-9(0.918)+1.649-2(1.19523)=-0.00346 

r2=15-0.918-10(1.649)+2(1.19523)=-0.1754 

r3=-17-2(0.918) +2(1.649) +13(1.19523) =-0.00001 

Which is agreement with the final residuals. 
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Solution of Linear System of Equations and Matrix Inversion 

Matrix Inversion 

Consider a system of equations in the form 

[ A]( X )  (B) 

One way of writing its solution is in the form 

( X )  [ A]1(B) 

Thus, the solution to the system can also be obtained if the inverse of the coefficient  
matrix [A] is known. That is the product of two square matrices is an identity matrix 

[ A][B]  [I ] 

then, [B]  [ A]1 

and [ A]  [B]1 

Every square non-singular matrix will have an inverse. 

Gauss elimination and Gauss-Jordan methods are popular among many methods available 

for finding the inverse of a matrix. 

 

Gaussian Elimination Method 

 

In this method, if A is a given matrix, for which we have to find the inverse; at first, we 

place an identity matrix, whose order is same as that of A, adjacent to A which we call an 

augmented matrix. 

Then the inverse of A is computed in two stages. In the first stage, A is converted into an 

upper triangular form, using Gaussian elimination method 

In the second stage, the above upper triangular matrix is reduced to an identity matrix by 

row transformations. All these operations are also performed on the adjacently placed 

identity matrix. 

Finally, when A is transformed into an identity matrix, the adjacent matrix gives the 

inverse of A. 

In order to increase the accuracy of the result, it is essential to employ partial pivoting. 

 

Example 

Use the Gaussian elimination method to find the inverse of the matrix 

1 1 1 
A  


4 3 1




 

3 5 3 

Solution 

At first, we place an identity matrix of the same order adjacent to the given matrix. Thus, 

the augmented matrix can be written as 
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 

 

 

 
1 1 1 1 0 0

4 3 1 0 1 0




 

3 5 3 0 0 1

Stage I (Reduction to upper triangular form): Let R1, R2 and R3 denote the 1st , 2nd 

and 3rd rows of a matrix. In the 1st column, 4 is the largest element, thus interchanging 

R1 and R2 to bring the pivot element 4 to the place of a11, we have the augmented 

matrix in the form 
 

4 3 1 0 1 0


1 1 1 1 0 0




3 5 3 0 0 1

Divide R1 by 4 to get 


1 

3 
 

1 
0 

1 
0


 4 4 4 
 

1 1 1 1 0 0
3 5 3 0 0 1
 
 

Perform R2  R1  , which gives 


1 

3 
 

1 
0 

1 
0


 4 4 4  
1 5 1 




0 1  0
 4 4 4 

3 5 3 0 0 1







Perform 

 

R3  3R1  R3 




in the above equation , which yields 

 


1 

3 
 

1 
0 

1 
0


 4 4 4  
11 15 1 




0 1  0
 4 4 4  

1 1 3 



0 0  1
  

 4 4 4 


Now, looking at the second column for the pivot, the max (1/4. 11/4) is 11/4. Therefore, 

we interchange R2 and R3 in the last equation and get 
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

 


1 

3 
 

1 
0 

1 
0


 4 4 4  
11 15 3 




0 0  1
 4 4 4  

1 5 1 



0 1  0
  

 4 4 4 

Now, divide R2 by the pivot a22 = 11/4, and obtain 

1 

3 
 

1 
0 

1 
0 


 4 4 4  
15 3 4 




0 1 0  
 11 11 11 

1 5 1 



0 1  0 
  

 4 4 4 

Performing R3  (1 4)R2  R3 yields 


1 

3 
 

1 
0 

1 
0 


 4 4 4  

15 3 4 



0 1 0  
 11 11 11  

10 2 1 



0 0 1   
  

 11 11 11

Finally, we divide R3 by (10/11), thus getting an upper triangular form 

1 

3 
 

1 
0 

1 
0 


 4 4 4  

15 3 4 



0 1 0  
 11 11 11  

11 1 1 



0 0 1   
  

 10 5 10 


Stage II 

Reduction to an identity matrix (1/4)R3 + R1 and (-15/11)R3 + R2 

1 

3 
0 

 
 

11 1 
 

  
 

1 


 4 40 5 40 

0 1 0 



 
3 

0 
1 

2 2  
11 1 1 




0 0 1   
  

 10 5 10 


Finally, performing R1  (3 4)R2  R1 we obtain 



Numerical Analysis –MTH603 VU 

4 © Copyright Virtual University of Pakistan 

94 

 

 





 



 

 


1 0 0 

7 1 
 

2 
 5 5 5 

0 1 0 



 
3 

0 
1 

2 2  
11 1 1 




0 0 1   
  

 10 5 10 

Thus, we have 
 7 1 

 
2 

 5 5 5 


A1  


3 

0 
1 

2 2  
11 1 1 




   
 

 10 5 10 

Example 

2 1 1

Find the inverse of the 

3 2 3




1 4 9


using gauss elimination method. 

Solution 

We have the argumented system 



 A / I   





 
      

   
 

3 1 
~     R  ( )R , R  ( )R 

     

   
   

 2 
2 

1 3 
2 

1 


  
    

     
 

   



~    
 

   R3  7R2 

 
     

 x11 x12 x13 
now if 

 
x x x 




 21 22 23 

 x31 x32 x33 


then the system  is the inverse of the given matrix the system is eqivalent to 

three systems 

    





 















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

 

5 7 

3 

 

 

 

    
 x 

  1 

 
  

 
 

11 
 

  

3


 
  

 
 
x21  

  
2 


  
 x  

     31  10 
   

    
 x

   0 
    




 

   
  

 
 
x22  

 
 

1 


  
 x

  7

   



x11  3 

32   

x21  12 

 
x31  5 

x21  
2
 x22 

 
17 

2 
x23  

2
 

x31 
 
1 

2 
x22  

2
 x23 

  
1
 

2 

and the inverse martix is 

 6 5 11  
24 17 3 




2  
10 7 1



    
 x

   0
    




 

  
 

  
 
 
x23  

 

0

  

 x
  1

    33   

by back substitution , the three systems of equation may be written as 
 

Example  
4 1 2 

Fine the inverse of the matrix 

2 3 1


 using gauss elimination method. 

 


Solution 

1 2 2 

12 

13 
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

  

2 

x  1 

 10 



5 



5 7 



4 1 2 1 0 0
  


2 3 1| 0 1 0




 

1 2 2   0 0 1

 
4 1 2 1 0 0 

5 1 
 

1 1 
~ 0 2 | 1 0 R 

 

R , R  R 
  

 2 2    2 
2 

1 3 
4 

1 

 9 3   1 
0 0 1

  

 4 2 4 
 x11 x12 x13 

now if 
 
x x x 

 
is the inverse of the given matrix , then the system(1)is 

 21 22 23 

 x31 x32 x33 


equivalent to three systems 

   
4 1 2  

 x  
 1 

 
5 

 
 

11  
1 


 0 2 

 
x 

 
         2  12  2 

 9 3  
 x13 


0 

14 




 4 2   20 

  
 


4 1 2  

 x 
  0 

 
0  2 

12 
 

22 
 

  

 9 3  
 x23 


0 
 4 2 

 

 9 
 
 

4 1 2  
 x

  0
 

5 
 






  
0 2 

 
x23  

 

0

 2  

 x
  1 9 3   33   

0 


x11 


4 2 

 
4 

3 

 
x21  

3
 

 
x31  

3
 

x21  2 x22  2 x23  3 

x  
7
 

 

x  
8

 
 

x   
10

 
 

31 
3
 22 

3
 23 

3
 

13 


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
7 

 

and the inverse martix is 


 

4 
2 

7    3 3  4 6 7  
5 8 


 1  

 2 
 3 3  3  

5 
 7 

6 8 



9 10

 3 

 

10 
  





 3 3 


Gauss - Jordan Method 

This method is similar to Gaussian elimination method, with the essential difference that 

the stage I of reducing the given matrix to an upper triangular form is not needed. 

However, the given matrix can be directly reduced to an identity matrix using elementary 

row operations. 

