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STA632-Sampling Techniques

BASIC CONCEPTS
Q . Define Sampling Techniques?
Ans: The data is very important for decision making. Appropriate method of data collection
is desired. How best to obtain the data or sample. How best to use the data/sample to estimate
the characteristic of the whole population. There are two parts of any sampling strategy. First

is the selection procedure. Second is the estimation procedure.

Sampling
Design Result

i T

Statistical
Analysis

=

Ans: The method of selecting the sample is called sampling design.

Sampling

Q .Define sampling?

Q . Define sample?

Ans: A perfect sample would be a version of population, mirroring every characteristic of
population. (Lohr,2™ edition).A good sample is a small but representative part of the population.
Q . What is difference between Observation and Sampling Units?

Ans: A unit that can be selected for a sample is called sampling unit. An object on which a
measurement is taken is called observation unit.

Q . Define sampling frame?

Ans: The sampling frame is the list/map from which the potential sampling units are drawn. For
example, List of all the class rooms , Map of area containing farms.

Q . Distinguish between parameter and statistic?

Ans: A parameter is any summary number described the whole population. A Statistic is any

summary number obtained from a sample.

Sample

(Subset of class) Statistic

v
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Population
(Entire class)

v

Parameter

Q . Define sampling error?

Ans: The errors in the estimates because sample is the part of population. The difference
between the parameter and statistic is considered a sampling error.

Sampling Error= Statistic-Parameter.

Q . Define non-sampling error?

Ans: These errors can occur even the whole population is studied. Non-sampling error cannot
attributed to the sampling.

Q . What is selection bias?

Ans: When a random process is not considered in selection of sample. Some part of the
population is ignored during selection of sample. Some results of study may not be accurate.

Q . What is measurement error?

Ans: When the response has a tendency to differ from the true value in one direction. problem
with the measurement instrument.

Q . Define Nonresponse?

Ans: The individuals chosen for the sample are not ready to participate in the survey. It is called
nonresponse. This is a type of selection bias.

Q . What is probability sample?

Ans: This is a sample which is obtained when each unit of the population has some chances for
being included into the sample. This is obtained by a random process.

Example: A bag consists on one white and one black ball.

White ball Black ball
1 1
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Number of whiteballs
Number of total balls

P(White) :%

P(White) =

Q . Define randomness?

Ans: When a unit has some chances of selection in the sample. When we are not certain about
the selection of any unit

Q . How many types of probability sampling?

Ans: Simple random sampling, stratified sampling, cluster sampling, systematic sampling,
multistage /multiphase sampling.

Q. Define Non-probability sampling?

Ans:  No random process is followed for the selection of units. The population is evenly
distributed with respect to the characteristics of interest.

Q . What is convenience sampling?

Ans: Respondents are selected according to convenience of researcher. This is also called
accidental sampling, opportunity sampling or grab sampling.

Q. Define purposive sampling?

Ans: The units which are appropriate to meet the objective of study. The selection is based on
the judgment of researcher.

Q. What is quota sampling?

Ans: The population is divided into subgroups on the basis of similar characteristics. The
subgroups are called “Quota”. The nonrandom selection is made in each quota.

Q . Define snow-ball sampling?

Ans: This is also called chain sampling so it works like a chain. The selected subject asked for
the assistance to reach the other subjects.

Q. Define simple random sampling?
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Ans: Each member of the population has an equal probability of being included in the sample.
Each sample of size ‘n’ has an equal probability of being selected in the sample.

Q. What is the difference between sampling with replacement and without replacement?
Ans: Sampling With Replacement: If the unit is replaced before the selection of next unit then
sampling is with replacement (WR).

1
Nn

Total samples = N" | P(S)=

Example: Consider a population of size N=3,as A, B,C
The possible samples of size n=2 are
Si=(AA), S;=(A,B), S;=(A,C), S,=(B,A), Ss=(B,B), S¢=(B,C), S;=(C,A), Ss=(C,B),

S(C.0) 1 1 1

P(S)=— ===
(l) Nn 32 9

Sampling without Replacement: If the unit is not replaced before the selection of next unit
then sampling is without replacement (WOR).

N 1
Total Samples = C” , P(S)= NG

Example: Consider a population of size N=3,as, A, B,C
The possible samples of size n=2 are S;=(A,B) , S,=(A,C) , S3=(B,C)

P(Sl) = P(Sz) = P(Sg) = %=%: N]C-:
o N
n!(N —n)!

Q. Define stratified sampling?

Ans: When population is heterogeneous with respect to characteristics of interest. Divide the
population into homogeneous subgroups called strata. Select the simple random sample from
each subgroup.

Q . Define linear systematic sampling?

Ans: First unit is selected randomly from first ‘k’ units. Every K™ unit is included in the sample.

The interval ‘k’ is calculated by dividing the population size to the sample size.
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Q . Define circular systematic sampling?

Ans: ‘k’ will be decided by rounding down to the integer nearest  to N/n. First unit will be
selected at random from 1 to N units. Every k™ unit is included in the sample.
Q . Define cluster sampling?

Ans: A cluster is the sampling unit consisting on the observation units. Any sampling method
can be used for selection of clusters. All the units within a cluster are studied.
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SIMPLE RANDOM SAMPLING
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Q . Prove that sample mean is unbiased estimator for population mean under simple
random sampling with/without replacement.
Ans: Unbiased Estimator: The estimator is unbiased if its expected value is equal to the
population parameter

E (estimator)=Parameter

The expectation of a random variable is defined as the sum of the products of the probabilities

and the variable.
N
E(yi) = _Zl piYi
1=

Theorem: In simple random sampling with replacement and without replacement, the sample

mean, y is an unbiased estimator of the population mean Y :

Under SRSWR: y is unbiased estimate of Y when

E [ 37] =Y
n=sample size N=population size yi = observe variable on the ith sample unit.
The population mean Y is

- 1N

Y=n2 Y

I=1
An estimator of population total is
y=N3y
= g
_ ~ i=1 !
y is unbiased estimate of Y when _
E( )7] =Y

The expectation of y by definition is,
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y
=m
Under SRSWOR: Since there are [n possible distinct samples for without

replacement, then

_ m [n Y:| /N
E(y)= > {Z 4/[ ]
V=2 & n/ln
(N N-1
Now in (1 possible samples, each unit is appearing n-1 times,
SO
K=1 [i= n
_1(N—-1) N N
_”{ ”—1} iZ'lYi/[ ”}
_1 N
TN
=Y
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Q . Derive the Variance of Sample Mean under Simple Random Sampling (SRS) with
replacement and without replacement?
Ans: Variance of Sample Mean Under SRSWOR:

The variance of the sample mean for simple random sampling without replacement, yWOf,

is
_ _ 2
Var(ywor) — NN n Sn
2
=a-1 5
— N
where, T = N
Proof:
We know that
_ 1 N
Y=n 2,
1=1

The variance of this estimator is
v) — 41
Var(yj = ﬁVar Z Y;
=L
Since the variance of the sum of the random variables is equal to the sum of the variance of

random variables plus the sum of the covariance.

