MTH632

Complex Analycic and Differential Geometry

Formula Sheet

1 Chapters, 725 Formulas

v éem'm'ng HUB

vulearninghub.xyz



U Learning HUB MTHéE32

vulearninghub.xyz

[x7,y7)[x2, yZ}
[x7, y7)()<2, _yZ) = (x7x2 -y1y2, yTx2 + )<7y2).

Any complex number 2

Any complex number z = (x, y) can be written z = (x, 0) + (0, y},
Ahc{ it e

z=x+1y.
Becauce (x, y)

Becauce (x, y) = x + iy, definitione (3) and (4) become
(x7 + :}/7}(x2 + /yZ}

(x7 + {y7}(x2 + /}/2) = (x1x2 —y7_y2) + /(y7x2 + x7y2).

for any z
forw«yz:x+ Y.

(x y)+ (4 v)
(x y)+ ()= (0 0)

yu + xv
yu+xv=20

27 22
21 -22 = (x1 -x2) + /6/7 ~y2)
= xTx2 + yTy2
= (1 + iy1)(x2 -iy2)

2(27 +22 +23)
2[27 +22 +23) = 221 + 222 + 223.

71. Solve the equation 22 + z + 1
11. Solve the equationz2 +z + 1 = 0 for z = (x, y) by writing

(x y)lx y)+ (x y) + (1, 0)
(o y)x y)+ (x y) + (1,0) = (0, 0)

= (21 + 22)2-1
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2-3/

2 -3/ = [‘/ + l'}(Z + 3/)
(Z —3/'}(2 + 3/)

(Z —3/}(2 +30)=5+14
hn

n=m+17.

(21 + 22)m+1
(1 + 22)m+1 = zm+1

z

z=x+1y
27 + 22

27 +22 = (x1+x2) + /6/7 +y2)
27 -22

27 -22 = (x1 -x2) + /(y7 —yZ)

[2/2
/z/Z = (,Qe 2}2 + (_Z-m z)Z.

/z —Z/ S/z/ + 2
[z —Z/s/z/+ 2=3

[z -2/ 2[[z( -2/
/z —2/ 2//2/ —2/= 7.

27 + 22

27 +22 =27+ z2.

Re z
,ee 2=2+2z
=(-1+3])(2+i)
[2 -if2

[2-if2 = -5+ 5i

(6) (22 +if
[é) /ZZ+ //-'—‘ q.
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/z/Z -2 Ee[zzO} + /zO/Z
/2/2 -2 Ee[zzO} + /zO/Z = /22

22 + 22
22 +22 = 2.
2722 + 2722

2722 + 2122 = 2 Re(2122) <2[21//22/.

z
2= k[cos’ + 7 Qin ]

arg z
argz=Argz + 2n

z=x+1y
Al’g[—’/ —-f)
Akg(—7 —/} =-3

arqument , it i¢ not true that A/’g[—7 —i)
arqument , it i¢ not true that Akg(—7 -i) = 5/4.

arg(-1 -i)
arg[—’/ —i) = -3
arg(-1 -i)
Akg(—7 ~i)=35
e—i9
e—i4=1.

R. A the parameter increases from

R. Ac the parameter increaces from = 0 to = 2, the point z
ctarte from the

2
2 =20+ Rel

=0t = 2
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e/lei2
eifei2 = [co(’ T+7¢n 7)(00(’ 2+ Cn Z)

= [coc 1 co¢ 2 —¢in 1 ¢in 2) + i[g'/m 7 co¢ 2 + co¢ 1 ¢in

2)
r2ei2

r2ei2 = r1
el2e—i2

eri2e—i2 = +1
r ei[ 0- )

r e/[O—) =1

zm+1
2m+T = z2mz = rmeimrel = [rmr)ei[m+} = Fim+ 7e/[m+ 1).

ei(-n)(=)
e:’(—n}[—] = rnern
(cog' + 1 Qn )h

[coc + 7 Cin }h =coCh +iCinn

cog

co¢ =¢C0¢ 2 + 1 Sin 2.
cin 2

e 2 =2 ¢n Co¢.

2722

2122 = (r1r2)ei(1+2)
arg[z722}

Akg(z722} = arg 21 + arg 22.
akg(z722}

AF9(27ZZ} =(1+2)+ 2n

arg 21
argz1 =1+ 2nT
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arg 22
argz2 = 2 + 2(n -n1)

Al’g[z’lzZ}
Akg(sz) = Arg(—/) = -

Arg 271 + Arg 22
Arg 21 + Arg 22 = +

Akg(z722) +2
Arg(z122) + 2 = -

2+ 2
2+2-=3

2)
2)= arg 27 + Akg(z—7
Arg(-2)
Arg(-2) =
Arg 2
Arg z = 2/3.
[é} er
[é} er = e—i.
eifei2 + - ein
eifei2 - ein = e/[7+2+~'+n)

write 2
write z = rei and m = —n = 1, 2, . . .. [Jing the expreccions
:ex,bﬂﬁ
:ex,bﬂZ).
T+2+22+ " +2n
T+2+22+ """ +2n="7-z2n+1
T+ ¢co¢ +coC2+ """+ coS n
T+co¢ +coc2+ - +cocn="1
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(é} ¢in 3
(b) ¢in 3 = 3 coc2 ¢in —cin3.

21
27 = rTe1

22
22 = r2ei2

=0+ 24

20
20 = #0 ei(0+24)

7
7= 1 exp[i(0 + 24)]

3+
3+/=Zex,b

2
2 =1+ co¢

2
2 =1 -co¢

a2 + 1 and
a2 + 1 and = Argla + i)

Zel'/‘/
2¢e/Y =1+
222 + bz + ¢

022 + bz+¢=0

2

2=-b+ (b2 -9ac)1/2

27/1«1
21/n = (21/m)-1. [Com,bare with Exercice 7, Sec. §.)
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(d) z
(d) zn = (~1)n(1 + i) n -1
U+ v
w+iv=Flx+iy).
fz)
Fz)=ulx y)+ iv(x, v).
U+ v
u+iv=F(rei)
f )
Fz)=ulr, )+ i, )
ulr, )
a[k, ) =r2co¢ 2
v(r, )
v[l’, ) =r2¢cin 2.
fz)
f[z) = /Z/Z =x2+y2 +10.
PG
P[z)=a0+a7z+a222+"'+an2h
21/2
27/2 = £r exp
f )
fz)=rexp
Ah(’. f[z)
Ance. f(z} =22 + 2iz
fz)
f(z} =2+ 1
in the form £ (z)

in the form £ (2) = ulr, ) + iv(r, ).



U Learning HUB MTHéE32

vulearninghub.xyz

right. Since |
right. Since i = eif2, the mapping

u

u=¢7>0
v

v=e2>0
y-u

y-u=-
w

w = r2e2

The trancformation w

The trancformation w = 22 also mape the upper half plane r 20, 0
<<

exT+x2
exT+x2 = exTex2

When w
When w = ez, the image of the infinite ctrip 0 <y < ic the

real number ¢ increace¢ from c

real number ¢ increases from e = 0 to ¢ =, the y intercepts of
the line¢ increace

x2 -y2

x2 -y2 =¢1(e1<0)
2xy

2xy = ¢2 [cZ <0)

vector fielde reprecented by (a) w
vector fielde reprecented by (a) w = iz; (b) w = 2//2/.

f )
F(Z)=)<+/'0
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f@)
fG)=0+iy

£ (z)
Fz) = ulx y)+ivix y)

(z
[z=x+;’y}

w(
wl = ul + /vO.