 

Example 

Find the inverse of the given matrix by Gauss-Jordan method 

1 1 1 
A  


4 3 1




 

3 5 3 

Solution 

Let R1, R2 and R3 denote the 1st, 2nd and 3rd rows of a matrix. We place the identity 

matrix adjacent to the given matrix. So the augmented matrix is given by 
 

1 1 1 1 0 0

4 3 1 0 1 0




 

3 5 3 0 0 1


Performing R2  4R1  R2 , we get 

 

1 1 1 1 0 0

0 1 5 0 1 0




 

3 5 3 0 0 1

Now, performing R3  3R1  R3 , 

 

 
we obtain 

 

 

1 1 1 1 0 0

0 1 5 4 1 0




 

0 2 0 3 0 1


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





Carrying out further operations 

we arrive at 

R2  R1  R1 and R3  2R2  R3 , 

1 0 4 3 1 0

0 1 5 4 1 0




 

0 0 10 11 2 1

Now, dividing the third row by –10, we get 

 
1 0 4 3 1 0 
0 1 5 4 1 0 




 
 11 1 
0 0 1 1  

 

 10 10 


Further, we perform R1  4R3  R1 , and R2  5R3  R2 to get 
 


1 0 0 

7 1 
 

2 
 5 5 5  

3 1 
0 1 0 0  

 2 2  
11 1 1 




0 0 1   
  

 10 5 10 

Finally, multiplying R2 by –1, we obtain 

1 0 0 

7 1 
 

2 
 5 5 5 

0 1 0 



 
3 

0 
1 

2 2  
11 1 1 




0 0 1   
  

 10 5 10 

Hence, we have 
 7 1 

 
2 

 5 5 5 


A1  


3 

0 
1 

2 2  
11 1 1 




   
 

 10 5 10 

Exercise 

 

Solve all the above examples solved by Gauss elimination by using gauss Jordan method. 
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d 2 

 

 

 

Eigen Value Problems 

Let [A] be an n x n square matrix. Suppose, there exists a scalar and a vector 
 

X  (x1 x2 … x ) 
T 

such that 

[ A]( X )  ( X ) 
d 

(eax )  a(eax ) 
dx 

2 

(sin ax)  a (sin ax) 
dx2 

Then  is the eigen value and X is the corresponding eigenvector of the matrix [A]. 

We can also write it as [ A  I ]( X )  (O) 

This represents a set of n homogeneous equations possessing non-trivial solution, 

provided 

A  I  0 

This determinant, on expansion, gives an n-th degree polynomial which is called 

characteristic polynomial of [A], which has n roots. Corresponding to each root, we can 

solve these equations in principle, and determine a vector called eigenvector. 

Finding the roots of the characteristic equation is laborious. Hence, we look for better 

methods suitable from the point of view of computation. Depending upon the type of 

matrix [A] and on what one is looking for, various numerical methods are available. 

Power Method and Jacobi’s Method 

Note! 

We shall consider only real and real-symmetric matrices and discuss power and Jacobi’s 

methods 

 

Power Method 

 

To compute the largest eigen value and the corresponding eigenvector of the system 

[ A]( X )  ( X ) 

where [A] is a real, symmetric or un-symmetric matrix, the power method is widely used 

in practice. 

 

Procedure 

Step 1: Choose the initial vector such that the largest element is unity. 
 

Step 2: The normalized vector v(0) is pre-multiplied by the matrix [A]. 
 

Step 3:The resultant vector is again normalized. 

n 
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k 

 

    

    

1 

7 7 

   14 

  

  

 
 

Step 4: This process of iteration is continued and the new normalized vector is repeatedly 

pre-multiplied by the matrix [A] until the required accuracy is obtained. 

At this point, the result looks like 

u(k )  [ A]v(k 1)  q v(k ) 

(k )    

Here, qk   is the desired largest eigen value and v is the corresponding eigenvector. 
 

 

Example 

Find the eigen value of largest modulus, and the associated eigenvector of the matrix by 

power method 

2 3 2 

[ A]  

4 3 5




3 2 9

Solution 

We choose an initial vector  (0) 

as (1,1,1)T . 

Then, compute first iteration 

2 3 2 1  7 

u(1)  [ A]v(0) 

4 3 5

 
1
 
 

12 




3 2 9 1 14 

Now we normalize the resultant vector to get 

 1 
 

2 


u(1)  14 

 6 

  q v(1) 
7 1 

 
 

The second iteration gives, 
2 3 2  1 


 39    

2 

  
7 


u(2)  [ A]v(1) 


4 3 5

 
 6 

  
 67 



3 2 9 
 1   171 

 0.456140 
 12.2143

 
0.783626 

 
 q v(2) 

  2  1.0 
 

Continuing this procedure, the third and subsequent iterations are given in the following 

slides 
 

2 3 2  0.456140 

u(3)  [ A]v(2)  

4 3 5

  
0.783626 




3 2 9  1.0 
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 

 

 

 

 

 




 5.263158   0.44096 
 
 

9.175438 
 
 11.935672 

 
0.776874 

 
 q v(3) 

    3 11.935672   1.0 

   

 5.18814 

u(4)  [ A]v(3)  
 

9.07006 



11.86036 

 0.437435 
 11.8636 

 
0.764737 

 
 q v(4) 

  4  1.0 
 

 5.16908 

u(5)  [ A]v(4)  
 

9.04395 



11.84178

 0.436512 
 11.84178

 
0.763732 

 
 q v(5) 

  5  1.0 
 



After rounding-off, the largest eigen value and the corresponding eigenvector as accurate 

to two decimals are 

 0.44 

  11.84 ( X )  
 

0.76 



1.00 

Example 

Find the first three iterations of the power method of the given matrix 
 

 7 6 3

12 20 24




 

 6 12 16 

Solution 
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 7 6 3

12 20 24




 

 6 12 16 

we choose finitial vector as v(0)  (1,1,1)t 

first iteration 

 7 6 3 1  7  6  3  10 
u(1)   Av(0)  


12 20 24

 
1
 
 

12  20  24

 
 

8



       

 6 12 16  1   6 12 16   2

10   1 
by diagonali sin g 


8
 

u(1)  10 

0.8



 q v(1) 

    1 

 
sec ond iteration 

2 0.2

 7 6 3  1   7  4.8  0.6   2.8 
u(2)   Av(1)  


12 20 24

 
0.8

 
 

12 16  4.8

 
 

0.8




       

 6 12 16  0.2  6  9.6  3.2   0.4 

 2.8   1 
by diagonali sin g 


0.8

 
u(1)  2.8 


0.2857



 q v(2) 

    2 

 0.4   0.1428 





third iteration 

 7 6 3  1   7 1.7142  0.4284   4.8574 
u(3)   Av(2)  


12 20 24

 
0.2857

 
 

12  5.714  3.4272

 
 

2.8588




       

 6 12 16   0.1428  6  3.4284  2.2848 0.2868

now daigonali sin g 

 4.8574   1 

2.8588

 
now normali sin g 4.8574 


0.5885




   

0.2868 0.0590



Example 

Find the first three iteration of the power method applied on the following matrices 

 

 1 1 0 

2 4 2


 use x0  (1, 2,1)t 

 

 0 1 2 
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


Solution 
 

 1 1 0 

2 4 2


 USE x(0)  (1, 2,1)t 

 

 0 1 2 

1st iterations 

 
u

(1) 
  x(0) 




 1 1 0  1 1 2  0 3
2 4 2

  
2 
 
 
 

2  8  2 
 
 
 

8 



       

 0 1 2   1   0  2  2   0 

now we normalize the resul tan t vector to get 

 3

3
u(1)   8  

 8   
 q x(1) 

 

 0 

8  1  1 

 0 
 
 








3




3 

1 0




 1 1 0    

 8  
1.375



   
8 
 

 
6 

 
 

u(2)   x(1)  

2 4 2

  
1     4  0   

 
4.75 


 0 1 2   0  

 8  
 1 

    
 

1 
  

   

 

1.375 0.28947

u(2)   4.75 
 
 4.75 

 
1 




   

 1   0.2152 

 1 1 0  0.28947 1.28947 0.25789
u(3)   x(2)  


2 4 2

  
1 

 
 
 

4.99998 
 
 4.99998 

 
1 




       

 0 1 2   0.2152  1.42104 0.28420

















Exercise 

Find the largest eigen value and the corresponding eigen vector by power method after 

fourth iteration starting with the initial vector  (0)  (0, 0,1)T 
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1 3 2 
[ A]  


4 4 1




 

6 3 5 


Let 

1, 2 ,…, n 

be the distinct eigen values of an n x n matrix [A], such that 

suppose v1 , v2 ,…, vn are the corresponding eigen vectors 

 
 
1  2 

 
 
 ⋯  n 

 

 

and 

Power method is applicable if the above eigen values are real and distinct, and hence, the 
corresponding eigenvectors are linearly independent. 