Var(y)—[ zVar(y)+ZZ Cov (V,Y;) J
i, j=1
J=i

Var(yi) = E(y- —Y)2=E(y?)—-Y?2

ZYZ —Y2
|_1
=4 §Y2 NY2]
Li=1
_ 1| N vl
=N El[Yi —Y”
:N 182
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COV(yi yj): E(yi yj)_Y—Z

— Ny =YY -YE
N(N—D) = Vi ]
j=

_ N(I%I—l) { [ElY' T_élYiZ[izll\lel} N (N-1) }

MZ
<

|

IMZ

"<
N

|

0))

N

N

Z

SOV Y P=—NN -y |

After substitution we get

=1

ov_ 17 N1 N s2
Var(yi=pelzy NSt P N

I
_1{n N-1g2_N(N-1 Sz}zN—n S2
N n N n

=2
Variance of sample mean for SRSWR:

The variance of the sample mean for simple random sampling with replacement, ny , 1S

— — 2
Var(Yywr)= NN 1Sn

2
a5
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Proof: We know that

—— n
Y=7 > VY;
=

The variance of this estimator is
Var(yj = 12Var[ ﬁ y.l
n i=1 [
Since the variance of the sum of the random variables is equal to the sum of the variance of
random variables plus the sum of the covariance

Var(?):nlz[i%]_Var(yi)J

Var(y;)=E(y; -Y)2=E(y#)-Y?2

Q. Derive unbiased estimator of variance under SRS with replacement and without
replacement.

Ans: For simple random sampling without replacement, s? is an unbiased estimator of S? and for
simple random sampling with replacement s?is an unbiased estimator of S%(N-1)/N.

Proof: For both simple random sampling without replacement and simple random sampling with

replacement, we have

n—vs2=3 (v; —92= v, - - -}
=L = n
:_gl (Y; —Y)? + EZEV _Y_JZ_ 2> (yi -Y) (¥ —-Y)
=1 =L =1
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=8 -2 an(y - YFP-20 -V (% — V)

=1 1=l
= 2 (y; —V)2 + n(y = Y °— 2n(y - V)2
=1
=2y, 2 —n(y -V
=1

Taking expectation
(N—D) E(®)=n E(y; —Y)2—n E(Y —Y)2

E(yi —Y)2 = NN—lSZ

As we know that " therefore

(n—1) E(s2)=n NT—lsz — n E(Y — Y)2.

_ 2
N/ — 2 1— n S
Now E(y Y ) is the variance of the sample mean, which is [ N ] N for
11 J S2

N

simple random sampling without replacement and is [ for simple random

sampling with replacement.

Hence for simple random sampling without replacement

_ _ 2
E(s?) = n'll I\IN ts2— [NN n]nrllsn

—S2

and for simple random sampling with replacement

_ _ 2
E(s?) = nrll I\IN 1s2— I\IN 1nrll Sn

— N _182

N
Standard error

The standard error of the sample mean y is
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SE(Y) =Nar(y)

S J% for srswor

- 1 1
S\/n[l—NJ for srswr

Q. Whatis R?
Ans: R was initially written by Ross Ihaka and Robert Gentleman at the Department of

Statistics of the University of Auckland. The R software is derived from an original set of notes
describing the Sand  S-Plus environments.

Downloading R https://cran.r-project.org/

= The Comprehensive R Archive Network
[Download and Install R
Precompiled binsry distbutions of e base system and cootnbuted packages, Windows and Mac users most ikely want one of
whese veraons of R
'+ CRAN
+ Murors + Downlosd R foe Linux
| What's gew? Download R for Mac) OS X
| Task Views oad R for Windowy
i Search
R 15 past of many Lumx dustributioss, vou skowdd check with your Linux package management system m addition to the lnk
. dbout R iabove.
i R—IM iSource Code for all Platforms
| The R Jouensl
| Sof [Windows 224 Mac users most iikely want to download the precompiled binanes bisted m the upper box. not the scurce code. The
| Sofhware "
‘R .‘N.i{ riae poneces have to be compiled before vou can use them 1f vou do mot know whan this meass, yos probably do not want o do 7!
+ R Source
if&ﬂ: ¢ The latest release (Fnday 2017-06-30, Sngle Candle) R-3 4. 1 tar g2 read what's new i the latest verswon
+ Ot + Soutces of R alpha and beta releases (daly snapshots, created only m tme perods before & planned relesse)
! i)l\xu-mmm:n + Daily snapshots of current patched and developeoent versions are avmlisble here. Please read about new festures od bog
'},‘,‘u&” ! fixes before filieg corresponding feature sequests or bug repors
: EA!
: Contributed + Source code of older verssons of R 15 svaghable hege
+ Comtbuted extension packages
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FAQs

R for Windows

Subdirsctones:

base Binanes for base distnbution (masazed by Duzcan Murdoch). This 15 what you wast 10 install R for the first time
e Binanes of coatributed CRAN packages (foc R >=1 11 x managed by Uz Lizoss). There 5 also informanion on third
. pary software availsble for CRAN Windows services and comespondies environssess and make vanables

old coatrib Binanes of coatributad CRAN packages for ousdatzd versions of R (for R <211 x managed by Uwe Lizoss)

Riooks Toels %0 butld R a2d R packases (manaced by Duncan Murdoch). This 5 what you want 1o build vour own peckages ca
S Windows, or to butld R sself

Please do not subeut binanes s CRAN. Package developars might want %0 contact Duscan Murdoch or Uwe Ligzes directiy n case of questions | suzzessions selaizd
10 Windows beanzs.

Yoo mav 2lso waat to sead the R FAQ 2nd R for Windous FAQ.

Note: CRAN does some chacks on these bianes foe vrusss, but canot ive guarassass. Use the noemal precautions with downicadad execmablss.

R-3.4.1 for Windows (32/64 bit)

Download R 3.4.1 for Windows (75 megabyses. 3264 1)

Instalation and other instrudtices
Hew fzatures in this version

H you want to doublecheck dhat the packase vou have domnloaded matrhes the packaoe dimibused by CRAN, you can compere &2 miizum of the 2xe o the
finserprins on the master server. You mll nzed a version of mdSsum for mndows: bock graphcat and command line versioes are avatlable.

Frequently asked questions
+ Does R run ender o version of Windows”

« Bowdol y peeiaous verson of R?
+ Skould I'ren 32-biror 64t R?