/[a + /v) —[aO + va]/

/[u +iv) —[uO + ivO}/ = /[u —u0) + /[v —vO}/ s/u —uO/ + /v —vO/
wo

wo = (o + il/o.

f C)F()
£ CFE) = U~V ) + iU+ al/ )

PG

P(z)=a0+alz+a222+ + anzn
220 ()
220 f (2) =
2f (z)
2 () = wo
2f (z)
2f (z) =
£ (1/2)
f[7/z}=0.

That ic, the point w
That ic, the point w = £ (2) liec in the neighborhood [w] > 1/

of whenever

2+ 3
z+3=20

— 10 —
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(1/2) + 1
[7/2) + 7 = lim

T7+2z
1+2z=2

22 + 1
22+ 1=

(2/23) -1

(2/23) -1 = lim
f )

Fz) = ulx y) +ivix y)
zzO(zZ + c)

220[22 + c) =22

z’/—i& + /[Zx +y]]

27— [x + /[Zx +y)]= T+
z

[z=x+/y}.
zOf[zO+z)

zOf(zO+z}:w0.

7 ()
T(z)=0z+b

2T &)
TG =

2T ()
2T () =

2-d/eT (z)
2-dfeT () =

zO[Zz + z]
20(22 + z) = 22

- 17—
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z
z=z+2-2
=z+2-2

z
z:/z+z/2 —/2/2
=(+2)z+2) -2

=2+2z+2z2

2

ulx, y)
u(x, y} =x2+y2
w=Fz+2)9(z+2)-F(z)()

z2=F()9lz+2) -3z

To find the derivative of (222 + ()5, write w
7o find the derivative of (222 + i)5, write w = 222 + | and

(d) F )
(d) FG) = (1+22)4

P(z)
P(z)=2a0+alz+a222+ "+ anzn
fz)
F ) = alx y) +iv(x y)
w=Ff(0+2)-f(z0)

z= u[xO + X, yO} —u(xO, yO}

— 12—
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f 0
F ,[20} = ux(xO, _yO} + /vx(xO, yO),

2

z= u[xO, ya +y} -u[xO, yO}
= v(xO, §%Y% +y] —v(x0, _yO}

f (z0)
Flz0) = —/[uy(xO, yo) + /vy(xO, yo)].
fz)
FG)=alxy)+ivlx y)
f )
F(z) =22 =x2 —y2 + i2xy
f )
F2)=2x+i2y=2(x+iy) = 22
ulx, y)
a[x, y) =x2+y2
f )
FG)=ulx y) +ivlx y)
f (z0)

F '[20] = ux + 1vx
w
w=F (20 +2) -f (z0).
u
u= u(xO +x, y0 +y) —a[xO, yO}
v
v = v(xO +x, y0 +y) —v(xO, yO).
u
u = ax[xO, yO)x - ay[xO,yO}y +7Tx+2y
w

w = ax[xO, yO) x + uy(xO, y0)y +Tx+2y

— 13—
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2

z = ux(x0, y0) + ivx(x0, y0) + (1 + i3) x

ulx, y)

ulx, y) =x2+y2

Yy
y=l’§’/'h
2
z=x+1y
u
U= —ux r Sin +uy rcog.
v

V=—-uxr¥Sin + vy ¥ cog.

VEuyrSin o+ ux kcos

f )
fG)=ulr )+ il )

re—i
re— =171

ulr, )
ulr, ) = coc

v(r, )
v[k, ) = —¢in

rur

rur = —cog¢
u

U= -Crn

Fe)
PR

— 14 —
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= —e—i e—/

(re/)Z
(mi}Z =-1
f )
F16) - e-i
(2) F )
(2) £ G) = 1/24

(%) f (z)
() £ (z) = rei/2

(c) f )

(c) F(z) = e-coe(ln ¥) + ie=cin(ln +)
f )

F '[z) = ux + ivx = 3x2

ux
ux = ur co¢ —u

=

Uy = ur Sin + u

£ (z0)

F(z0) = ux + ivx
170. (a) Recall (Sec. 5) that if 2
10. () Recall (Cec. 5) that if z = x + iy, then

2[(ax —vy) + i[vx + ay)]
Z[(ax —vy) + /(vx + uy)]r 0.

grad u

grod u = uxi + uy J.
fz)

fG)=alxy) +ivx y)
fz)

Fi)=Uly)+il (xy)

— 15—
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9(z)
9(2) = Fe/'/Z

9(z)
g(z} =lr+

Txx + Tyy
Ixx + Tyy = 0

uxx + ayy
uxx + uyy = 0

VXX + vyy
vxx + vyy = 0.

(2[4

/2/4 = 2xy + /(xZ -_yZ)

vix y)

v[x, y) = =3xy2 + (x}

v[x, y)

vix, y) = -3xy2 + x3 + (
f )

F) = (}/3 —Zny} + /[—3xy2 +x3+ ().
(d) ulx, y)

(d} N[X/ y) =y/[x2 +y2}.

(d) vix y)
(d) v(x y) = x/(x2 + y2).

F(z)
Fz) = Ul y) + il (x y)

a[x, —y} —/'v[x, —y)
ulx, -y) -iv(x, -y) = alx y) + iv(x y).

z+ 1
2+ 7=2+1

— 16 —
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F1(z)

l[ 7[2} = Fel'/Z
f2(z)

F2(z) = reif2
F3(z)

F3 (Z) = kef/Z
Fi(z)

[C ‘/[Z) = I’ef/Z
ciy

eiy =cocy + / g’/ny

ne of e i¢c accigned to ex when x
ne of e ic accigned to ex when x = 1/n

According to definition (1), exeiy

According to definition (1), exeiy = ex+iy; and, ac already

,bo/’ntec{ out in

exTex2

exTex2 = exT+x2
27

27 = x1 +1y1
22

22 = x2 + /_'yZ.
eryTely2

erylely2 = e/(y7+y2}.
ez+2/

ez+2i = eze2i

e2+21

ez+2/ = ez

(c} ex,b[z + /}
(c} ex,b[z + /) = —exp 2

— 17—
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2+ n [h
Z+m’(h:0, +7, iZ,...).

and w are written 2z

and w are written z = rei [— < <)andw=u+iv, equation

(1) becomes

V= + 2n

w
w=lnr+i( +2n)

log 2
logz = Inr+i( + 2n)
3/ then r

3i then r = 2 and = -2/3. Hence
3/)

3/’} =2+

=h2+2
log 2

log 2 = In [2/ + i arg 2

arg(ez]
arg[ez} =Y+ 2n [n =0 +7, +2,...)

log(ez)

log(ez) = In [e2] + i arglez) = In(ex) + ily + 20n) = (x + iy) +
2ni

log(ez)
/og(ez) =z+ 2n

r

(092 =Inr+i

log z
log 2z = (09 z + 2n/

— 15 —
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and that (og (-1)
and that (og (-1) = i.

log z

log 2 = In ¥+ i( + 2n)
log z

logz = lnv+i.
log 2

logz = lnvr+i

ulr, )
ulr, ) = Inr

dz log z

dz /09 2= e—/[ar +ivr) = e=i
Log 2
(092 =Inr+

(6) concicte of the origin and the ray

(6) concicte of the origin and the ray
evidently a branch point

Log(i3)
6096'3) = 609(—/) =In1 =i
() Cog(—e/}
[a) Cog(—e/} =1-
(a) log e
(a) log e = 1 + 2ni
3/)
3i))=ln2+2

[é} 609[—7 + /')Z
(b) Log(-1 + i)2 = 2 Log(-1 + i).

log 2

/ogz:/n r+

— 19—

. TAe okfgl'h <
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log 2
/ogz:/n rF+1

2. Find all roote of the equation log 2
7. Find all roots of the equation log z = if/2.

fz)

FG)="Loglz+ %)
/09(2722)

l0g(2122) = log 21 + log 22.

arg(z122)
arg[z722) =argzl + arg 22

In [2122]
In [2122] = ln [21] + In [22].
log 1
/09 1= 2n
Log(~1)
Cog(—ﬁ =N
(09 27 + log 22
(09 27 + log 22 = 2/

27/1«
21/n = exp

609[2722}
(09(2122) = (09 21 + (09 22.