Then, any eigenvector v in the space spanned by the eigenvectors 

can be written as their linear combination v  c1v1  c2v2 ⋯ cnvn 

v1 , v2 ,…, vn 

 

Pre-multiplying by A and substituting 
 

Av1  1v1 , Av2  2v2 , … Avn  nvn 

 

We get 
Av   

 
c v  c 2 

v
 

 
 

 

⋯ c n v 





1  1 1 2 
 

2 n 
 

n 
 1 1 

Again, pre-multiplying by A and simplifying, we obtain 
   

2 

  
2 

A2v   2 c v   c 

 2 


 v ⋯ c 


 n 

 v 1 
 

1 1 2 

  
2 n 

 
n 





Similarly, we have 

1   1  



   
r 

  
r 

Arv  r c v  c 

 2 

 v ⋯ c 

 n 

 v 1 

 
1 1 2 

  
2 n 

 
n 






and 

1   1  

   
r 1 

  
r 1 

Ar1v  ( )r1 c v  c 

 2 


 v ⋯ c 


 n 

 v 1 

 
1 1 2 

  
2 n 

 
n 






Now, the eigen value 

1   1  

1 
 

can be computed as the limit of the ratio of the corresponding components of 

and Ar1v. 

That is, 

Arv 
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

 
 

r 1 

  1 
1 

 r 

 
Lt 

r 

( Ar1v) 
p 

,
 

 

( Arv) 

 

p  1, 2,…, n 
1 p 

Here, the index p stands for the p-th component in the corresponding vector 

Sometimes, we may be interested in finding the least eigen value and the corresponding 

eigenvector. 

In that case, we proceed as follows. 

We note that [ A]( X )  ( X ). 

Pre-multiplying by [ A1] , we get 

[ A1][ A]( X )  [ A1]( X )  [ A1]( X ) 

Which can be rewritten as 

[ A1]( X )  
1 

( X ) 


which shows that the inverse matrix has a set of eigen values which are the reciprocals of 

the eigen values of [A]. 

Thus, for finding the eigen value of the least magnitude of the matrix [A], we have to 

apply power method to the inverse of [A]. 
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 

 

 

 

Jacobi’s Method 

 
Definition 

An n x n matrix [A] is said to be orthogonal if 

[ A]T [ A]  [I ], 

i.e.[ A]T  [ A]1 

In order to compute all the eigen values and the corresponding eigenvectors of a real symmetric matrix, 

Jacobi’s method is highly recommended. It is based on an important property from matrix theory, which 

states 

that, if [A] is an n x n real symmetric matrix, its eigen values are real, and there exists an orthogonal matrix 

[S] such that the diagonal matrix D is 

[S 1][ A][S ] 

 

This digitalization can be carried out by applying a series of orthogonal transformations 

S1 , S2 ,..., Sn , 

Let A be an n x n real symmetric matrix. Suppose aij be numerically the largest element amongst the off- 

diagonal elements of A. We construct an orthogonal matrix S1 defined as 
 

sij   sin , 

sii  cos , 

s ji    sin , 

s jj  cos

While each of the remaining off-diagonal elements are zero, the remaining diagonal elements are assumed 

to be unity. Thus, we construct S1 as under 

i-th column j-th column 

 

1   0   ⋯ 0 ⋯ 0   1   ⋯ 0 ⋯ 
0 ⋯   0
0 ⋯   0

 
 ⁝ ⁝ ⁝ ⁝ ⁝ 
0   0   ⋯   cos   ⋯   sin   ⋯   0


  i-th row 

S   
1  ⁝ ⁝ ⁝ ⁝ ⁝ 

 

0   0   ⋯   sin ⋯ cos ⋯   0  j-th row 

 ⁝ ⁝ ⁝ ⁝ ⁝ 

0    0   ⋯ 0 ⋯ 0 ⋯   1

Where cos ,  sin , sin and cos are inserted in (i, i), (i, j), ( j, i), ( j, j)  th positions respectively, 

and elsewhere it is identical with a unit matrix. 

Now, we compute 
D  S 1 AS  ST AS 

1 1 1 1 1 

Since S1 is an orthogonal matrix, such that .After the transformation, the elements at the position (i , j), (j , 

i) get annihilated, that is dij and dji reduce to zero, which is seen as follows: 
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 dii dij 
d d 

  ji jj 

 
 cos sin  aii aij  cos sin a sin cos  

a a 
 sin cos 

   ij jj   
 a cos2  sin cos  a sin2  (a  a ) sin cos  a cos 2 

  
ii jj jj ii ij 




(a ji   aii ) sin cos  aij  cos 2 aii  sin    a   cos    2a  sin cos 2 2 

jj ij 

Therefore, dij  0 only if, 

 

 
aij cos 2  

a 
jj 
 a

ii 
sin 2  0 

2 
 

That is if 

tan 2 


2aij 

 

 

aii  a jj 

Thus, we choose  such that the above equation is satisfied, thereby, the pair of off-diagonal elements dij 

and dji reduces to zero.However, though it creates a new pair of zeros, it also introduces non-zero 

contributions at formerly zero positions. 

Also, the above equation gives four values of , but to get the least possible rotation, we choose 
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2 

2 

2 

1 

2 

1 

1 

2 

1 

2 

1 

2 

 

1 

2 

 

1 

2 

2 

2 

2 

1 

2 

1 

 

1 

2 

 

1 

2 



 



 

 

 

Example 

Find all the eigen values and the corresponding eigen vectors of the matrix by Jacobi’s 

method 

 1 2 
 

A   3 2 
 

 
2 1 



Solution 

The given matrix is real and symmetric. The largest off-diagonal element is found to be 

a13  a31  2. 

Now, we compute 

tan 2 
2aij 

aii  a jj 
 

2a13 

a11  a33 

 
4 
 

0 

This gives,    4 

Thus, we construct an orthogonal matrix Si as 
cos  0 sin    0 

4 4 
 

2 



S1     0 1 0    0 1 0 sin  0 cos    0 
 4 4     

The first rotation gives, 
D  S 1AS 

1 1 1 

 0  1   1 2   0 
 2     2 

  0 1 0   3 2   0 1 0 
 0   

2 1 
  0 

  

3 2 0 

 

2 3 0 




  

0 0 1

We observe that the elements d13 and d31 got annihilated. To make sure that calculations 

are correct up to this step, we see that the sum of the diagonal elements of D1 is same as 

the sum of the diagonal elements of the original matrix A. 

As a second step, we choose the largest off-diagonal element of D1 and is found to be 

d12  d21  2, and compute 

tan 2 
2d12 

d11  d22 

 
4 
 

0 

This again gives    4 

Thus, we construct the second rotation matrix as 
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1 

2 

1 

2 

1 

2 

1 

2 

2 2 

 

 

  02 2 

 

 1  1 0

 
2 2 




S2   
1 1 0

 
0 0 1




At the end of the second rotation, we get 
D  S 1D S 

2 2 1 2 

 1 1 
0 3 2 0   

1
  1 0

 
2 2     

2 2 
  1 1 

 

 

0 2 3 0 
 

1 1 0




 

 
2 2 

 
  

 
2 2 




  0 0 1 
0 0 1  0 0 1

5 0 0 

 

0 1 0 




0 0 1

This turned out to be a diagonal matrix, so we stop the computation. From here, we 

notice that the eigen values of the given matrix are 5,1 and –1. The eigenvectors are the 

column vectors of S  S1S2 

Therefore 
 0  1   1  1 0
 2   2 2 

S   0 1 0 1 1
 

 0   
0 0 1



   

 1  1 

 
2 2 

  1 1 0 

 
2 2 




 
1  1 




 2 2 

Example 

Find all the eigen values of the matrix by Jacobi’s method. 

 2 1 0 
A  


1 2 1




 

 0 1 2 

Solution 

Here all the off-diagonal elements are of the same order of magnitude. Therefore, we can 

choose any one of them. Suppose, we choose a12 as the largest element and compute 

tan 2  
1 

 
0 

Which gives,    4. 
 

Then cos  sin  1 2 

and we construct an orthogonal matrix S1 such that 

1 
2 
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1 

2 

1 

2 

2 2 

 

 3 

 

 1  1 0

 
2 2 




S   
1 1 0

 
0 0 1

 

The first rotation gives 
D  S 1AS 

1 1 1 

 1  1 0  2 1 0   
1
  1 0

 
2 2     

2 2 
  1 1 

 

 

0 1 2 1  
1 1 0



 

 
2 2 

 
  

 
2 2 




 0 0 1 
 0 1 2   0 0 1



 1 0 


  0 3 


 1 
2 

 1 
2 



  2 
 

Now, we choose d13  1 2 

As the largest element of D1 and compute 

tan 2  2d13 
 
 2 

d11  d33 

  27o2241. 