Please ez the R FAQ for penzeal information abowt R and the R Wandows FAQ foc Windows-specific mforsation

Other builds
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R Commands y<-¢(1,2,3,4,5)
#indexing Y[2]

#Mean mean(y)
#Standard Deviation sd(y)

#Variance var(y)

Q . How sampling is done by using R?
Ans: Sampling With replacement Sample (y, size, replace=TRUE)
Sampling With replacement Sample (y, size, replace=FALSE)
OR
Sample(y, size)
Consider a Population consisting on
111, 150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114
Enter population data in R
yp <- c(111, 150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114)
Taking sample by SRSWR in R
ys <- sample(yp,5) Output: 114 121 111 186 150
Mean of sample mean(ys) Output: 136.4
Standard Deviation  sd(ys) Output: 31.73
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yp <- ¢(11,150, 121, 198, 12, 136, 14, 129, 17, 115, 186, 110, 121, 15, 14)

#population size N<-length(yp)

#sample of size 5 ys <- sample(yp,5)

#sample size n<-length(ys)

#mean of the sample mys<-mean(ys)

#variance of the sample vys<-var(ys)

#variance of ybar vybar<-(1-n/N) *var(yp)/n
#standard error sdr<-sgrt(vybar)

#estimate of population total ept<-N*mys

#estimated variance vept<-N"2*vybar

#estimated standard error sdept<-sqrt(vept)

yp <- ¢(11,150, 121, 198, 12, 136, 14, 129, 17, 115, 186, 110, 121, 15, 14)
#sample of size 5 ys <- sample(yp,5, replace=TRUE)

Q. Define the Simulation Study for Sampling Strategy?
Ans: The simulation study is useful to evaluate a sampling strategy. We can generate the
populations considering specific situations. Generate the population. The sample of size ‘n’ is
obtained ‘k’ times. From each sample the estimator is obtained. The variance of ‘k’ estimators is
calculated for examining the efficiency.
Consider a Population consisting on
111, 150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114
Enter population data in R
yp <-¢(111,150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114)
Taking sample by SRSWOR in R ys <- sample(yp,5)
mean(ys)
Now we will take ‘k” samples in R.
R program for k Samples
Suppose, k=10, n=5.
The “for loop’ is used to repeat the statements.
ml<-c();
yp <- ¢(111,150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110,
121,115, 114)
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for (iin 1:10){
s <- sample(yp,5)
m1[i] <- mean(s)
}
Output
Sample means with 10 repetitions
149.8 129.2 140.8 132.4 118.2 117.6 118.4 118.0 132.6 132.6
k Samples
Suppose, k=10000, n=5.
The ‘for loop’ is used to repeat the statements.
m1<-c();
yp <-¢(111,150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114)
for (i in 1:10000){
s <- sample(yp,5)

m1[i] <- mean(s)

Jvar(ml)
Output
On first run, the result was 101.7741
On second run, the result was 102.1403
On third run, the result was 100.2455

Q . Obtain the 10000 random sample of size 6 under SRSWOR using the following
Population and find the mean.
111, 150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114
Ans:
Given population is
111, 150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114
Enter population data in R
yp <-¢(111,150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114)
Here, k=15000, n=6.
The “for loop’ is used to repeat the statements.

mi<-c();
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yp <-¢(111,150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114)
for (i in 1:10000){
s <- sample(yp,6)

m1[i] <- mean(s)

}
var(m1l)
Out put
On first run, the result was 75.4034
On second run, the result was 75.9143
On third run, the result was 75.6871

Q . Obtain 1000 random number through normal distribution with mean 0 and variance 1
as population. Obtain the 10000 random sample of size 6 under SRSWOR using the
population and find the mean.
Ans: 1000 values with mean=0 and standard devitaion=1.

rnorm(n,mean,sd)

yp <- rnorm(1000,0,1)

Suppose, k=10000, n=5.

m1<-c();

yp <- rnorm(1000,0,1)

for (i in 1:10000){

s <- sample(yp,5)

m1[i] <- mean(s)

}
var(m1l)
Output
On first run, the result was 0.2044265
On second run, the result was 0.1914794
On third run, the result was 0.198996

Q . Explain the Estimation of Sample Size for Mean Estimation by using an example?

Ans: Sample size Estimation
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Let ‘d’ be the margin of error with some probability o by which sampling value differs from

population value. Specifying a maximum allowable difference ‘d’ between the estimate and the
true value and allowing for a small probability o.

The probability of the margin of error being less than d is given by
P[ ‘7—\7 |>d ] =a
We assume that sample mean is normally distributed, i.e.
o I
S.E(Y)
I Vi
- SE(y) SE()
d=|y-Y|=t SE()

Consider the case of sampling without replacement.

d?Nn
t2

:(NSZ—nSZ)

(tS /d)?

T e AN
L, (87d)
N

When the population size is large
n=(tS/d)’
Example: A quality manager is interested to estimate the mean diameter of bolts produced in the

last week. Determine the sample size to obtain 90% confidence level for population if the error

in the estimate will not be more than 3cm. A pilot sample yields a standard deviation of 30 cm.
Solution:

n=(tS/d)?
e (1.645)*(30)>
(3)*
n=270.60

Sample size when cost is involved

. . C=C,+nC
Cost plays major role in conduct of surveys 0 !

C =Total Cost
C, = Fixed Cost
C, =Cost PerUnit
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The loss due to sample mean is not equal to population mean
where d is a constant.

L(n) =E(C,+nC,)+E[d(V-Y)* |
=C,+C,E(n)+d E(Y-Y)
L(n)=C,+Cn+d Var(y)
L(n)=C,+Cn+d S—z
Derivative with respect to n and equating to zeror:/vill produce optimum value as

n:,\/dSZICl

Q . Estimation of sample size for estimation of proportion?

Ans: Suppose we have N population units  i.e. Y1, Yo, .... Yi, ...Yn
yi = 1 if ith unit possesses a certain attribute and 0 otherwise.

The population proportion is defined

- . N
The sample proportion is Y= Y/N=A/N=P

i=1

y=>y/n=aln=p
i=1
Since Y, takes the values as 1 and 0.

>Y2 = A=NP

i=1

The same is the case for sample. L
D y*=a=np
i=1

i=1 i=1
N
> (Y —Y)Z
2 =
g4 =
(N-1)
N
52—~ _pa_p
N1 1-P)
g2 _NPQ
N -1
Similarly s?=npq/(n—1)
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For SRSWOR B
Var(pWOr): N nﬂ!
N n-1
For SRSWR _
N n-
When fpc is ignored var(p) = pq/ (n—1)
For SRSWOR N —n
VAR(VWOI') = 821
n
N —n NPQ
VAR(p,, ) = - NPQ
(pWOr) Nn N _1
N-n PQ
VAR(p,, )= 12
(Puor) N1
N_n PQ
Standard Error of Proportion S.E(Puor) = N1

For the large sample size

var(p)=pg/n
The standard error

S.E(p)=+/pq/n

Sample size Estimation

p-P| _ d
SE(p) SE(p)
d =txS.E(p)

t°PQ/d?