Cog[z’lzzj
(09(2122) = (09 21 + (09 22 + 2]\

(é) chowing that /09(7/2)
(6) chowing that log(1/z) = -log z (z = 0), in the cence that
l09(1/2) and ~log 2

6. (et z denote any nonzero complex number, writte

6. (et z denote any nonzero complex number, written z = rei (-
< <), and let
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/og(z7/ M )
/09(27/44) =1
/09 /
/09/';‘/&4 T+
-2
—-2i = ex,b[[‘/n or 7}]
(21
(12 = ex,b[[‘/n + 7)]
log 2
/09 z=lmr+i
P.l. [—/}f
P.lV. (—/)/ = exp
7
7= e/(og[7+/) = e/[/n

2-i/4)
Z—//‘/) = 8/‘/8/(/44 Z)/Z.

2—1'3/ (/}
2-i3/4) = e3/ ‘/e/[/n 2)/2.

(a} [7 + /)/
(a) (7 + /)/ = exp

(%) (-1)1/
(b) (-1)1/ = e(2n+1)i

3/)3/2

3)3/2=+2
erx
eix = oS¢ X + 1 Qi x

ex + e—ix
eix + e—ix = 2 co¢ x.

— 27—
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cog x

COC X = €IX + e—ix
cos z

cos¢z = ez + e—iz
ez

ez =¢coCz+ 1 Cinz

009(27 +22)
co(’[z7 +22) = coc 21 co¢ 22 —¢in 21 Sin 22.

Cn2 z + co¢2 2
Cn2 2z + coc2z="1.

coelz + )

coelz + ) = —coc .

co(’Ay
cochy = ey + e-y

fz)

F@G)=aley)+ivlx y)
)

F '[z) = ux(x, y) + fvx[x, y).

/ cog z/ 2
[ cocz2[2 = coc2 x + ¢inh2 y.

¢in2 x + ¢inh2 y
Cin2 x + Cr’hAZ_y = 0.

z
Z=h[h=0, +1, %2, ...).

2+P\[h
Z+n[n:0,i7,i2,...).

tan(z +)

tan(z + ) = tan 2

— 22 —
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§'/h[27 + ZZ}
C/'h(z7 + ZZ) =1

Sin [27 + ZZ}

¢in(z1 + 22) = ¢in 21 coc 22 + co¢ 21 ¢in 22

coc(z1 + 22)
009(27 +22) = coc 27 co¢ 22 —¢in 21 ¢in 22

f )

f[z) =qn2z+ coc2z-1

(b) 1+ cot2 2
[é} 7+ cot2z=ccc2 2

2 Cin [27 +22) §'fh[27 ~22)
2 ¢in(z1 + 22) ¢in(21 -22) = co¢ 222 —co¢ 221.

2
z2=n/ (h =0 +1, £2, .. )

2=2n+ i coch-12

coch z
coch z = ez + e-2

cosg z

co¢z = ez + e—iz

co(’A(z7 +22)
coch(z1 + 22) = coch 21 coch 22 + ¢inh 21 cinh 22

2
z=m’[n=0, +7, iZ,...)

(C} tAhA[z + /)

(c) tanh(z + i) = tanh =

(b) cinh 2 + coch 2
(b) cinh 2 + coch z = ez

— 23 —
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erw

eiw = iz + (7 —22}7/2
gin-12z2

¢in-71z=—/ /og[fz + (7 —22)1/2].
(d) ni (n

[c{} i (14 =0, %7, +2, .. }

dt ezOt
dt e20t = (exOt coc yot)' + i(exOt cin yot)’

dt ez0t
dt e20t = (x0 + iy0)exOteiyOt.

never zero, while w(2) -w(0)
never zero, while w(Z} —w[O) = 0.

w(t)
w(t) = ult) + iv(t)

w(t)
wee) = Ue) + iV (t)

= (V%) + iV (6)] -[U(a) + iV (&)].

we write a
we write a = 0, b = 2 and uce the came function w(t) = eit(0 <t
SZ} ag in
w(t)
w(t) = u(t) + iv(t)
2(t)
2(t) = x(t) + iy(t).
2
2 =20+ Pel
2()
20 =2[0].

—2¢—
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z'[t]
2(t) = x(t) + iy'(t)
20
20 =107
z=2()=2ei
Ane. ()
Ane. () = b -a

Suggection: Write F )
Su gection: Whrite F[z} = a[x, y) + /v[x, y) am(z[t} = x(t) +
iy(t), co that

w(t)
w(t) = ufx(t), y(&)] + iv[x(t), y(t)].

z
z2=x+ /y(x]
C
C=C1+C2
2 e/[Z e/)lc{
2¢ei(2e])d=14
el
er = e—i
2 C{Z
z2dz= 4

(z
[z=x+ /y}

—/3)(2[7 + /) dx
—/3x2[7 + f] dx = 3[7 —/)

I7-12
I7 —IZ =-T+

— 25—
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£ (z)
f[z) =21/2 = exp
£ z0]
£ [20)] = exp
3 6’/'/231'81'
3 e//ZB/e/ = 5
3 1'81'3/ 2
3/ei3/2 = -3
at
at = 0 exict, thoce limits being 0 and i3

F [20)]27) ic continuous on the cloced interval

F [20)]21) ic continuous on the cloced interval 0 < < when
ite value at = 0

81'3/ 2d
81'3/ 2d=2

1.£ ()

7. ,[[z] = [z + 2)/z and C ic
(c) the circle 2

[c} the circle z = 2 e [0 < SZ}.

2=T+/

2=T+i = ex,b[(—7 + i)log 2]
P

z=zO+,€e/(—$S}

where Z()

where 2() = 2[()].
w(t) dt

w(t) dt = r0 ei0.

IF [2(¢)]=12)/
IF )20 = IF @] @) <M ()]
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/z+ ‘//s/z/+ 9
/z+ é’/s/z/+ 9=06

/23 —7/2//2/3 —7/
(23 -1/ 2/[2/3 -1/ = 2.

=[z+ 4/
Wl’l'lf/hg /M
Writing M = 6/7 and obeerving that ( = ic the length of C, we
may now uge
27/2
21/2 = exp
22+ 1 dz
22+ 1dz=0.

/27/2/
/z’//Z/ = /
ez + 1] 2{[z2] 1/
ez + 1] 2fe2] 1] = R2 -1
3[7 + /}3
3(1+i)3=2
(og 2
(0g2z=lnr+i
log z
/09 z=lnr+i

2

Z2=04+1/= 2.