1 2 

Now we construct another orthogonal matrix S2, such that 

0.888 0 0.459
S  

 
0 1 0 




2  

0.459 0 0.888 

At the end of second rotation, we obtain 

0.634 0.325 0 
D  S 1D S  


0.325 3 0.628




2 2 1   2  

 0 0.628 2.365 

Now, the numerically largest off-diagonal element of D2 is found to be d23  0.628 and 

compute. 

tan 2  
2  0.628 

3  2.365 

  31o3524 . 

Thus, the orthogonal matrix is 

1 0 0 

S  

0 0.852 0.524




0 0.524 0.852

At the end of third rotation, we get 
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 

2 

 

   

     

 

1 

 

0.634 0.277 0 
D  S 1D S  


0.277 3.386 0 




3 3 2   3  

 0 0 1.979

To reduce D3 to a diagonal form, some more rotations are required. However, we may 

take 0.634, 3.386 and 1.979 as eigen values of the given matrix. 

 

Example 

 

Using Jacobi’s method, find the eigenvalues and eigenvectors of the following matrix, 

1 1/ 2 1/ 3

1/ 2 1/ 3 1/ 4




1/ 3 1/ 4 1/ 5 

Solution: 

The given matrix is real and symmetric. The l arg est off  diagonal element is found to be 

a  a  
1
 

 

12 21 
2
 

Now we comute 

 2aij 2a 

 

 1 
 

2 
 3 

tan 2   12 
     


 

aii  a jj 

tan1 
 3 

2 

a11  a22 1 
1 2

 
3 

   
  

 28.155 
2 

 

Thus we construct an orthogonal matrix S1 as 

cos 28.155 sin 28.155 0 0.882 0.472 0

S  

sin 28.155 cos 28.155 0

 
 

0.472 0.882 0




 0 0 1  0 0 1

The first rotation gives, D  S 1 AS 
1 1 1 

 0.882 0.472 0 1 1/ 2 1/ 3 0.882 0.472 0

 

0.472 0.882 0

 
1/ 2 1/ 3 1/ 4

 
0.472 0.882 0




0 0 1 1/3 1/ 4 1/5   0 0 1

1.268 0.000 0.412

 

0.000 0.066 0.063




0.412 0.063 0.200


We see that sum of the diagonal elements of 

 

 

 
D1 

=1.53 
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 

 

 

And the sum of the diagonal elements of A = 1.53 

This means that our question is going right. 
 

As a second step we choose the largest of off-diagonal element of D1, which is d13 = d31 = 

0.412, and comput 

tan 2 
2d13 

d11  d33 


  2 0.412 

 0.772 
1.268  0.200 

tan1 0.772 
   18.834 

2 
 
 

Thus we construct an orthogonal matrix S2 as 

cos18.834 0  sin18.834 0.946 0 0.323
S  

 
0 1 0 

 
 
 

0 1 0 



2    

sin18.834 0 cos18.834  0.323 0 0.946 


Thus the rotation gives, 

D  S 1D S 
2 2 1 2 

 0.946 0 0.323 1.268 0.000 0.412 0.946 0 0.323
 
 

0 1 0 
 

0.000 0.066 0.063
  

0 1 0 



     

0.323 0 0.946 0.412 0.063 0.200 0.323 0 0.946 

 1.408 0.020 0.001

 
 

0.020 0.066 0.060 



0.001 0.060 0.059 

We again see that sum of the diagonal elements of 

Also the sum of the diagonal elements of A = 1.53 

This means that our question is going right. 

 
 

D2 
=1.53 

Hence the eigenvalues are 1.408 , .066 and .059 and the corresponding eigenvectors are 

the columns of S.Where 

S = S 1S 2 

0.882 0.472 0 0.946 0 0.323
= 

0.472 0.882 0

  
0 1 0 




   

 0 0 1 0.323 0 0.946 

.8343 .472 .2848 
= 

.446 .88 .1524 




 

.323 0 .946
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i i1 i 

i i1 i 








Introduction 

Interpolation 

Finite differences play an important role in numerical techniques, where tabulated values 

of the functions are available. 

For instance, consider a function y  f (x). 

As x takes values x0 , x1, x2 ,…, xn , 

Let the corresponding values of y be y0 , y1, y2 ,…, yn . 

That is, for given a table of values, (xk , yk ), k  0,1, 2,…, n; 

The process of estimating the value of y, for any intermediate value of x, is called 

interpolation. The method of computing the value of y, for a given value of x, lying 

outside the table of values of x is known as extrapolation. If the function f (x) is known, 

the value of y corresponding to any x can be readily computed to the desired accuracy. 

For interpolation of a tabulated function, the concept of finite differences is important. 

The knowledge about various finite difference operators and their symbolic relations are 

very much needed to establish various interpolation formulae. 

Finite Difference Operators 
Forward Differences 

For a given table of values (xk , yk ), k  0,1, 2,..., n with equally spaced abscissas of a 

function y  f (x), we define the forward difference operator  as follows 

yi  yi1  yi , i  0,1,..., (n 1) 

To be explicit, we write  

y0  y1  y0 

y1  y2  y1 

⁝ ⁝ ⁝ 

yn1  yn  yn1 

 

These differences are called first differences of the function y and are denoted by the 

symbol yi Here,  is called the first difference operator 

Similarly, the differences of the first differences are called second differences, defined by 
2 y  y  y , 2 y  y  y 

Thus, in general 
0 1 0 1 2 1 

 

 

2 y  y  y 

Here 2 is called the second difference operator. Thus, continuing, we can define, 

r-th difference of y, as  

r y  r1 y  r1 y 

By defining a difference table as a convenient device for displaying various differences, 

the above defined differences can be written down systematically by constructing a 

difference table for values 

(xk , yk ), k  0,1,..., 6 

Forward Difference Table 
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0 0 0 

 
 

 
 
 

This difference table is called forward difference table or diagonal difference table. Here, 

each difference is located in its appropriate column, midway between the elements of the 

previous column. 

Please note that the subscript remains constant along each diagonal of the table. The first 

term in the table, that is y0 is called the leading term, while the differences 

y , 2 y , 3 y ,... are called leading differences 

Example 

Construct a forward difference table for the following values of x and y: 
 

Solution 
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0 0 

0 0 

1 
 C y  C y n3 0 

0 0 0 

 
 

 
Example 

Express 2 y and 3 y in terms of the values of the function y. 

Solution: 

Noting that each higher order difference is defined in terms of the lower order difference, 

we have 
2 y  y  y  ( y  y )  ( y  y ) 

 
 

And 

0 1 0 2 1 1 0 

 y2  2 y1  y0 

3 y  2 y  2 y  (y  y )  (  y ) 
0 1 0 2 1 y1 0 

 ( y3  y2 )  ( y2  y1 )  ( y2  y1 )  ( y1  y0 ) 

 y3  3y2  3y1  y0 

Hence, we observe that the coefficients of the values of y, in the expansion of 

2 y , 3 y , are binomial coefficients. 

Thus, in general, we arrive at the following result: - 

 
Example 

n y  yn n C y n 

n1 2 

n 

n2 3 ⋯ (1)n y 

Show that the value of yn can be expressed in terms of the leading value y0 and the 

leading differences 

y , 2 y ,…, n y . 

SSoolluuttiioonn 

TThhee ffoorrwwaarrdd ddiiffffeerreennccee ttaabbllee wwiillll bbee 

0 
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0 0 0 

2 0 0 0 0 

0 0 0 0 

2 0 

3 0 

n 0 

 

y1  y0  y0 or y1  y0  y0 
y  y  y or   y  y  y 




2 1 1 2 1 1   
y  y  y or   y  y  y 

3 2 2 3 2 2 


Similarly,  

y   y   2 y or   y   y   2 y  
1 0 0 1 0 0 




y  y  2 y or y  y  2 y 
2 1 1 2 1 1 



SSiimmiillaarrllyy,, wwee ccaann aallssoo wwrriittee 
 

2 y   2 y   3 y or   2 y   2 y   3 y  
1 0 0 1 0 0 




2 y  2 y  3 y or 2 y  2 y  3 y 
2 1 1 2 1 1 



y  (y  2 y )  (2 y  3 y ) 

 
 y  22 y  3 y 

 

 

y  y  y  ( y  y )  (y  2 y ) 
3 2 2 1 1 1 1 

 y  3y  32 y  3 y 

 (1 )3 y 

SSiimmiillaarrllyy,, wwee ccaann ssyymmbboolliiccaallllyy wwrriittee 

y1  (1 ) y0 , 

y  (1 )2 y , 

y  (1 )3 y 

........ 

y  (1 )n y 

HHeennccee,, wwee oobbttaaiinn  
y  y 

 
n C y 

 
n C 2 y 

 
n C 3 y 

 
⋯ n y 

n 0 1 0 2 0 3 0 0 

OR 
n 

y   n 
C i y 

n i 0 

i0 

0 
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2 3 n 

n n n1 

i i i1 

i i i1 

 

 

 

BBaacckkwwaarrdd DDiiffffeerreenncceess 

FFoorr aa ggiivveenn ttaabbllee ooff vvaalluueess (xk , yk ), k  0,1, 2,..., n ooff aa ffuunnccttiioonn yy == ff ((xx)) wwiitthh eeqquuaallllyy 

ssppaacceedd aabbsscciissssaass,, tthhee ffiirrsstt bbaacckkwwaarrdd ddiiffffeerreenncceess aarree uussuuaallllyy eexxpprreesssseedd iinn tteerrmmss ooff tthhee 

bbaacckkwwaarrdd ddiiffffeerreennccee ooppeerraattoorr  aass 

yi  yi  yi1i  n, (n 1),…,1 

TToo bbee eexxpplliicciitt,, wwee wwrriittee 

 

 
 

OR 

 

y1  y1  y0 

y2  y2  y1 

⁝ ⁝ ⁝ 

yn  yn  yn1 

The differences of these differences are called second differences and they are denoted by 

2 y , 2 y ,…, 2 y . 