"TLei(E PQrd o)

1++

When sample size is large.
n=tz 24
d

d =txS.E(p)

d? =t? xVAR(p)
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o[ N0 P0]
N-1 n

, {tzNPQ tzPQ}
d? = _
n(N-1) N-1
UNPQ _ [ 'PQ
(N-1) -
2NPQ
(N-1)

B
N-1

t2NPQ
(N-1)

n=

1

m[(N ~1)d* +t°PQ |

o t’NPQ
[(N-Dd* +°PQ]

/
2
n— d

1 t?PQ
N{(N _1)"' dz }

t’PQ/d?

n=1+ﬁ(t2 PQ/d’ -1)

Q. Derive the Confidence Interval for mean and proportion. Also explain with the help of

R

Ans: Confidence Interval for Mean (Known variance)

The interval estimation of population mean
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Lower Limit
y — 21_% S.E(Y)

Upper Limit
Y + zli% S.E(Y)

Confidence Interval for Mean (Unknown variance)

The interval estimation of population mean when population standard deviation is not known

o 4+ —
Y _tli%,v S.E(Y)

Example: The XYZ Company produces cold drink diet cans with standard deviation of the
amount poured into cans by automatic filling machine is 1.4 ml (milliliter). A random sample is
taken of the amount of filling in cans were 281, 278, 276, 282, 280, 279, 278, 280. Suppose that
population of filling amount follows normal distribution. Determine 95% confidence interval for
the mean amount in all cans filled by the machine.

lution: )
Solutio Given

o=14

The 95% confidence limits will be
y+1.96S.E(y)

The Lower Limit
279.25-1.96(0.495) = 278.2998

The Upper Limit
279.25+1.96(0.495) = 280.2201

Confidence Interval of Mean Using R
yp <- c¢(111, 150, 121, 198, 112, 136, 114, 129, 117, 115, 186, 110, 121, 115, 114)

#population size N<-length(yp)
#sample of size 5 ys <- sample(yp,5)
#sample size n<-length(ys)

#mean of the sample mys<-mean(ys)
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#variance of the sample vys<-var(ys)
#variance of ybar vybar<-var(yp)/n
#standard error sdr<-sgrt(vybar)

The interval estimation of population mean when population standard deviation is not known
error <- gnorm(0.975)*sdr
The respective lower and upper limits are
left <- mys-error
right <- mys+error
Confidence Interval for Proportion
The interval estimation of population pro-portion is
p+z_,,S.E(p)
A simple random sample of 80 students is taken from a population of 470 students in a
department. The total number of smokers in the sample was 22.
Confidence Interval of Smokers

Smoker are 22

p=§_0275

= —p 0.725

S.E(p) = \/7 0.0499

The 95% confidence limits will be
p+ zlf%S.E(p)

p+1.96S.E(p)
The Lower Limit

0.275-1.96(0.0499) =0.1772
The Upper Limit

0.275+1.96(0.0499) = 0.3728
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STRATIFIED SAMPLING
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Notations
N = Ny+N, + Ny + -+ N,
Similarly,
n=n;+n;+nz3+--+ny
N
2
Y, ==L =Stratum mean
Np
Mh
Sample mean of stratum o EY“
Yh = e
As in Simple Random Sampling
E(Yh) =Yy
Sample Mean . Nj-n, S?
P Var(y,) =~ =20
Np
ok K
Voo = 2 Np¥n /N =2 Wy,
h=1 h=1
1 N 2
Sf = 2 Yni —Yh
N _1i:1( =)
. . 2 1 2 Y.
Estimated population total Sy = N 1Z(ym =Yn)
h—Lliz
Yoo =Ny

Q. Prove that sample mean is unbiased estimator of population mean under stratified
sampling.

In stratified sampling, the sample mean is an unbiased estimator of population mean i.e.

E(Vst):Yst
As in Simple Random Sampling

E(Yh) =Yh

Taking expectation of the sample mean of stratified sample, we have:

_ 1 K _ —
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o E(Yp)=Yh
Similarly it can be proved that

E(Ye) =Y
Q . In how many allocation methods variance of sample mean can be derived in stratified
sampling?
Ans: Allocation of Sample Size
The variance of y, can be derived by using following allocation methods:
i.  Arbitrary Allocation,

ii.  Proportional Allocation, and

iii.  Optimum Allocation.
Q . Drive the variance of sample mean in stratified sampling using arbitrary allocation?
Ans: Arbitrary Allocation
The total sample is allocated arbitrarily among the strata
Theorem

The variance of sample mean, Vet for stratified random sampling for finite population
sampling is
K Sﬁ

Var(yst)zég“l{Nh(Nh—nh)n—}

h

Var (%) = -1 3 Ny (g =) 32
st N = h {Np =Ny e
_ 1 X 5 S?
Var =—» Ni (N, —n
(yst) th::l h( h h)Nhnh
var(vVy)=S —"(N, —n h
(yst) hZﬂ 2( h h)Nhnh
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For large value of N, the above equation transferred to

K
var (Vg )= hlehzsﬁ /g

_ kW2 s2 Kk WS2
Var (7,)= >, "0 5 T

h=t Th ha N

Variance of total
var ( yét ) —=\ar ( N Vs )

Kk N2 g2 &
/ h °h 2
Var(yst)=2 - 2 NpSp
h=1  Mh h=1
Q . Derive the Variance of Sample Mean in Stratified Sampling using Proportional

Allocation?
Ans: Its Originally proposed by Bowley (1926) . If sampling fraction in all the strata is same,
then the allocation is termed as proportional allocation. The sample size of hth stratum in this

case given by

n
nhZWNh:nWh
Var(yst)_hzll\lz(Nh nh)N :
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(N-n)

k
Varprop (yst ) = thzsﬁ
h=1 NNy,

Varyep (7) = Sz 1)
h=1 NN,

Q. Derive the variance of sample mean in stratified sampling using optimum allocation
Ans: The purpose of optimum allocation is to allocate ny, in such a way that minimum variance is
achieved for a minimum cost. ny are chosen either to minimize Var(y,) for a fixed sample size
or cost is minimized for given variance.
The two aspect of optimum allocation are

i.  Sample size is proportional to stratum size and standard deviation of stratum (Neyman

Allocation).

ii.  Sample size is inversely proportional to cost.
Sample Size to Minimum Variance for Fixed Cost
In stratified random sampling Var(yy)  will be minimum subject to the cost when ny, is

proportional w.s /. [c, o i.e
K
nh:(WhSh/\/a)/ LZ_lwhSh/ﬁ}

The variance of sample mean y, for stratified random sampling is

_ k k
Var(yg) =S WZSE /n, =Y W,SZ /N
h=1 h=1

k
where C = total cost, C=Cy+D.Cyny,
h=1

We introduce Lagrange’s multiplier i.e.
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_ k W2 s2  kws?
Var ()= 3,02 - Thoh

h1 My ha N

Partially differentiating w.r.t. n, and equating to zero
W2S?
_Whon

3

My N2 =W,Sp/\[Ch
Wy Sh
n, = Ch
T
A

+AC;, =0

Variance under Optimum Allocation

Minimum Variance for Fixed Cost
K WY Sh K W, Sh

Var(yst)zz )

h=1 Th ha N

f, = nW,S;/\Ch

k
S, Gy
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Varo () | W,/ || S

Neyman Allocation

oy = nWhSh/\/a

k
S, Gy

If C; =C,=... =C then the cost function willbe C=Cy+nC
_ nW,S,/~/C
k
>W,S,/C
h=1
= :thh
> Wiy
h=1
(& 21k
Varmin(yst):_(zwhshj —— > WSy
n\pa [\

I . K 1 &
Varmin(yst):—(thsh/ﬁj(zwhsh/ﬁj—ﬁthsﬁ
N h=1 h=1 h=1
For large N )
_ 1( X
Vari, (st ) lﬁ(ZWhShj

h=1

Example:

Consider a population of size 700 consisting on three strata such that N;=100, N,=250 and
N3=350. The required sample size is 18. The sample size from stratum-1, stratum-2 and
stratum-3 is arbitrarily decided as 4, 8 and 6, respectively.