£ )

Fliz)=21/2= exp
f16)

F7[Z) = ke/'/Z
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3(ei0 —ei3/2)
3(ei0 -ei3/2) = 2

f2(z)
F2(z) = reif2

f(z) dz

Fz) dz = Flzn+1) -F(21).

2l dz
2/ 6{2 =1+ e-
f )
Fz) = ulx y) +ivix y)

(2 + 9)5 dz
(z2 + 9)5 dz = 0.

(A F)

(H) F )= Log (z+ 2).
f )

F[Z) = re//Z
2

2 = 2.

(z -20)n+1
(z -20)n+1 = 2i

(z-0)3+1
(z-0)3+7 = 2i

3/1[ ///(0}
3/F"(0) = &i
(z -20)n+1
(z -20)n+1 = 0

f )
Fz)=ulx y) + wv(x, v)
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ea cos coc(a cin ) d
ea coe coo(a cin ) d =.

PG

Pz)=a0+alz+a2z2 + -+ anzn

PE)
P [z} = (w« + w)zn.

[Pnz)]
[Pr)[ = [an + wl[z[n > [an]

z

z2=20+ e/

[F (z0)] 4
[F (z0)] d = 2/f (z0)/.

[IF z0)[ -[F =0 + )] d
[IF z0)] ~[F (z0 + €i)[] d = o.

[F (20 + ei)]
[F (20 + ei)[ = [F (z0)/

and noting that the term ¢in2 x ic greatect when x

and noting that the term ¢cin2 x ic greatect when x = /2 and that
the increacing

valuee (Sec. 59) to the function 9(z)
values (Sec. 54) to the function 9(z) = 1/F (2).

Ang. 2
Ane.2=12=17+ .

P ()

P(z)=a0+alz+a222+ + anzn

0
0=(2-20)(zk-1 + 2-220 + -+ + + 2 2k-2

hzhn

nzn = 2.
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nyn
nyn = y.
/x:« —x/ S/[Xh —x) + i(yn —y}/
/xn —x/ S/[xn —x} + /(yh —y}/ = /(xn + /yh] —(x + /y)/

P\[Xh + /yh]
h[xn + /yh} = lim

n1
nl=0+.717=1

2h

zn==-2+i(-1)n

nzn
nzn = im
=-2+/"0=-2
nrn
nrn = [im
nn
non =
n2n-1
n2n-1 = -
2h
zh =27 +22+ """ 4+2zn+ """
2h
zn=21+22+ - +2/

NYN
NYN =Y.

2h

Zh:xh+/yh

hzhn

nzn = im
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(zn

[zn:)m+iyn)
T+24+22+"""+2n

T+z+22+"" " +2n="1-zn+1
2h

zn=T+z+22+ +2N-1
2h

zn =2+ (—7]1«

nfznf
wfzn] = [z,
(zn + wn)
[Zh +wn) =G+ T.
[zn]
/zn/: /z + (zn —z}/ < /z/+ 7
the convergence of xn and yn (n

the convergence of xn and yn (n = 1, 2, .. .) impliee that [xn/
<M1 and [yn] <M2

Fz)

F(z) = F(z0) + F (z0)
NN(z)

NNE) = o.

[¢ =2 2/[<] ~[=//
/§’ —z/ 2//(’/ —/z// =r0 —r.

2¢rQ0
2r0 = Mro
17 -(~1)2n+1

1 -(-1)20n+7 =2

Obgerve that the Taylor ceriec for coch z about th

Obgerve that the Taylor ceriec for coch z about the point 20 =
-2i, for
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£ (z)

Fz) =1+ 222
23+ 25

23 +25=1
1+ 22

7+ZZ:7-—22+Z(/_26+28_...

23(2-1+22 24 +26-28+ )
23 [Z—7+22—z‘/+26—28+'~):7
29+ 9

29+ 9==2

F (Zn+ 7](0}
£ (2n+1)(0) = (~1)n

cos z

co¢z = ez + e—iz

f (2n+1)(0)
F(2n+1)(0) = 0

F(2n+1)(0)
F(2n+1)(0) = 0

9. Uce the identity cinA[z +)

9. Uce the identity ¢inh(z + i) = —cinh 2, verified in Exercice
2(a), Gec. 35, and the

the point 20
the point 20 = .

(z -20)n+1
[z —20)n+1 = f(n}[zO}

NNG)
NNG) = 0

NNG)
NNG) = o.
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n!

w=1+2
n! zin

wlzn=1+1
e1/z dz

el1/z dz = 2i.
The function £ (2)

The function f (z) = 1/(z -i)2 ic already in the form of a
(z +1)2

[z +1)2=1
)

fl)=2+1

origin that includec the unit circle z

origin that includec the unit circle z = ei (- < <). By
taking that circle

$G)
SG) = SNG) + NG)

(5) are true when N
[5} are true when N = N + 1, we now find that

(z -20)n+1
(z -20)n+1 = £ (n)(z0)
2+ (z-2)
2+ (z-2)=1
e
e1 = f (20)9'20) + F (20)4(20)
c2
02 = £ (20)9'(0) + 2f (20)9'(z0) + £ "(z0)4(z0)

= a0b2 + a1b71 + a2b0.
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f()yz)
£ (2)9(z) = 2060 + (20671 + a160)(z -20)

71+2

T+2z=ez

T+2
T+2=17+1

cinh 2 are the numbere 2

¢inh z are the numbercz = ni (n = 0, +1, +2, . . .). So the
quotient

1 +22/3/ + 24/5! + -
1+22/3/+24/5/+ - =1 -1

1 +22/3+24/5/ + -+
1 +22/3/+24/5/+ = 1-1

2(z2 + 1)
2(z2+1)=1

22 ¢inh 2
22 C/'hA 2= -

29+
24+ =0

(f3)(m+1)
(F3)(m+1) = (Fa)(m) + (F 3)(m)

f )

F(z) =2+ az222 + a323 + + +

fIF G
FIFGE) =2+ 22222 + 2 (a2

le

(0gz=lnvr+i

log 2

/ogz:/n r+
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have an icolated cingular point at 20

have an icolated cingular point at 20 = . Such a cingular point
will be uced in

the punctured dick 0 < [z —20[ < R2 (Fig. 84). Whe
the punctured dick 0 < [z —20[ < R2 (Fig. §4). When n = 1, thic

exprecsion for bn

f (z) dz
F[z} dz = 2/61.