2 y  y  y 
1 2 1 

2 y  y  y 
That is 2 3 2 

⁝ ⁝ ⁝ 

2 y  y  y 

TThhuuss,, iinn ggeenneerraall,, tthhee sseeccoonndd bbaacckkwwaarrdd ddiiffffeerreenncceess aarree 

2 y  y  y , i  n,(n 1),..., 2 

WWhhiillee tthhee kk--tthh bbaacckkwwaarrdd ddiiffffeerreenncceess aarree ggiivveenn aass 

k y  k1 y  k1 y , i  n,(n 1),..., k 

TThheessee bbaacckkwwaarrdd ddiiffffeerreenncceess ccaann bbee ssyysstteemmaattiiccaallllyy aarrrraannggeedd ffoorr aa ttaabbllee ooff vvaalluueess 

(xk , yk ), k  0,1,..., 6 shown below. 

BBaacckkwwaarrdd DDiiffffeerreennccee TTaabbllee 
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i i i1 

n1 n n 

n2 n n n 

n3 n n n n 

n2 n 

n3 n 

nr n 

1 2 n n 

 
 

FFrroomm tthhiiss ttaabbllee,, iitt ccaann bbee oobbsseerrvveedd tthhaatt tthhee ssuubbssccrriipptt rreemmaaiinnss ccoonnssttaanntt aalloonngg eevveerryy 

bbaacckkwwaarrdd ddiiaaggoonnaall.. 

EExxaammppllee 
SShhooww tthhaatt aannyy vvaalluuee ooff yy ccaann bbee eexxpprreesssseedd iinn tteerrmmss ooff yy 

nn 
aanndd iittss bbaacckkwwaarrdd ddiiffffeerreenncceess.. 

SSoolluuttiioonn:: 
FFrroomm 

 
We get 

 
yi  yi  yi1i  n, (n 1),…,1 

 

 

 

From 

yn1  yn  yn 

 
2 y  y  y , 

yn2  yn1  yn1 

 
i  n,(n 1),..., 2 

 

We get y  y  2 y 
 

FFrroomm tthheessee eeqquuaattiioonnss,, wwee oobbttaaiinn 

y  y  2y  2 y 
 

SSiimmiillaarrllyy,, wwee ccaann sshhooww tthhaatt  
y  y  3y  32 y  3 y 

 

SSyymmbboolliiccaallllyy,, tthheessee rreessuullttss ccaann bbee rreewwrriitttteenn aass ffoolllloowwss:: 
 

yn1  (1 ) yn 

y  (1 )2 y 

y  (1 )3 y 

....... 

y  (1 )r y 
 

ynr  yn 
 nC y  nC 2 y ⋯  (1) r r y 

CCeennttrraall DDiiffffeerreenncceess 
IInn ssoommee aapppplliiccaattiioonnss,, cceennttrraall ddiiffffeerreennccee nnoottaattiioonn iiss ffoouunndd ttoo bbee mmoorree ccoonnvveenniieenntt ttoo 

rreepprreesseenntt tthhee ssuucccceessssiivvee ddiiffffeerreenncceess ooff aa ffuunnccttiioonn.. HHeerree,, wwee uussee tthhee ssyymmbbooll  ttoo 

rreepprreesseenntt cceennttrraall ddiiffffeerreennccee ooppeerraattoorr aanndd tthhee ssuubbssccrriipptt ooff  y bbbb ffoorr aannyy ddiiffffeerreennccee aass 

tthhee aavveerraaggee ooff tthhee ssuubbssccrriippttss 
 

 

In General, 

 y1 2  y1  y0 , 

 

 yi  yi(1 2)  yi(1 2) 

 y3 2  y2  y1, 

n 
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 y   y   y 

 y   y   y 

x xh x 

 

 

 

HHiigghheerr oorrddeerr ddiiffffeerreenncceess aarree ddeeffiinneedd aass ffoolllloowwss:: 
2 

i i(1 2) i(1 2) 

 
 

n n1 n1 

i i(1 2) i(1 2) 

TThheessee cceennttrraall ddiiffffeerreenncceess ccaann bbee ssyysstteemmaattiiccaallllyy aarrrraannggeedd aass iinnddiiccaatteedd iinn tthhee TTaabbllee 

 

TThhuuss,, wwee oobbsseerrvvee tthhaatt aallll tthhee oodddd ddiiffffeerreenncceess hhaavvee aa ffrraaccttiioonnaall ssuuffffiixx aanndd aallll tthhee eevveenn 

ddiiffffeerreenncceess wwiitthh tthhee ssaammee ssuubbssccrriipptt lliiee hhoorriizzoonnttaallllyy.. 

TThhee ffoolllloowwiinngg aalltteerrnnaattiivvee nnoottaattiioonn mmaayy aallssoo bbee aaddoopptteedd ttoo iinnttrroodduuccee ffiinniittee ddiiffffeerreennccee 

ooppeerraattoorrss.. LLeett yy == ff ((xx)) bbee aa ffuunnccttiioonnaall rreellaattiioonn bbeettwweeeenn xx aanndd yy,, wwhhiicchh iiss aallssoo ddeennootteedd bbyy 

yy .. 
xx 

SSuuppppoossee,, wwee aarree ggiivveenn ccoonnsseeccuuttiivvee vvaalluueess ooff xx ddiiffffeerriinngg bbyy hh ssaayy xx,, xx ++ hh,, xx ++22hh,, xx ++33hh,, 

eettcc.. TThhee ccoorrrreessppoonnddiinngg vvaalluueess ooff yy aarree yx , yxh , yx2h , yx3h , 

AAss bbeeffoorree,, wwee ccaann ffoorrmm tthhee ddiiffffeerreenncceess ooff tthheessee vvaalluueess.. 

Thus 

yx  yxh  yx  f (x  h)  f (x) 
 

2 y  y  y 
 

Similarly,  
yx  yx  yxh 


f (x)  f (x  h) 

 

 y  y  y  f 
 

x  
h  

 f 
 

x  
h 



 x x(h / 2) x(h / 2)  

2 
  

2 


   




TToo bbee eexxpplliicciitt,, wwee wwrriittee 
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y0  y1  y0 

y1  y2  y1 

⁝ ⁝ ⁝ 

yn1  yn  yn1 

yi  yi  yi1i  n, (n 1),…,1 

OR 

y1  y1  y0 

y2  y2  y1 

⁝ ⁝ ⁝ 

yn  yn  yn1 

 

 

 

In General, 

 y1 2  y1  y0 ,  y3 2  y2  y1, 

 yi  yi(1 2)  yi(1 2) 

HHiigghheerr oorrddeerr ddiiffffeerreenncceess aarree ddeeffiinneedd aass ffoolllloowwss:: 

 2 yi   yi(1 2)   yi(1 2) 

 
 n yi   n1 yi(1 2)   n1 yi(1 2) 
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E y  y 

2 

x x xh x x 

 

SShhiifftt ooppeerraattoorr,, EE 
LLeett yy == ff ((xx)) bbee aa ffuunnccttiioonn ooff xx,, aanndd lleett xx ttaakkeess tthhee ccoonnsseeccuuttiivvee vvaalluueess xx,, xx ++ hh,, xx ++ 22hh,, eettcc.. 