The sample from each stratum is chosen as

Stra-1 Stra-2 Stra-3
1 7 23
3 12 14
2 8 20
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5 5 22
11 24
10 17
9
12
Stra-1 Stra-2 Stra-3
1 7 23
3 12 14
2 8 20
5 5 22
11 24
10 17
9
12
mean 2.75 9.25 20
Np 100 250 350
Sh 1.708 2.493 3.847
Nh 4 8 6
Stra-1 Stra-2 Stra-3
mean 2.75 9.25 20
Np 100 250 350
Sh 1.7078 2.4928 3.8471
Np 4 8 6
Yot = 2 Wh¥Yp =2 Ny /N
h=1 h=1
_ 1 _ _ _
Yst :N[lel +Noy, + N3y3]
Vg =13.70
N
lesz( 1 n1)+W22822( 2 2) W2832( 3 ”3)
1M 2 N3ng
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Stra-1 Stra-2 Stra-3
W, 0.1429 0.3571 0.5

Np, 100 250 350
S 29168 | 6.2143 | 14.800
Np 4 8 6

Var (Y )=0.7162

Confidence Interval for Mean
The interval estimation of population mean

yst * Zl,% SE(yst)

13.7+1.96(0.8463)
Lower Limit
13.7-1.96(0.8463) =11.41
Upper Limit
13.7+1.96(0.8463) =14.73
Example:

Ans: Consider a population of size 700 consisting on three strata such that N;=100, N,=250 and
N3=350. The required sample size is 18.
The sample size from stratum-1, stratum-2 and stratum-3 is

L 3
The sample from each stratum is chosen as

Stra-1 | Stra-2 | Stra-3
1 7 23
3 12 14
2 8 20
5 5 22
4 11 24
3 10 17

Virtual University of Pakistan Page 35



STA632-Sampling Techniques

Stra-1 | Stra-2 | Stra-3

1 7 23
3 12 14
2 8 20
S) 5 22
4 11 24
3 10 17

mean 3 8.83 20
Nh 100 250 350
Sn | 1.4142 | 2.6394 | 3.8471
Nh 6 6 6

Stra-1 | Stra-2 | Stra-3
mean |3 8.83 20

Nh 100 250 350

Sh 1.4142 | 2.6394 | 3.8471
Nh 6 6 6

Kk
Vst = 2 Wh¥Yh =2 Np¥i /N
h=1 h=1

_ 1 _ _ _
Yt =W[N1Y1 + Ny, + N3Y3]
yst :13.58

3 N, —n
Var (7 ) = S wzsz (Mo =)

h=1 Nh nh

W2s? (Ny—my) +W2S2 (Ny—ny) W22 (N3 —n3)
Ny Ny, N3ng

Stra-1 Stra-2 Stra-3
W, 0.1429 0.3571 0.5
N, 100 250 350
Sy 2 6.967 14.800
nn 6 6 6
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Var (¥ )=0.7163

Confidence Interval for Mean
The interval estimation of population mean

yst * Zl_% SE(yst)

13.58+1.96(0.8701)
Lower Limit
13.58-1.96(0.8701) =11.36
Upper Limit
13.58+1.96(0.8701) =14.78
Example:

Ans: Consider a population of size 700 consisting on three strata such that N;=100, N,=250 and
N3=350. The required sample size is 18. First we will allocate the sample size to each stratum
according to proportional allocation.

Sample Size Allocation
N;=100, N»,=250, N3=350, N=700, n=18

n
Ny :WNh
n="n, = 2810023 ny="UN, =22 2506
N 700 N 2700
n3=%N3=%350=9

The sample from each stratum is chosen as

Stra-1 | Stra-2 | Stra-3
1 5 23
2 11 14
5 10 20

9 22
12 24
6 17
23
21
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| | [ 19 |

Stra-1 | Stra-2 | Stra-3

1 5 23
2 11 14
5 10 20
9 22

12 24

6 17

23

21

19

mean | 2.67 8.83 19.86
Nh 100 250 350
Nh 3 6 9

Stra-1 | Stra-2 | Stra-3
mean | 2.67 8.83 19.86
Np 100 250 350

Nh 3 6 9

K K
Vst = 2 Wh¥h = 2 Ny ¥y /N
ho1 ho1

_ 1 _ _ _
Yet :ﬁ[lel + Ny, + N3Y3]

yst :13.46
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W12312 (Nl_nl) +W22322 (Nz —”2) +W328§ (N3 —n3)
Ny NN, N3ng

Var (Vg ) =0.527
Confidence Interval for Mean
The interval estimation of population mean
yst * Zlf% SE(yst)
13.46+1.96 (0.726)

Lower Limit
13.46—-1.96(0.726) =12.47
Upper Limit
13.46+1.96(0.726) =15.32
Q . Give an example to explain how Sample Size is obtained in Optimum Allocation?

Ans: A manufacturing company in interested to conduct a survey about a certain product from
three towns (say A, B, and C) of a city. The towns are different from each other with respect to
the household income. The number of houses in Town A, B, and C are 170, 135, and 80,
respectively.

The company finds that obtaining an observation cost from town A or B is same as Rs.500 (i.e.

C1= C2=500). The cost per observation in the town C is Rs. 800. (i.e.c3=800).