) d
F(Z} dz = 2/ ,Qeg'

ez
ez=171+2

2i timege the recidue of itc integrand at 2

2i timee the recidue of ite integrand at z = 2. To determine
that recidue, we recall

2(z-2)y
2(z-2)4 = 2

f ) d
F(z) dz = 2i
fz) d=
I[[Z} dz = 2/ Reg
7 -2z
1-=2=T+2+22+ "
z(z -1)
z(z—’/} = 5(2—7} +3
when 0 < [z -1[ < 1, it i¢ clear that B2
when 0 < [z -1/ < 1, it i¢ clear that B2 = 3. Thue

f ) de
I([Z) dz = 2/ ,eeg'

— 859 —



VU Learning HUB MTHE32
vu/eAkh/nghué.xyz
f ) dz
F[Z) dz = -2/ Re¢
f ) dz
I[[Z) dz = -2/ Ree
z
zzf (z) = —,Qes’
f ) de
F [Z) dz = 2/ Eec
z
2=27 F (z) + Rec
z
Z:ZZf(z)+"'+/ee§‘
z
2=2h f(z) + Ree
z
2=f () = 0.
PG
P[z)=a0+a7z+a222+"'+an2h
QG
Q) = 60 + b1z + b222 + + + + + bimzn
bm+1
bm+T = bm+2 = -+ - = Q.
= z[z -Z} + 3
22[’/ +2)
22(7 +2)=1
m«(z —20)n
an(z =20)n = 20 + a1(z -20) + a2(z -20)2 + - - -
z2n
zn =1+ 1
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2
z=(2n+ 1)

(Z —A/}g
(Z ~ai)3 = -if2

2

2=20 f () = (20)

2220 f (z) = (m~1)(z0)

)
) = (z0) + (z0)

)

(z) = bim + bin-1z -20) + -+ + + b2(z -20)m-2 + b1(z =20 )m-1

f )
fG)=2+1

f )
fG)=C)
)
[z)=z+ 7
81
87«: [3/)= 3r+ 1

B2

B2=3+7

f )

f[z)=23+22

)

[z)=23+22.

8=")
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log 2

/og z=lnr+i
f )

F)=C)
)

[z} = (/09 2)3
()

(i) = (log ;)3

= [/h 7+ /'/2}3
5

B=()=-3
fz)

fz) =G
)

[Z) = ¢inh 2

ez
ez=17+2z

f )
FG) =G

(¢) m
[ij-f 7,8=if/2.

z+ 1
z+7="T+/

(z2 + 1)2
(z2+1)2= + 2

(z2 + 1)2
(z2+1)2=1-i

(c) f(z)
(c) F z) = 23¢1/2
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2

2=20 f (z) = (m-1)(z0)
9(z)

9(z) = 9(z0) + 97z0)
£ (z)

() = 9(z0)(z -20)m + 91z0)
)

G) = pC)
9(z)

9C) = (2)
)

) = pC)

each cingular point z
each cingular point 2z = n of fic a cimple pole, with recidue

B

Bn = p(n)
7(n)

9ln) = (1)~

at the zero z
at the zero 2 = i/2 of coch 2 (cee Sec. 35) ic readily found by

writing
we find that z

we find that z = i/2 (¢ a cimple pole of F and that the recidue
there i¢

B
B =p(i/2)

70/2)
7(i/2) = -4
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Ze//‘/
Zei/é’ =T+

Wh’tihg /b[z)
Writing ,b(z} =zand 7[2} =29 + 4, we find that

¢inh z
¢inh z = =2 co¢ (t).

z
zzzn[z cec z) = (—7]n+7 zn where zn =

22 ¢in 2z

22 ¢inz =2/
220 £ (2)

20 f () =.
-n+1 2

-n+71 2 = Mn
fz)d

f[z} dz = 2/
f (x) dx

F(x} dx = 2/
f (x) dx

F[x} dx = 2/
£ (x) dx

f[x) dx = 2i
£ (x) dx

f(x) dx =/
26 + 1

26+ 17 =c¢2
2i(Bo + B1 + B2)

2i(Bo + B1 + B2) = 2i
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F (x) dx
F () dx =

/26 + 7/2/ /2/6 —7/
/26 + 7/2/ /2/6 —7/: R6 -1.

x6 + 1 dx
x6 + 71 dx =

x6 + 1 dx
x6 + 1 dx =

x6 + 7 dx
x6 + 1dx =

x3+ 1
x3+7=2

x2n + 71 dx
x2n + 1 dx =

22n + 1
22n + 1 = -1

=2m+ 1
7()

7[2) = [zZ —a)2 + 1
[2'0)]3

[;;'[20]]3 =a-i(2a2 + 3)
/5’1'14 az/Z

/C:'h az/Z = ¢in2 ax + ¢inh2 ay

/cos* az/z
[cos az[2 = coc2 ax + cinh2 ay.

/ e/'az/

/e/az/ = /e/a[x+/y)/ = /e—ayeiax/ = e-ay
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(x2 + 1)2 dx
(x2+1)2dx =2

(xZ +1)2 dx

(x2 + 1)2 dx = 2iB71 -
81

B1=1)=1

(x2 + 1)2 dx
(x2+1)2dx = 2

RMR
RMR = 0.

e—Z,Q/ d
e-2R/ d =

X2 + 2x + 2
x2 + 2x + 2 = 2iB817 -

X2+ 2x + 2
x2 + 2x + 2 = Im(2iB1) -Im

f ) de
F[Z) G{Z = —80 I

<Ml
<Ml = M.

2
2=x0+e/

2
z=vre0=r (sr SE)

ZC{Z

2dz= -

(x2 + 4)2 dx
(x2 + 4)2 dx =
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f(2) d
f[z) dz = 2/ /eeg'

f ) dz
F (Z} dz = 2/ Rec

2
2=rei0=r (<r<P)

z

z=vrei=-r(<r<P)
(zi)

(zi) =
[kZ +9)2

(r2 + 4)2 =
(r2 + 4)2 dr

(r2 + 4)2 dr =

(r2+ 4)2 dr
(r2 + 4)2 dr =

[log 2/
[log 2] = [ln + il <[ln [+ [i] <=l +
/zZ + ‘// _>/ /z/Z —4’/

[22 + 4] 2/ [2/2 ~4[ = 4 -2.

(4 -2)2
[‘/ -2)2 = -/In

(Rz -4)2 R
(R2-4)2 R =

(x2 + 4)2
(x2 + %)z =

(r2+4)2
(r2+4)2=2
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= ex,b[—a[/n r+i)]

£ )
F (z) = exp[-alln ¥ + i0)]
£ )
F [z} = ex,b[—a(/h r+i2)/
= r-ae—i2a
)
(z) = z-a = ex,b(—a log 2) = ex,b[—a(/z« r+i)]
(-1)
[“7} = ex,b[—él(/h 7 + /)] = e—ia = 0.
2=-1 /[(Z) = e—ia.
r+1dr
r+1 &{I’ = 2ie—ia —
R-12R
R-12R=2R
r+1dr
r+1dr=2

-1 <a< 3and xa
~7 <a< 3 andxa = exp(alnx).

f(z)

F[z}=z7/3 log 2

=¢e(1/3) log z log =
x2 + 1 dx

x2+1dx =2
x2 + 1 dx

x2+ 1dx =

— 4y —
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x2 + 1 dx
x2+ 1dx =3

x2 + 7 dx
x2 + 1 dx = 0.

(< + a)(x + b) dx
(c+a)(x+b)dc=2
x(x2 + 1)
x(x2 + 1) =
f )
fz)=2-1/2
22+ 1
22+ 1=e(-1/2) log 2
F1(z) de
f7(z) dz = 2/ Re¢
d
d=1lel =iz
Qin
Sin = el —e—i
cog
co¢ = e+ e—/
Sin

¢n =2 —-=2-1

cog

co¢ =z +2-1
fz)

Fe) =G
co¢ 2

co¢ 2 =e2+ e-i12
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= [8/')2 + [8/]—2

=22 +2-2

Carg £ (z)
CargFz)=1-o0.