WWee tthheenn ddeeffiinnee aann ooppeerraattoorr hhaavviinngg tthhee pprrooppeerrttyy 

E f (x)  f (x  h) 

TThhuuss,, wwhheenn EE ooppeerraatteess oonn ff ((xx)),, tthhee rreessuulltt iiss tthhee nneexxtt vvaalluuee ooff tthhee ffuunnccttiioonn.. HHeerree,, EE iiss 

ccaalllleedd tthhee sshhiifftt ooppeerraattoorr.. IIff wwee aappppllyy tthhee ooppeerraattoorr EE ttwwiiccee oonn ff ((xx)),, wwee ggeett 

E 2 f (x)  E[E f (x)] 

 E[ f (x  h)]  f (x  2h) 

TThhuuss,, iinn ggeenneerraall,, iiff wwee aappppllyy tthhee ooppeerraattoorr ‘‘EE’’ nn ttiimmeess oonn ff ((xx)),, wwee ggeett 

En f (x) 

OR 

f (x  nh) 

n 

x xnh 

Ey  y , E2 y  y , E4 y  y , …, E2 y  y 
0 1 0 2 0 4 2 4 

--11 
TThhee iinnvveerrssee ooppeerraattoorr EE iiss ddeeffiinneedd aass 

 
SSiimmiillaarrllyy 

 
AAvveerraaggee OOppeerraattoorr,,  ;; 

iitt iiss ddeeffiinneedd aass 

E 1 f (x) 


E n f (x) 

f (x  h) 

 
f (x  nh) 

 f (x)  
1  

f 
 

x  
h  

 f 
 

x  
h 


2  

 
2 
  

2 


    

 
1 
 yx(h / 2)  yx(h / 2) 



DDiiffffeerreennttiiaall OOppeerraattoorr,, DD 
iitt iiss ddeeffiinneedd aass 

Df (x)  
d
 

dx 
f (x)  f (x) 







D2 f (x) 
d 2 

dx2 

 

f (x) 



f (x)




IImmppoorrttaanntt RReessuullttss UUssiinngg {{ , , , E,  }} 
 

 

 

 
 

Also 

yx  yxh  yx  Eyx  yx 

 (E 1) yx 

   E 1 

 

y  y  y  y  E1 y 

 (1 E1) y 
x 



Numerical Analysis –MTH603 VU 
 

ORANGE MONKEY TEAM 
 

x x 

2 

h 2 

2 

 
 

 
And 

   1 E1  
E 1

 
E 

 

 yx  yx(h / 2)  yx(h / 2) 

 E1/ 2 y  E1/ 2 y 

 (E1/ 2  E 1/ 2 ) y 

  E1/ 2  E1/ 2 

TThhee ddeeffiinniittiioonn ooff  aanndd EE ssiimmiillaarrllyy yyiieellddss 

 

 yx  
1 
 yx(h / 2)  yx(h / 2) 



 
1 

(E1/ 2  E1/ 2 ) y 
 

 

 

 
We know that 

2 
x
 

   
1 

(E1/ 2  E1/2 ) 
2 

 

Eyx  yxh  f (x  h) 

Eyx  f (x)  hf (x) 
h   

f (x) ⋯ 
2! 

 f (x)  hDf (x) 
2 

D f (x) ⋯ 
2! 

 
 hD h2D2  hD 

 

1 
1! 

 
2!   

⋯ f (x)  e yx 

Thus 

 

EExxaammppllee:: 

 

 

 

 

SSoolluuttiioonn:: 

 

 

 

PPrroovvee tthhaatt 

 


hD  log E 

 

hD  log(1 ) 

  log(1 ) 

 sinh1( ) 

UUssiinngg tthhee ssttaannddaarrdd rreellaattiioonnss wwee hhaavvee 

hD  log E 

 log(1 ) 

  log E1 

  log(1 ) 

x 


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



 

 

 

 

 
 

 

 

 
Example 

 

 

 

 

 

 

 

 

 

 

Prove that 

 

  
1 

(E1/ 2  E1/ 2 )(E1/ 2  E1/ 2 ) 
2 

 
1 

(E  E1) 
2 

 
1 

(ehD  ehD ) 
2 

 sinh(hD) 

 hD  sinh1 

1) 1  2 2  

1 2 

2

 



 2 

2) E1/2    



2 
2 

3)    
2 

  
E

1 

 






SSoolluuttiioonn 
FFrroomm tthhee ddeeffiinniittiioonn,, wwee hhaavvee:: 

(1) 

2 2 

5)   
  

 
2 

  
1 

(E1/2  E1/2 )(E1/2  E1/2 )  
1 

(E  E1) 
2 2 

 1  2 2  1 
1 

(E2  2  E 2 )  
1 

(E  E1)2 
4 4 

 2 

1  1
1 

(E 1/ 2  E1/ 2 )2  
1 

(E  E 1 )2 

2 2 2 

(2) 
 

  ( / 2) 

 
1 

(E1/ 2  E1/ 2   E1/ 2  E1/ 2 )  E1/ 2 

2 
 

((33)) 

1 ( 2 / 4) 

4) 
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1 ( 2 / 4) 

 

 

 

 2 E1/ 2   E1/ 2 
2

 

   
2 2 1 

 

 
E  2  E1 

 
1 

2 2 

 

(E1/2  E 1/ 2 )(E1/ 2  E 1/ 2 ) 

 

 
E  2  E1 

 
E  E1 

2 2 
 

 
(4)  

 E 1  

  
1 

(E1/2  E1/2 )(E1/2  E1/2 )  
1 

(E  E1) 
2 2 

 
1 

(1   E1)  
 
 

1 
(1 E1) 

2 2 2 
 1  E 1   

 
2 
 

2 
 E   

  
2 
 

2E 

(5)  
 



  
1 

(E1/ 2  E1/ 2 )(E1/ 2  E1/ 2 ) 
2 

 
1 

(E  E1) 
2 

 
1 

(1  1 )  
1 

(  ) 
2 2 

E1/ 2   E1/ 2   1 
1 E1/ 2   E 1/ 2 

2
 

4 
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0 

0 

 

 
 

Interpolation Newton’s Forward Difference Formula 
LLeett yy == ff ((xx)) bbee aa ffuunnccttiioonn wwhhiicchh ttaakkeess vvaalluueess ff((xx

00
)),, ff((xx

00
++ hh)),, ff((xx

00
++22hh)),, ……,, ccoorrrreessppoonnddiinngg 

ttoo vvaarriioouuss eeqquuii--ssppaacceedd vvaalluueess ooff xx wwiitthh ssppaacciinngg hh,, ssaayy xx
00
,, xx

00 +
+ hh,, xx

00 +
+ 22hh,, …… .. 

SSuuppppoossee,, wwee wwiisshh ttoo eevvaalluuaattee tthhee ffuunnccttiioonn ff ((xx)) ffoorr aa vvaalluuee xx
00 +

+ pphh,, wwhheerree pp iiss aannyy rreeaall 

nnuummbbeerr,, tthheenn ffoorr aannyy rreeaall nnuummbbeerr pp,, wwee hhaavvee tthhee ooppeerraattoorr EE ssuucchh tthhaatt 

E p f (x)  f (x  ph). 
f (x  ph)  E p f (x )  (1 ) p f (x ) 

0 0 0 

 

1 p  

p( p 1) 
2  

p( p 1)( p  2) 
3 ⋯

 
f (x )

 


 2! 3! 

 0 

f (x0  ph)  f (x0 )  pf (x0 ) 

 
p( p 1) 


2 

f (x )  
p( p 1)( p  2) 


3 
f (x )

 
  

2! 0 3! 0 

⋯  
p( p 1)⋯( p  n 1) 


n 

f (x )  Error
 

 

n! 0 

TThhiiss iiss kknnoowwnn aass NNeewwttoonn’’ss ffoorrwwaarrdd ddiiffffeerreennccee ffoorrmmuullaa ffoorr iinntteerrppoollaattiioonn,, wwhhiicchh ggiivveess tthhee 

vvaalluuee ooff ff((xx
00 

++ pphh)) iinn tteerrmmss ooff ff((xx
0

)) aanndd iittss lleeaaddiinngg ddiiffffeerreenncceess.. 

TThhiiss ffoorrmmuullaa iiss aallssoo kknnoowwnn aass NNeewwttoonn--GGrreeggoorryy ffoorrwwaarrdd ddiiffffeerreennccee iinntteerrppoollaattiioonn ffoorrmmuullaa.. 

HHeerree pp==((xx--xx ))//hh.. 
0 

AAnn aalltteerrnnaattee eexxpprreessssiioonn iiss 

yx  y 0  py0  
p( p 1) 


2 
y
 

2! 0 
 

p( p 1)( p  2) 


3 
y ⋯

 

3! 0 

 
p( p 1)( p  n 1) 


n 
y
 

 

 Error
n! 0 

IIff wwee rreettaaiinn ((rr ++ 11)) tteerrmmss,, wwee oobbttaaiinn aa ppoollyynnoommiiaall ooff ddeeggrreeee rr aaggrreeeeiinngg wwiitthh yy
xx 

aatt 

xx00,, xx11,, ……,, xxrr.. 