5,3, S,~7, S;=10

The overall sample size with certain margin or error is 30. Find the sample size from each Town

(stratum) n,n,,n, =?
Sample Size in Optimum
Town-A Town-B Town-C
Sh 3 7 10
Np, 170 135 80
Ch 500 500 800
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Stra-1 Stra-2 Stra-3
Sh 3 7 10
Np, 170 135 80
Ch 500 500 800
NiSh 510 945 800
NS/
sqrt(Cy) | 22.8078 42.2616 28.2843
3
D> N,S, /c, =93.35
h=1
B N,S, /4/c,
h — 3
> N,S, /e,
h=1
N.S, /
n =n i 22.8078
h 3 - =7.33=7
z NS, /\E 93.35
h=1
N.S., /./c
n,=n| 22— n, = 30(%) =13.58~14
> N,S, /e 35
h=1
| NS ey n =30[ 2228431 _g 09~ 9
3 3 93.35

n=7n,=14,n,=9
Q . By using an example explain the Variance for Optimum Allocation

Ans: n=7,n,=14,n,=9
Stra-1 | Stra-2 | Stra-3

1 57 23

2 11,6 14

Virtual University of Pakistan
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5 10, 8 20
4 9,12 22
3 12,11 24
6 8,9 17
10 11,13 23
21
19
Stra-1 Stra-2 Stra-3
Mean 4.4286 9.4286 20.333
Np 170 135 80
Nn 7 14 9

K K
Vst = 2 Wh¥h = 2 Ny Vi /N

h=1 h=1

_ 1 _ _ _
Yst ZW[N1Y1 + Ny, + N3y3]

Vo =947
Stra-1 Stra-2 Stra-3
Mean 4.4286 9.4286 20.3333
Nh 170 135 80
Nk 7 14 9
Sh2 8.9523 5.8022 10.5
3 N, —n
Var(y) - s wisg (o)
h=1 NpMy
W2s? (Ng—m) +W2S2 (Ny—ny) W22 (N3 —n3)
1™ Ny, 3N

Var (Y ) =0.329

Confidence Interval
The interval estimation of population mean

Va2, SE(T)

o 9.49+1.96(0.57399)
Lower Limit

9.49-1.96(0.57399) =8.36
Upper Limit
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Q . Give an example to explain how Sample Size is obtained in Neyman Allocation?

Ans: A manufacturing company in interested to conduct a survey about a certain product from
three towns (say A, B, and C) of a city. The towns are different from each other with respect to
the household income. The number of houses in Town A, B, and C are 170, 135, and 80,
respectively.

The company finds that obtaining an observation cost from town A or B or c is same.

S,=3,S,~7, ;=10
The overall sample size with certain margin or error is 30. Find the sample size from each Town

(stratum)
n,="?

n 3

l’n

21

Town-AJTown-B[Town-C

Sl 3 7 10

INij 170 135 80

Cnl 500 500 500

NS,

ZNhSh

h=1

Stra-1(Stra-2|Stra-3
Sh| 3 7 10
N | 170 | 135 | 80
Cy | 500 | 500 | 800

NhSh 510 | 945 | 800

3
>'N,S, =2255 0 —nl _NaSh
h=1 h— 3
Z Nhsh
h=1
N,S
n=nl 5—— nlzso(ﬂj:msz?
zNhSh 2255
h=1
N,S, n, =30(—945 j=12.57 ~12
,=n| —2= 2255
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— NZSZ
n,=n n, =30 800
2255

j =10.64=11

N =7,n, =12, n;, =11

Q . Derive the Variance for Neyman Allocation by using an example?

Ans:
n=7n,=12,n,=11

Stra-1 | Stra-2 | Stra-3
1 57 23
2 11,6 14
5 10, 8 20
4 9,12 22
3 12, 11 24
6 8,9 17
10 23
21,19
20,18
Stra-1|Stra-2| Stra-3
Mean|4.4286/9.0000(20.0909
N, | 170 | 135 80
Nh 7 12 11
k k _ 1 _ _ _
Vst = 2 Wh¥h = 2 Ny, /N ySt:W[lel+N2y2+N3y3]
h=1 h=1
Vs =9.29
Stra-1 Stra-2 Stra-3
Mean 4.4286 9.0000 20.0909
Np 170 135 80
Nn 7 12 11
Sh2 8.9524 5.2727 8.8909
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3 Np—n
Var(yst)zhzlwhzsﬁ—( l:I - n)
= hMh

W12312 (Nl_nl) +W22822 (Nz —”2) +W328§ (N3 —n3)
Ny NN, N3ng

: Var(Vy. )=0.3184
Confidence Interval (V)

The interval estimation of population mean

Vo £ zl_% S.E(Yy)
9.29+1.96(0.5643)

Lower Limit
9.29-1.96(0.5643) =8.18
Upper Limit
9.29+1.96(0.5643) =10.39

Q . Give Comparison of Allocation Methods?
Ans: Variance (Rand) & Variance (Prop)

Varran(y): Nn s2
%(Yi Y
g2 _i=l
N-1
kK Ny
> (Y=Y
g2 _h=l i=l
N-1
i %(Y Y)?
Va ran(y) NN_nn h=1 |::|l_\I _hll
kN 3 C N ) L
2 20 -Y)? -> E[(Yhi )+ (Yn-¥)]
kN, T -
5, 3t o )7
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p
=

(g =70 ) 303 (V)

1i=1 h=1i=1

(Ya-Y)=0

Mz—

h

as

T M=~

>

1

k -
(Nh—1)5ﬁ+zNh(Yh—Y)2
1 h=1

M=

(N-1)82 =

h
for the large N

k k )
NSZ:?NhSﬁ+hZNh(Yh—Y)
-1 -1

k N k N. — —\2
§2=y hg2 iy hfy,_y
ha N h:lN( )

k k _ —\2
= > WLSE + X Wy (Yn-Y)
h=1 h=1

k k - —\2
0% =03 Wy SE+0Y W, (Yn—Y)
h=1 h=1

k —  —\2
Vyan =Virop + ehzwh (Yn-Y)
=1

Vi 2V

ran prop

Variance (Prop) & Variance (Opt)

_ N —n

k
Varprop (yst ) = N thsﬁ

h=1

Varopt (yst ) = ]

k 2 1 k )
D2 WiSh | —— 2 W, Sh
h=1 N

Var (Vprop ) —Var(yopt )

h=1 h=1 h=1

2 2
Var(yprop)_var(yopt)z%!iwhsﬁ_Z(iwhsh] +(iwhsh] ]
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h=1 h=1 h=1 h=1 h=1

k k
Var(yprop ) _Var(yopt ) = %hz_:lwh (Sh - thSh

h=1

Comparison h=1

\Y

V

V

prop ZVopt

>V

ran =V prop

>V >V,

ran prop = Yopt

Example:

:%{iwhsﬁ - 2£iwhshJ[iwhshj+ iwh [iwhsh

k k
Var(yprop ) :Var(yopt ) +%hZ‘,1Wh [Sh - thSh

J
:

All the 80 farms in a population are stratified by farm size. The expenditure on the insecticides

used during the last year by each farmer is presented in table

Large farmers Medium farmers Small farmers
75 76 55 40 51 28 35 31 26
65 79 45 38 55 47 28 38 32
86 62 3% 33 41 61 36 42 18
57 92 30 43 48 35 40 33 16
45 50 42 53 54 31 25 29
69 48 38 37 36 23 18 25
48 7 40 52 44 28 35
60 60 36 39 47 32 26
55 64 48 46 39 13 30
66 58 46 42 41 19 37

» Select a stratified sample of 24 farmers by using equal allocation

* Compute the variance of sample mean under simple random sampling without

replacement.

» Compute the variance of sample mean under stratified sampling using equal allocation.