2Cargf(z)
ZCargf[z)=Z—/D.
£ lz(¢)]
FL2(t)] = (t)eilt)
dt [(t]e/[t]]
dt [(t)ei(t)] = (t)ei(t) + i(t)eilt) ().
1t) dt
) dt = In (t)
(4) -(2)
() -(a) = C arg £ ().

f z) 4z
f[Z) dz = Z/'[Z -P).

< m«a/yt/c and nonzero on the unit circle z

ic analytic and nonzero on the unit circle 2 = ei (0 < <2). IF
we let C denote

noting that hac the parametric reprecentation w

noting that hac the parametric reprecentation w = e-i2(0 <
<2).

C arglf () + 9(z)]
C arglF ) + 9(z)] = C arg

=CargFz) +Carg

ZF +9
LfF+9=2LF+1

F)
FG)=1+96)
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2?2 =423 +z -1
22 -423 +2-1=0

9(z)

g(z} =27 +2-1.

PG

P(z)=2a0+alz+a222+ "+ anzn

9(z)

g(z] =20 +alz+ a2z2 + - + an—-Tzn-1

(c) f ()
() F ) = (22 -1)7/23.

f(z) dz
f[2}42=2/'

225 =622 + 2+ 1
225 =622 +2+1=20

¢
¢ = + ,Qef

ectF(c) de
ectF(c) de = 2i
/ex,b[t + Rtei)/
/ex,b[t + Rtei)[ = e teRt coc

¢
¢=¢0 [ectF(c)] + Rec

¢
¢=¢0 [ectF(c)] + Rec

[ectF(<)]
[ectF(c)] = 2et Re

¢

¢=¢0 [ectF(c)] + Rec

— 4z —
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<
¢=¢0 [ectF(c)] + Rec

4

¢ = + Rel
(e

[¢f = [+ PReil <+ R
(e

[¢] = [+ Reil 2/ -R/ = R - > a
Ch

n = [Zn 1)
Ch

on = —(Zn -1)
4

¢=cn [ectF(<)] + Rec
= —/co¢ n = (—7)h+7 1= 0.

F(<)
Flc) = cinh(xe1/2)

Flc)
F[c] =x¢1/2 + [xg7/2)3/3/+ .

o[e1/2 + (c1/2)3/3/ + - -]
o[c1/2+ (¢1/2)3/3] + - ] = x + x3¢/6 + -+

oceur if ¢1/2
oceur if ¢1/2 = +ni [n =1,2...) The pointe

Ch

Sn = —n22
p(<)

plc) = cinh(xc1/2)
9(c)

g(c) = ¢ cinh(c1/2).
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plen)
plen) = cinh(xe1/2

0,
f(t):x+2

Anc. £ (t)
Anc. £ (t) = e=t(cin 2t + coc 2t -1).

Ans. £ (¢)
Anc. F[t) = [7 + a2t2) ¢in at -at coc at.

Ane. f[t}
Anf./f[t)=x+8

Anc. f[t}
Ahc.f[t)=7+4

5 Fle)
5. Flc) = coth(</2)

9. Flc)
9. Fle) = cinh(xe1/2)

in the punctured dick 0 < [¢ —c0[ < R2. Alco, accu

in the punctured dick 0 < [¢ -¢0/ < R2. Alco, accume that F(c) =
Flc) at pointe ¢

¢

¢=¢0 [ectF(c)] + Rec
[ectF(c)]

[ectF(c)] = 2et Re

¢0
¢0 = + [: 0) and ¢0 containe a term of the type

(4 v)

(o v) = (x + b1,y + b2)
w

w=AHA2+8
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w
w=./+8.
w
w=(1+i)z+2
Z
Z = [7 + /)Z
w
w=/+2.
w
w=(1+i)z+2

formation w
Formation w = (1 + i)

20 T[Z)
20 T(Z) =

2T ()
27 (z) =0

which i¢ clearly true when 20

which ic clearly true when 20 = 0 and when 20 =, i¢c alco true

for thoce two

Alxz + y2) + Bx + Cy + D
Alxz2 +y2) + Bx+ Cy+ D =0
A horizontal line y
A horizontal line y = ¢2 (¢2 = 0) ic mapped by w = 1/z onto

UWhen w
When w = 1/2, the half plane x 2¢1 (¢1 > 0) ic mapped

where 2
where z = x + iy.

2Dww + (B + Ci)w + (B -Ci)w + 2A
2Dww + (B + C/}w + [3 —Cz’}w + 24 =0.
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w

w=az+b

Azw + Bz + Cw + D
Azw+5z+€w+D:0

2

z2=—dw+ b
of z

of z = when ¢ = 0. e firct write
7 ()
T(z)=0z+b
T—7(w]
T—7[w} = —dw + b
7-1()
7-1() =
7-1()
7-10 = -d

w

w=az+b
e —ib
e —/é = -Aa + é
e + ib
ic+ib=a+b.

w

w:/éz+é

—l'éz + é
—ibz + b =bliz+ 1)

w

w=iz+1
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w

w=az+b

w

w = [/+ 1)z + (/—7}
Azw + Bz + Cw + D
Azw+82+€w+0:0.
(w —/')(7 + l')
(w-i)(1+i)=G+1)0-1)
w1
wl =i w2=,w3="1.
w -7
w-1=(=-1)(0+1)

w:(i+ 7}2+(/—7}

/4:«(’. w
Ahs'- w= 32+ 2/

pointe w1

pointe w1 = 0, w2 =, w3 =.
Ah(’. w

Ane. w = -1/2
T ()

T (z)=a1z+ b1
$G)

Sz) = a2z + b2
ST )]

§[T [z]] = a3z + b3
7 ()

T(z)=0z+b
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(a + d)[cz2 + (d -a)= -b]
(2 + d)fcz2 + (d -a)z -b] = 0.

2
2z = on the line and O/etermim'ng conditione on a linear
Fractional trancformation

w

w=oz+b

z
2 = i¢ & finite number only if ¢ = 0, that finite number being w
= a/c. So the

requirement that [w(
requirement that [wl = 1 when 2z = meane that [a/e] = 1, or

w
w = ex,b[/’); hence 21 = 20.

veImw=Im(z-1)z+1)
log Z
(092 =In R+ i

we cee that as a point Z
we cee that ac a point 7 = R exp(i0) (0 < 0 < ) movec outward
From the origin

the choice of 0 variec between 0
the choice of 0 varies between 0 = 0 to 0 = , the mapping of
the half plane

4. Trancformation [6}, Cec. 95, maps the point 2
4. Trancformation (6), Sec. 95, mape the point 2z = onto the
point w = ex,b[/}, which

5. Mote that when

5. Note that when = /2, the trancformation in Exercice 4
becomec
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w
w=iz+ ex,b(//é’)

w

w =iz + exp(//%’)

Formation ic to examine images of vertical lines x
formation i¢ to examine images of vertical linee x = ¢1. IF 0 <

e1</2 pointe on

¢n2 el + coc2 e
¢in2 e1 + coc2 ce1 = +1.

branch. JF -/2 < ¢1 < 0, the line x

branch. IF /2 < ¢1 < 0, the line x = ¢1 i¢c mapped onto the
left-hand branch of

image of the line ceqment BA there ic found by wri
image of the line cegment BA there ic found by writing x = /2 in
equations (1)

line x

line x = ¢1 (0 < ¢1 < /2) ic thought of ac moving to the left
toward the pocitive

J
y=e2>0

Z
Z=iz+

mation w

mation w = ¢in z mape the ¢emi-infinite ctrip —/2 <x /2, vy 20
onto the

21/2
21/2 = r exp i( + 24)

21/2
21/2 = exp
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Z(/hl’+/}
20nr+i)=tnr+i

Fo(z)
Folz) = exp i

inclination 1 (0 <7 S/Z), ite image w
inclination 1 [ 0<1</2) ite image w = r ex,b&'7/ 2) movee

outward from
log z

logz = lnr+i(+2)
F1(z)

F7[z} = rexp /(+ 2)

extend the domain of definition of FO to include th

extend the domain of definition of FO to include the ray = and
if we write

fz)

Fz) = r exp |
27/1«1

271/n = exp

domain v > 0, — < <. The principal branch occ
domain ¥ > 0, - < <. The principal branch occure when k = 0,
and further

v2
v2 = 4b2(u + b2).