TThhiiss ffoorrmmuullaa iiss mmaaiinnllyy uusseedd ffoorr iinntteerrppoollaattiinngg tthhee vvaalluueess ooff yy nneeaarr tthhee bbeeggiinnnniinngg ooff aa sseett ooff 

ttaabbuullaarr vvaalluueess aanndd ffoorr eexxttrraappoollaattiinngg vvaalluueess ooff yy,, aa sshhoorrtt ddiissttaannccee bbaacckkwwaarrdd ffrroomm yy
00
 

EExxaammppllee:: 
EEvvaalluuaattee ff ((1155)),, ggiivveenn tthhee ffoolllloowwiinngg ttaabbllee ooff vvaalluueess:: 

 

 

SSoolluuttiioonn:: 
TThhee ffoorrwwaarrdd ddiiffffeerreenncceess aarree ttaabbuullaatteedd aass 
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0 0 0 

 
 

 
 

WWee hhaavvee NNeewwttoonn’’ss ffoorrwwaarrdd ddiiffffeerreennccee iinntteerrppoollaattiioonn ffoorrmmuullaa 

y  y  py  
p( p 1) 


2 
y
 

  
p( p 1)( p  2) 


3 
y ⋯

 
 

x 0 0 
2! 

0 
3! 

0
 

 
p( p 1)( p  n 1) 


n 
y
 

 

 Error
 

HHeerree wwee hhaavvee 

n! 

 

x0  10, 

0 
 

 

y0  46, 

 

y0  20, 

2 y  5, 3 y  2, 4 y  3 
 

LLeett yy
1155

 bbee tthhee vvaalluuee ooff yy wwhheenn xx == 1155,, tthheenn 

p  
x  x0  

15 10 
 0.5

 

h 10 

f (15)  y15 
 46  (0.5)(20)  

(0.5)(0.5 1) 
(5) 

2 

 
(0.5)(0.5 1)(0.5  2) 

(2)  
(0.5)(0.5 1)(0.5  2)(0.5  3) 

(3)
 

6 24 

 46 10  0.625  0.125  0.1172 

ff ((1155)) == 5566..88667722 ccoorrrreecctt ttoo ffoouurr ddeecciimmaall ppllaacceess.. 
 

EExxaammppllee 
FFiinndd NNeewwttoonn’’ss ffoorrwwaarrdd ddiiffffeerreennccee,, iinntteerrppoollaattiinngg ppoollyynnoommiiaall ffoorr tthhee ffoolllloowwiinngg ddaattaa:: 

 

 

SSoolluuttiioonn;; 
TThhee ffoorrwwaarrdd ddiiffffeerreennccee ttaabbllee ttoo tthhee ggiivveenn ddaattaa iiss 
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0 

 
 

 
 
 

rrdd tthh 
SSiinnccee,, 33 aanndd 44 lleeaaddiinngg ddiiffffeerreenncceess aarree zzeerroo,, wwee hhaavvee NNeewwttoonn’’ss ffoorrwwaarrdd ddiiffffeerreennccee 
iinntteerrppoollaattiinngg ffoorrmmuullaa aass 

y  y  py  
p( p 1) 


2 
y
 

 

 

In this problem, 

0 0 
2 

0 

 
x0  0.1, y0  1.40, 

 

and 

y  0.16, 2 y  0.04, 

 

p  
x  0.1 

 10x 1 
0.1 

SSuubbssttiittuuttiinngg tthheessee vvaalluueess,, 

y  f (x)  1.40  (10x 1)(0.16)  
(10x 1)(10x  2) 

(0.04) 
2 

TThhiiss iiss tthhee rreeqquuiirreedd NNeewwttoonn’’ss iinntteerrppoollaattiinngg ppoollyynnoommiiaall.. 

EExxaammppllee 
EEssttiimmaattee tthhee mmiissssiinngg ffiigguurree iinn tthhee ffoolllloowwiinngg ttaabbllee:: 

 

 

SSoolluuttiioonn 
SSiinnccee wwee aarree ggiivveenn ffoouurr eennttrriieess iinn tthhee ttaabbllee,, tthhee ffuunnccttiioonn yy == ff ((xx)) ccaann bbee rreepprreesseenntteedd bbyy aa 

ppoollyynnoommiiaall ooff ddeeggrreeee tthhrreeee.. 
 

3 f (x)  Constant 

In particular, 

EEqquuiivvaalleennttllyy,, 

and 4 f (x)  0,   x 

 
4 f (x )  0 

(E 1)4 f (x )  0 
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3 

 

EExxppaannddiinngg,, wwee hhaavvee 

TThhaatt iiss,, 

 

(E4  4E3  6E2  4E 1) f (x )  0 

 
f (x4 )  4 f (x3 )  6 f (x2 )  4 f (x1 )  f (x0 )  0 

 

UUssiinngg tthhee vvaalluueess ggiivveenn iinn tthhee ttaabbllee,, wwee oobbttaaiinn 

32  4 f (x3 )  6  7  4  5  2  0 

 
wwhhiicchh ggiivveess ff ((xx )),, tthhee mmiissssiinngg vvaalluuee eeqquuaall ttoo 1144.. 

3 

EExxaammppllee 

Consider the following table of values 

x .2 .3 .4 .5 .6 

F(x) .2304 .2788 .3222 .3617 .3979 

Find f (.36) using Newton’s Forward Difference Formula. 

Solution 

 
x y  f (x) y 2 y 3 y 4 y 

0.2 0.2304 0.0484 -0.005 0.0011 -0.0005 

0.3 0.2788 0.0434 -0.0039 0.0006  

0.4 0.3222 0.0395 -0.0033   

0.5 0.3617 0.0362    

0.6 0.3979     

 

 
y  y 

 
 py  

p( p 1) 


2 
y
 

  
p( p 1)(p 2) 


3 
y
 

 

x 0 0 
2! 

0 
3! 

0 

 
p( p 1)( p 2)( p 3) 


4 
y ⋯ 

p(p 1)(p 2) ...... (p n1) 


n 
y
 

  

4! 0 

Where 

n! 0 

x0  0.2, y0  0.2304, y0  0.0484, 
p  

x  x0  
0.36  0.2 

 1.6
 

2 y  0.005, 3 y  0.0011 , 4 y  .0005 h 0.1 
0 0 0 

 

 
 

y  0.23041.6(0.0484) 
1.6(1.61) 

0.005 
1.6(1.61)(1.62) 

(0.0011) 
1.6(1.61)(1.62)(1.63) 

(.0005)
 

x 2! 3! 4! 

 0.2304.077441.0024
1.6(.6)(.4) 

(.0011) 
1.6(.6)(.4)(1.4) 

(.0005) 
6 24 

 0.3078.0024.00007.00001 

.3053 
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EExxaammppllee 
FFiinndd aa ccuubbiicc ppoollyynnoommiiaall iinn xx wwhhiicchh ttaakkeess oonn tthhee vvaalluueess 

--33,, 33,, 1111,, 2277,, 5577 aanndd 110077,, wwhheenn xx == 00,, 11,, 22,, 33,, 44 aanndd 55 rreessppeeccttiivveellyy.. 

SSoolluuttiioonn 
HHeerree,, tthhee oobbsseerrvvaattiioonnss aarree ggiivveenn aatt eeqquuaall iinntteerrvvaallss ooff uunniitt wwiiddtthh.. 