« Compare the variances

Virtual University of Pakistan
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Ans:
Population Mean
It is given that N=80,

n=24,N1=20, N2 =36, and N3 = 24.
W1 =0.25 W2 =0.45, and W3 =0.30.

_ N
Y:zYi/N:(75+65+O ..... +16)
i=1

Variance Under SRSWOR

=47.79

The overall standard deviation is

var(y)=N=ng2

NnNn
2 Ié(\q—\?)z
TN
— 268.68
v)—(80—24
Var(y) —[ 802 4}268.68
Var(y)=7.84

Variance under Stratified Sampling

Stra-1 | Stra-2 | Stra-3
Wh| 025 | 045 | 0.30
Nn | 20 36 24
Sy? | 169.52 | 70.56 | 61.45
Nh 8 8 8

(Np —ny)

NN,

3
Var (Vg )= hZWhZSﬁ
|

W12312 (Nl_nl) +W22822 (Nz —”2) +W3283? (N3 —”3)
Ny ny Ny, N3N,

Var (Vg ) =2.64

Under SRSWOR
Var(y)=7.84

Under Stratified Sampling for equal allocation
Var (Vg )=2.64
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Q . Give an example to explain the Comparison between Proportional Allocation and
Simple Random Sampling?
Ans : All the 80 farms in a population are stratified by farm size. The expenditure on the
insecticides used during the last year by each farmer is presented in table below (Source:
Elements of Survey Sampling by Singh and Mangat).

Large farmers

75
65
86
57
45
69
48
60
55
66

Population Mean

76
79
62
92
50
48
77
60
64
58

55
45
35
30
42
38
40
36
48
46

It is given that N=80,
n=24,N1=20, N2 =36, and N3 = 24.
W1 =0.25 W2 =0.45, and W3 = 0.30.

N
Y=YY,/N=
i=1

Variance under SRSWOR
The overall standard deviation is

Proportional Allocation

Var(y)=|

40
38
33
43
53
37
52
39
46
42

Medium farmers

Small farmers

51 28 35 31 26
55 47 28 38 32
41 61 36 42 18
48 35 40 33 16
54 31 25 29

36 23 18 25

44 28 35

47 32 26

39 13 30

41 19 37
(75+65+.....+16) 4779

80

= 268.68

Var(y) =|\||\|_n”82

80-24
80x24

Var(y)=7.84

J268.68

N1=20, N2=36, N3=24,N=80, n=24

n, = \ N
*
Virtual University of Pakistan n, _n N, ==-36=10.8 Page 48
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Variance under Proportional

Stra-1 | Stra-2 | Stra-3
Wy | 0.25 0.45 0.30
Nh 20 36 24
Sy? | 169.52 | 70.56 | 61.45
Ny 6 11 7

N, —n N, —n -
Wfsf( 1 1)+W22322_( 2 2)+W3283—
Ny ny N2, N3N,

1.2361 +.9021 + .5596

Comparison of Variances Var (Vg ) =2.698

Under SRSWOR
Var(y)=7.84

Under Stratified Sampling for proportional allocation

Var (Y ) = 2.698

RE=290.5

Example:
Comparison between Neyman Allocation and Simple Random Sampling?
Ans: Population Mean
It is given that N=80,
n=24,N1=20, N2 =36, and N3 = 24,

W1 =0.25, W2 = 0.45, and W3 = 0.30.

_ N
V=SV /IN-= (75+65+.....+16) 4779

i=1

Variance under SRSWOR
The overall standard deviation is
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Var(y)= NN}” S2

= 268.68

v)—(80—-24
Var(y) —[80X24]268.68

Var(y)=7.84

Variance under Neyman Allocation

Stra-1 | Stra-2 | Stra-3

Wy| 025 | 045 | 0.30

Np 20 36 24

S2 | 169.52 | 70.56 | 61.45

N.,S
n=n 3N131 ~-83 n,=n| 522 |=97 n=n 3N333 —6
ZNhSh ZNhSh Z:NhSh
h-1 h-1 h=1

Stra-1 | Stra-2 | Stra-3

W | 0.25 045 | 0.30

Nn 20 36 24

S.2 | 169.52 | 70.56 | 61.45

| 8 § 10 (| 6
Vr (7.,) - $w;s? (e ™)

W12312 (Nl_nl) +W22822 (Nz —nz) +W32832 (Ns —n3)
1h N2, N3ng
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.7946 +1.0320 + .6913

Var (Y ) = 2.5179

Comparison of Variances
Under SRSWOR

Var(y)=7.84

Under Stratified Sampling for Neyman allocation

Var (Y ) = 2.5179

RE=311.2

Stratified Sampling with R
Q. Define the following data in R and perform stratified sampling. Calculate the
parameters for each stratum. Also find the mean of population.

Large farmers Medium farmers Small farmers
75 76 55 40 51 28 35 31 26
65 79 45 38 55 47 28 38 32
86 62 35 33 41 61 36 42 18
57 92 30 43 48 35 40 33 16
45 50 42 53 54 31 25 29
69 48 38 37 36 23 18 25
48 77 40 52 44 28 35
60 60 36 39 47 32 26
55 64 48 46 39 13 30
66 58 46 42 41 19 37

Ans:
Defining Strata in R

+ strl<-c(75,76,65,79,86,62,57,92,45,50,69,48,48,77,60,60,55,64,66,58)

+ str2<c(55,40,51,45,38,55,35,33,41,30,43,48,42,53,54,38,37,36,40,52,44,36,39,47,48,46,3
9,46,42,41,28,47,61,35,31,23)

+ str3<-c(35,31,26,28,38,32,36,42,18,40,33,16,25,29,18,25,28,35,32,26,13,30,19,37)

Parameters
Mean and Standard Deviation

y<-c(strl,str2,str3)
m_p=mean(y)
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sd_p=sd(y)
Output
m_p43.7875

sd_p16.39
Defining Terms
Defining Stratum Size

N1=length(strl)

N2=length(str2)

N3=length(str3)

N=N1+N2+N3
Defining Weights

W1=N1/N;W2=N2/N;
W3=N3/N

n=24

Mean & Standard Deviation
Mean of Strata

m_stl=mean(strl)
m_st2=mean(str2)
m_st3=mean(str3)
Standard Deviation of Strata
sd_stl=sd(strl)
sd_st2=sd(str2)

sd_st3=sd(str3)
Output

64.6,42.19,28.83
13.01,8.4,7.84

Variance & Stratified Mean
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Variances of Strata
var_stl=var(strl)
var_st2=var(str2)
var_st3=var(str3)
Mean of population using stratified population
m_yst=(1/N)*
(N1*m_stl + N2*m_st2 + N3*m_st3)

Q . Define the following data in R and perform stratified sampling using the proportional
allocation using the sample size 24. Also find the mean and variance.