Z plane except for the origin and pointe on the ra

Z plane except for the origin and pointe on the ray Arg Z = .
The trancformation

(z2 -1)1/2
(22 -1)1/2 = exp

(z2 -1)1/2
(z2-1)1/2 = =-1)1/2+ 1)1/2
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i¢ a branch of (z + 1)1/2 defined on a domain D2, t

i¢ a branch of (z + 1)1/2 defined on a domain D2, the product
) = F1G)f2() is

e,

F1(z) = v1 exp (1
f2(z)

F2(z) = rz exp i2

r2
r2 = /z+ 7/

2
2= arg[z + 1)

£ )
Fz)=rtrzexpi(1+2)

F)
Flz) = rirz exp i(1+ 2)

6¢)

G() = rir2 exp i(1+ 2)
2

2=Arg (z+1)

= exp i(1+2)

r1
r1=vr2>1

[wZ + 7}7/2
(w2 +1)1/2 = (w-i)1/2(w + )1/2

and w + |
andw +i=2 ex,b(/Z}. (See Fig. 128.) With the rectrictione

H(w)
H[WJ =12 exp /[’/ + Z)
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are the two valuec of (22 —1)1/2 for & point in Dz

are the two values of (22 -1)1/2 for a point in Dz, we cee that w
= F(z) or

the ray v
the ray v = u (u > 0).

z2=7+w2

log z

/ogz=/hr+/

the angle changee from 0 to 2. A¢ it movee acroce

the angle changes from 0 to 2. A¢ it movee acroce the ray =
2, the point pacces

in Fig. 130, its image w moves upward acrocs the [

in Fig. 130, ite image w moves upward acroce the line v = 2, a¢
/m{/catec{ n t/w\t

f )

F [z} =lhr+i
21/2
21/2 = reif2

[wl

/w/ = 1 under the trancformation w = 21/2.

21/2

21/2 = reif2
21/2 dz

21/2 dz = 0.

9(z)
g(z} =z+ [ZZ -1)1/2.

91()
91(z) = 2z + fo(z).
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fo(z)

Folz) = ¥1r2

z+ 1
z+7=r2 ex,b&'Z).

arg w'(to)
arg w'(t0) = arg £ [2(t0)] + arg 27(t0).

0=0+ 0.

0=0+ 0.
7

7=0+1
2

2=0+ 2
w

w=17+/2

w
w=Fz)=x2-y2+i2xy
J
Yy =x [x 20}
x
x=1 6/20}
du
du = dv/dy

by the conformality of the mapping at 2

by the conformality of the mapping at z = 1 + i. The angle of
rotation /Y at the

arg[f (1 +i)]
arg[f (1 +i)] = arg[2(1 +i)] =
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[F(1+i)f
[F (1 +i)) =(2(1+i)] = 2

IF we write w

If we write w = u + ivand w0 = u0 + iv0, ac well a¢

U+ v
U+iv= u(x, y} + /v[x, y}

log w

log w=1ln +i
9(7)

9[7} = /1«1 T1T+/2=2/
(og w

(,09 w=la +i

Anc. [a) w1/2
Anc. [a) w1/2 = eif2

(c} wl/2
(c) w1/2 = eif2
0
0 = m0 + arg f (m)(20).
f )
Fz) = ulx y)+ivix y)
VXX + Vi
vxx + vyy = 0.
w=F(z)=ulxy)+ivlxy)
(w)

(w) = A(a, v} + /9((4, v)

reveale that as a point 2

reveals that as a point z = exp&' 0) [—/ 2 <0< /2) travele
outward from
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w

w=Cogz=/&«#+/

w=Ff@)=ulsy)+ivlx y)

w
w=iz2 = -2xy + i(x2 -y2)

Hix y)
Hlx y) = x2 -y2 + 2

3. The trancformation w

3. The transformation w = exp z maps the horizontal strip 0 < y <
onto the upper half

4. Under the trancformation w

4. Under the transformation w = exp z, the image of the ceqment 0
<y < of they

axi¢ i¢ the cemicirele u2 + v2

axi¢ i¢ the cemicirele u2 + v2 = 1, v 20 (s'ee Cec. 7‘/). Alco, the
Function

hlu, v)

h(u, v) = Re(-2iw + e-w) = 2v + e-u coc v.

,bau[a, v} + /bvv(a, v}
Ibua(a, v) +/bvv[u, v) = (a, v)

w

w="FG)=ulsy)+ivls y)

Pxx(x y) + Py(x y)
Pxx(x, y) + Pyy(x y) = [alx y), vix y)] IF 2)/2

Txx(x y) + Tyy(x y)
Txx(x, y) + Tyy(x, y) = 0.

Toex(x, y) + 7}/y[x, y)
Toex(x, y)+ 7}/y[x, y)=0
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z-1
z2-1=+1exp(i1)

where 0 <k < (%
where 0 <k < (k = 1, 2). The trancformation

z+ 1
2+ 71 =lnvr1

strip and unity on the edge v
ctrip and unity on the edge v = ic clearly

The icotherme T (x y)
The icotherme T (x, y) = ¢1 (0 < ¢1 < 1) are arce of the circlee

X

x = /2 and y = 0 when the firct two curfaces are kept at
temperature zero and

Txx[x, y) + 7}/}/[)(, y)
Txx(x y) + Tyy(x y) = 0

The flux outward through the curface lying in the p
The flux outward through the curface lying in the plane x = /2 ic

Txx(x y) + Tyy(x y)
Txx[x, y) + 7}/y[x, y) =0

dh/dn
dh/dn = 0 in the theorem of Sec. 106.