TToo ddeetteerrmmiinnee tthhee rreeqquuiirreedd ppoollyynnoommiiaall,, wwee ffiirrsstt ccoonnssttrruucctt tthhee ddiiffffeerreennccee ttaabbllee 

DDiiffffeerreennccee TTaabbllee 

 

tthh
SSiinnccee tthhee  aanndd hhiigghheerr oorrddeerr ddiiffffeerreenncceess aarree zzeerroo,, tthhee rreeqquuiirreedd NNeewwttoonn’’ss 

iinntteerrppoollaattiioonn      ffoorrmmuullaa 
 

f (x  ph)  f (x )  pf (x )  
p( p 1) 

2 f (x )  
p( p 1)( p  2) 

3 f (x ) 
  

0 0 0 
2 

0 
6 

0 

Here 

p  
x  x0  

x  0 
 x

 

h 1 

f (x0 )  6 

2 f (x )  2 

3 f (x )  6 

SSuubbssttiittuuttiinngg tthheessee vvaalluueess iinnttoo tthhee ffoorrmmuullaa,, wwee hhaavvee 

f (x)  3  6x  
x(x 1) 

(2)  
x(x 1)(x  2) 

(6) 
2 6 

f (x)  x3  2x2  7x  3, 

TThhee rreeqquuiirreedd ccuubbiicc ppoollyynnoommiiaall.. 
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NNEEWWTTOONN’’SS BBAACCKKWWAARRDD DDIIFFFFEERREENNCCEE IINNTTEERRPPOOLLAATTIIOONN 

FFOORRMMUULLAA 
FFoorr iinntteerrppoollaattiinngg tthhee vvaalluuee ooff tthhee ffuunnccttiioonn yy == ff ((xx)) nneeaarr tthhee eenndd ooff ttaabbllee ooff vvaalluueess,, aanndd ttoo 

eexxttrraappoollaattee vvaalluuee ooff tthhee ffuunnccttiioonn aa sshhoorrtt ddiissttaannccee ffoorrwwaarrdd ffrroomm yy ,, NNeewwttoonn’’ss bbaacckkwwaarrdd 
nn 

iinntteerrppoollaattiioonn ffoorrmmuullaa iiss uusseedd 

DDeerriivvaattiioonn 
LLeett yy == ff ((xx)) bbee aa ffuunnccttiioonn wwhhiicchh ttaakkeess oonn vvaalluueess 
ff ((xx

n
)),, ff ((xx

n
--hh)),, ff ((xx

n
--22hh)),, ……,, ff ((xx

0
)) ccoorrrreessppoonnddiinngg ttoo eeqquuiissppaacceedd vvaalluueess xx ,, xx --hh,, xx --22hh,, 

n n n 0 nn nn nn 
……,, xx  .. SSuuppppoossee,, wwee wwiisshh ttoo eevvaalluuaattee tthhee ffuunnccttiioonn ff ((xx)) aatt ((xx ++ pphh)),, wwhheerree pp iiss aannyy rreeaall 

00 nn 
nnuummbbeerr,, tthheenn wwee hhaavvee tthhee sshhiifftt ooppeerraattoorr EE,, ssuucchh tthhaatt 

f (x  ph)  E p f (x )  (E1) p f (x )  (1 ) p f (x ) 

BBiinnoommiiaall eexxppaannssiioonn yyiieellddss,, 

f (x  ph)  

1 p  

p( p 1) 
2  

p( p 1)( p  2) 
3 ⋯

 
 

  

n 

 2! 3! 

 
p( p 1)( p  2)⋯( p  n 1) 

n  Error
 

f (x )
 

 
 

 
That is 

n! 
 

n
 

 

f (x  ph)  f (x )  pf (x )  
p( p 1) 

2 f (x )  
p( p 1)( p  2) 

3 f (x ) ⋯ 
  

n n n 
2! 

n 
3! 

n 

 
p( p 1)( p  2)⋯( p  n 1) 


n 

f (x )  Error
 

 

n! n 

TThhiiss ffoorrmmuullaa iiss kknnoowwnn aass NNeewwttoonn’’ss bbaacckkwwaarrdd iinntteerrppoollaattiioonn ffoorrmmuullaa.. TThhiiss ffoorrmmuullaa iiss aallssoo 

kknnoowwnn aass NNeewwttoonn’’ss--GGrreeggoorryy bbaacckkwwaarrdd ddiiffffeerreennccee iinntteerrppoollaattiioonn ffoorrmmuullaa.. 

IIff wwee rreettaaiinn ((rr ++ 11))tteerrmmss,, wwee oobbttaaiinn aa ppoollyynnoommiiaall ooff ddeeggrreeee rr aaggrreeeeiinngg wwiitthh ff ((xx)) aatt xx
nn
,, 

xx
nn--11

,, ……,, xx
nn--rr

.. AAlltteerrnnaattiivveellyy,, tthhiiss ffoorrmmuullaa ccaann aallssoo bbee wwrriitttteenn aass 

y  y  py  
p( p 1) 


2 
y
 

  
p( p 1)( p  2) 


3 
y ⋯

 
 

x n n 
2! 

n 
3! 

n 

 
p( p 1)( p  2)⋯( p  n 1) 


n 
y
 

n! n 

 

 Error

Here 

 

EExxaammppllee 

p  
x  xn 

h 

FFoorr tthhee ffoolllloowwiinngg ttaabbllee ooff vvaalluueess,, eessttiimmaattee ff ((77..55)).. 
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SSoolluuttiioonn 
TThhee vvaalluuee ttoo bbee iinntteerrppoollaatteedd iiss aatt tthhee eenndd ooff tthhee ttaabbllee.. HHeennccee,, iitt iiss aapppprroopprriiaattee ttoo uussee 

NNeewwttoonn’’ss bbaacckkwwaarrdd iinntteerrppoollaattiioonn ffoorrmmuullaa.. LLeett uuss ffiirrsstt ccoonnssttrruucctt tthhee bbaacckkwwaarrdd ddiiffffeerreennccee 

ttaabbllee ffoorr tthhee ggiivveenn ddaattaa 

DDiiffffeerreennccee TTaabbllee 

 
 

tthh
SSiinnccee tthhee  aanndd hhiigghheerr oorrddeerr ddiiffffeerreenncceess aarree zzeerroo,, tthhee rreeqquuiirreedd NNeewwttoonn’’ss 

bbaacckkwwaarrdd iinntteerrppoollaattiioonn ffoorrmmuullaa iiss 

y  y  py  
p( p 1) 


2 
y
 

 

x n n 
2! 

n 

 

 
IInn tthhiiss pprroobblleemm,, 

 
p( p 1)( p  2) 


3 
y
 

3! n 

p  
x  xn 

h 
 

7.5  8.0 
 0.5

 

1 

yn  169, 2 y  42, 3 y  6 

y7.5 
 512  (0.5)(169)  

(0.5)(0.5) 
(42) 

2 

 
(0.5)(0.5)(1.5) 

(6)
 

6 

 512  84.5  5.25  0.375 

 421.875 

EExxaammppllee 
TThhee ssaalleess ffoorr tthhee llaasstt ffiivvee yyeeaarrss iiss ggiivveenn iinn tthhee ttaabbllee bbeellooww.. EEssttiimmaattee tthhee ssaalleess ffoorr tthhee yyeeaarr 

11997799 
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n 

 

 

SSoolluuttiioonn 
 
 

NNeewwttoonn’’ss bbaacckkwwaarrdd ddiiffffeerreennccee TTaabbllee 

 
 

In this example, 

 

 
and 

p  
1979 1982 

 1.5
 

2 

yn  5, 

3 y  2, 

NNeewwttoonn’’ss iinntteerrppoollaattiioonn ffoorrmmuullaa ggiivveess 

2 y  1, 

4 y  5 

y1979 
 57  (1.5)5  

(1.5)(0.5) 
(1)  

(1.5)(0.5)(0.5) 
(2)

 

2 6 

 

 

 
Therefore, 

 
Example 

 
(1.5)(0.5)(0.5)(1.5) 

(5)
 

24 

 57  7.5  0.375  0.125  0.1172 

 

y1979  50.1172 

Consider the following table of values 

x 1 1.1 1.2 1.3 1.4 1.5 

F(x) 2 2.1 2.3 2.7 3.5 4.5 

Use Newton’s Backward Difference Formula to estimate the value of f(1.45) . 

 

Solution 
 

x y=F(x) y 2 y 3 y 4 y 5 y 

1 2      

1.1 2.1 0.1     

1.2 2.3 0.2 0.1    

1.3 2.7 0.4 0.2 0.1   

1.4 3.5 0.8 0.4 0.2 0.1  

1.5 4.5 1 0.2 -0.2 -0.4 -0.5 
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n 

 

 

p  
x  xn 

h 

5 y = -.5 

 
1.45  1.5 

 0.5 , y 
0.1 n 

 
= 1 , 2 y 

 
= .2 , 

 
3 y 

 
= - .2 , 

 
4 y 

 
= -.4 , 

As we know that 

y  y  py  
p( p  1) 


2 
y
 

  
p( p  1)( p  2) 


3 
y
 

 

x n n 
2! 

n 
3! 

n 

 
p( p  1)( p  2)( p  3) 


4 
y 



4! n 

p( p  1)( p  2)( p  3)( p  4) 


5 
y
 

5! n 

y  4.5  0.5(1)  
0.5(0.5 1) 

(0.2)  
0.5(0.5 1)(0.5  2) 

0.2


x 2! 3! 

 
0.5(0.5 1)(0.5  2)(0.5  3) 

0.4  
0.5(0.5 1)(0.5  2)(0.5  3)(0.5  4) 

0.5


4! 5! 
 

 

= 4.5  0.5  0.025 + 0.0125 + 0.015625+ 0.068359 

 4.07148 

n n n 
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