Cnm2 u + co¢2 u
Cen2 u + coc2 u = +1

[x -1)2 +y2
(x-1)2+y2 =2cinu

u

u = /2. In view of equation (5), then, the required temperature
Function i¢
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It can be ceen from equation (5) that the icotherm

It can be ceen from equation (5) that the icotherme T (x y) = ¢1
(0<e1<1)

Hxx(x y)+Hyy(x, y)
Hax(x, y)+Hyy(x y) = 0

H(/2, y)
H(/2 y) =0

713. According to Sec. 59 and Exercice 6 of that ce
713. According to Sec. 59 and Exercice 6 of that cection, if f (z)

= u[x, y} + /v[x, y}

Vax(x yv) + Vyy(x y)
(/xx[x, y] + Vyy(x, y) = 0.
(og w
logw =1

arctan t
arctan t = .

by the half planes

by the half planes = 0 and = /4 and the portion 0 < </4 of
the cylindrical

and x2 + y2
and x2 + y2 = r2

Ane. I/
Ane. I/ = /h(xz +y2}

Voex(x, y)+ Vyy(x, v)
Vx(x y) + Vyy(x y) = 0

4

n= (Zn =7

4
V=p+iq
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ylx y)
y(x y) = alx y).

xx[x, y) +yy[)<, y)
xx(x, y) +yy[x, y} =0

l/

V=ply)+igls y)
FG)

F[Z) = [x, y) + /[x, y)
F )

F,(Z) = X(X/ y} + /'x[x, y}
F )

FG)=x(xy)-iylx y).
(x y)

(x y) = Ax

complex potential for the flow in the ctrip between

complex potential for the flow in the ctrip between the linec y =
0 and y =, both

FIF &)]
FIF 2)] = [ulx y), v(x y)] + ilulx y), v(x y)]

w

w=22=x2-y2+ /'2)<_y
<

dn =¢2

[V
/Z/V= Aei

(z2 -4)1/2

(z2 -4)1/2 = r1r2 exp

2[z+ (2-4)1/2]
2[z+ (2-9)1/2] = 1
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F
= AZ; co¢ —/(ZZ —9}7/2 C/'h]
of the line y
of the line y = are mapped onto the half line v = (u <-1).
Similarly, the line
A/’g
arg = arg F(20) + arg t.
vertex wn, which i¢ the image of the point 2
vertex wn, which ic the image of the point z = , can be written

kn
bn=2 (k1 + b2+ + kn-1).

k1 + 2+ + kn—1
T+ k2 + + k-1 = 2.

(z —xj)—,éj

(=i}~ = expl =4 gCe )] = explAiCn f= -+ )7
(Z —Xj}—éj

()4 o4 i)
)

FG)=(-x1)-k1()
2F(z)

ZF[Z} = Un
)

ZF(Z) = Un
arg (x -1)

arg(x-1) =

when 2

when 2z = —1. With the cubstitution x = t, the lact integral here
reduce¢ to a
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t-1/2(1 -t)-2/3 dt

t-1/2(1 -t)-2/3 dt = B

w7
w1 =5 exp |

w3
w3 = wT + exp

=b exp i

w3
w3 = é’ ex,b /

arg(x + a)

arg[x +a) = arg(x +1)=0

[9(x)[ dx
[9(x)] dx = b + ic.

wq

wq = b + ic.

k1
k1 = k2 =

w

w=ALlogz+ 8.

i

l'=/4[09x7=/4/h/x7/+/4/.

A
/4 = ex,b 3/

came half line v

came half line v = i (u 21). Note the changec in direction of

the motion of w at

Im 2z 20. (Gee Fig. 13, Appendix 2. ) Let Zf be poin
Iim 2 20. (See Fig. 13, Appendix 2.) Let Zj be pointe on the

cirvele [Z] = 1 whoce
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v

v=0andv = when the fluid ic entering through a narrow clit
along the line

Ac Re w tends to -, the image of w approaches the
Ac Re w tends to -, the image of w approachec the point 2 = 0. A
cink of

curve connecting the boundary linee v

curve connecting the boundary linee v = 0 and v = of the
left-hand part of the

[u/V
[u/V = Q
dz
dz = Az-1(z -x2)-1/2(z -1)1/ 2.

r
F=V0logz=V0/Inr+ilo

[/0 over each cemicirele z
V0 over each cemicirele z = Rei(0 < <) ac variee from 0 to

. [Compare

At the limiting position of wd, which correcponds

At the limiting position of wY, which correcponde to z =, let
the real number /4

w

w=h(log1+c¢

¢2
2 = exp(F/I/0) -h2

k3
k3 = kY =.

U+ v
u+iv=A1+iA2
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arg(x —7}
Akg(x —l)) = .
Thue x

Thug x = 0 i¢ the point whose image ic the vertex w = i/2 ; and,
upon g’ué(’t/tat/ng

22
22 =17 + e-2w.

tan I/
tan l/ = 1

7 v)
7 v) =

and, uging the parametric reprecentation ¢
and, ucing the parametric reprecentation ¢ = r0 ex,bﬂ'} (0 <

<2) for CO, we
re—i
re—i = ¢¢

£ (rei)
Flrei) = r2

ulr, )
u(k, ) =1
Pro v -)
Plo v, -)=r2
ID(/’OJ v, —)
Pro v, -)=pe
ul¥, )
u[r, ) =1

When £ (=)
When £ (z) = ulr, ) = 1, equation (10) chowe that P hag the
property
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Plro r, -)d
Plrovr -)d=1

U[k/ }
Ulr, ) =1

Ulr. )
Ur. )= FO

Vi, )
Vi )=1

Vi, )

V (v, ) = arctan
V. )
Vin)=1

r2Prr + ¥Pr + P
r2Prr + vPr+ P =0

U[k/ ) _FO
Ulv, ) -F() = 1

U(k/ ) —FO

Ulr, ) -F() = T1(v) + I2(¥)
Plror -)d

Plrovr -)d-=
U(o, )

Vo, ) =1
Plro v, -)

Plror, -)=1+2
U, )

Ulr, ) = 1

2
2 =1+ co¢
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tah[—)

tm«(—) = tan -tan
Ilth, -0)d
Ith, -0)d=1.
Plro v, -)Ih -0)d
Pl v, -)I, -0)d=P (0, c-)

Plro v, -)Ih -0)d
Plro v, -)I(h, -0)d=P(ro,r, -0)

v co¢
r cos¢ = A

U[I’/ ‘/
Ulr, ) =1

Vv, )

Ulr, ) = FO
IFF(2-)

IFF(z -) = F() then

U, )
Ulr, ) = 1

=2 -

Plro R -)d
PlroR -)d=-1

RH(R )
RH(R ) =1

rZarr(r, ) + rar(k, ) + a(r, )

rZurr[r, ] + kur[r, ] + a[k, ] =0

IFf )

IFF () = ulx y) + wv(x, y), it followe From formulae (5) and

(6) that the
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6(x y, )
6lx y, ) = Flx +y tan ) -F(x)

Glx v, ) d
Glx v, )d= I76/) + IZ&] + IZ(y)

T (xy)
T(xy)=T1k y) + T2(x y)

Vixy)+illxy)
Vixy)+ilUlxy)=1

where 2
where 2 = x + y.

¢
¢ =r0 ex,b[/)
z2=r ex,b(/’)
Qk[kO/ v, _)
Qelro, v, =) = -0
U, )
Ulr, ) =1
Ur(r, )
Urlr, ) = 1

Plo v, -)6(d
Plro v, -)G(d=060.

Ur(r, )
Ur(r, ) = 6()

U, )
Ulr, ) = -r0

Ulr, )
Ulr, ) = 1
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U(r, 0)
Ulr, 0) = Ulr, ) = 0

Ur(r, )
Urlr, ) = 60)

U, )
Ulr, ) = 1

Ulr, 0)

Ulr, 0) = Ulr, ) = 0
Ur(r, )

Urlr, ) = 60)

60 d
6() d = o.

(b -1/b)2
(b -1/b)2 = 1.

z+ 71z
2+ 1;2=—coth w

w

w=éogz+7

2
2=ez+ 1

w

w=/+z—Cogz.

w

w = 2[2 +1)1/2 + Log (z s a2 4]

w

w=1/2 313-317
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Good (uck!

Keep practicing!
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