Large farmers Medium farmers Small farmers
75 76 55 40 51 28 35 31 26
65 79 45 38 55 47 28 38 32
86 62 35 33 41 61 36 42 18
57 92 30 43 48 35 40 33 16
45 50 42 53 54 31 25 29
69 48 38 37 36 23 18 25
48 77 40 52 44 28 35
60 60 36 39 47 32 26
55 64 48 46 39 13 30
66 58 46 42 41 19 37

AnNs:

Sample Size Allocation
nl=round(n*(N1/N))

n2=round(n*(N2/N))

n3=round(n*(N3/N))
Term1=(W1"2)*var_st1*(N1-n1)/(N1*nl)
Term2=(W2"2)*var_st2*(N2-n2)/(N2*n2)

Output
24=6+11+7
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0.25,0.45,0.3

Variance under Proportional Allocation
Term3=(W3"2)*var_st3*

(N3-n3)/(N3*n3)
vp_prop=Terml+Term2+Term3

Output
2.698

Sampling from Stratum
sl=sample(strl,nl)
s2=sample(str2,n2)
s3=sample(str3,n3)
ms_stl=mean(sl)
ms_st2=mean(s2)
ms_st3=mean(s3)
m_prop="?

Output
73.17,42.55,27.14

45.58
Estimated Variance
vars_stl=var(sl);vars_st2=var(s2);vars_st3=var(s3)
Terml= (W1"2)*vars_st1*(N1-n1)/(N1*nl)
Term2=(W2"2)*vars_st2*(N2-n2)/(N2*n2)
Term3=(W3"2)*vars_st3*(N3-n3)/(N3*n3)
vs_prop =Terml+Term2+Term3
output

> vs_prop
[1] 2.57464

Q . Define the following data in R and perform stratified sampling using the Neyman
allocation using the sample size 24. Also find the mean and variance.

Large farmers Medium farmers Small farmers
75 76 55 40 51 28 35 31 26
65 79 45 38 55 47 28 38 32
86 62 35 33 41 61 36 42 18
57 92 30 43 48 35 40 33 16
45 50 42 53 54 31 25 29
69 48 38 37 36 23 18 25
48 77 40 52 44 28 35
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60 60 36 39 47 32 26
55 64 48 46 39 13 30
66 58 46 42 41 19 37

Ans:
Defining Strata in R

strl<-c(75,76,65,79,86,62,57,92,45,50,69,48,48,77,60,60,55,64,66,58)
str2<c(55,40,51,45,38,55,35,33,41,30,43,48,42,53,54,38,37,36,40,52,44,36,39,47,48,46,39,46,42
,41,28,47,61,35,31,23)
str3<-c(35,31,26,28,38,32,36,42,18,40,33,16,25,29,18,25,28,35,32,26,13,30,19,37)

Parameters

Mean and Standard Deviation

y<-c(strl,str2,str3)
m_p=mean(y)
sd_p=sd(y)
m_p 43.7875
sd_p 16.39
Defining Terms
Defining Stratum Size
N1=length(strl)
N2=length(str2)
N3=length(str3)
N=N1+N2+N3
Defining Weights
W1=N1/N; W2=N2/N; W3=N3/N
n=24
Output
80=20+36+24
0.25,0.45,0.3
Sample Size Allocation
nnl=round(n*(N1*sd_st1/sum))
nn2=round(n*(N2*sd_st2/sum))
nn3=round(n*(N3*sd_st3/sum))
Term1=(W1A2)*var_st1*
(N1-n1)/(N1*n1)
Term2=(W2A2)*var_st2*
(N2-n2)/(N2*n2)
Output
24=8+10+6
0.79,1.03,0.69
Variance Under Neyman Allocation
Term3=(W3A"2)*var_st3*
(N3-n3)/(N3*n3)
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vp_Ney=Terml+Term2+Term3

Output
2.52
Sampling From Strata
sl=sample(strl,nl)
s2=sample(str2,n2)
s3=sample(str3,n3)
ms_stl=mean(sl)
ms_st2=mean(s2)
ms_st3=mean(s3)
m_Ney=?
Output
68.13, 40.2,26.83
43.17
Estimated Variance
vars_stl=var(s1);vars_st2=var(s2);vars_st3=var(s3)
Term1= (W1A2)*vars_st1*(N1-nn1)/(N1*nn1)
Term2= (W2A2)*vars_st2*(N2-nn2)/(N2*nn2)
Term3=(W342)*vars_st3*(N3-nn3)/(N3*nn3)
Estimated Variance
vs_Ney=Terml+Term2 +Term3
Output
>vs_Ney
Q. Define the following data in R and perform stratified sampling. Calculate the
parameters for each stratum. Also find the mean of population.

Stratum

1 12, 14, 19, 22

2 362, 441, 456, 482, 444, 472,

3 124, 189, 142, 165, 135, 140

N=16;N1=4:N,=6;N3=6; n1=2;n,=3;n3=3;n=8;

Y<-c(12,14,19,22,362,441,456,482,444,472,124,189,142,165,135,140)
Y1<-c(12,14,19,22)

Y2<-c(362,441,456,482,444,472)

Y3<-c(124,189,142,165,135,140)

N=16;N1=4;N>=6;N3=6; n1=2;n,=3;n3=3;n=8,;
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w1=N1/N; w2=N2/N;w3=N3/N;
y1=c();y2=c();y3=c();yst=c(); for(i in 1:10000){
sal=sample(Y1,nl)
sa2=sample(Y2,n2)
sa3=sample(Y3,n3)
y1[i]=mean(sal);
y2[i]=mean(sa2);
y3[i]=mean(sa3);
yst[i]l=wl*yl[i]+w2*y2[i]+w3*y3[i];
}
mean(yst); var(yst)
Output
226.138
56.25539
mean(y)
vp=(w1”2)*var(Y1)*(N1-n1)/(N1*nl) + (w2"2)*var(Y2)*(N2-n2)/(N2*n2) +
(w3"2)*var(Y3)*(N3-n3)/(N3*n3)
Output
226.1875
Vp=56.12526
Q . Generate the stratified population consisting on three strata such that stratum-1 is
normally distributed with mean 10 and standard deviation 2 with 100 values, stratum-2 is
normally distributed with mean 100 and standard deviation 2 with 500 values, stratum-3 is
normally distributed with mean 500 and standard deviation 2 with 1000 values. Find the
mean and variance for this population using the method of stratified sampling.
Ans: Simulation Study
N1=100;N2=500;N3=1000;n=50
Y1<-rnorm(N1,mean=10,sd=2)
Y2<-rnorm(N2,mean=100,sd=2)
Y 3<-rnorm(N3,mean=500,sd=2)
Y<-c(Y1,Y2,Y3)
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y1=c();y2=c();y3=c();yst=c();
N=N1+N2+N3;
w1=N1/N;w2=N2/N;w3=N3/N;
nl=round(n*w1l)
n2=round(n*w2)
n3=round(n*w3)
Looping
for(i in 1:10000){
sal=sample(Y1,nl)
sa2=sample(Y2,n2)
sa3=sample(Y3,n3)
y1[i]=mean(sal);
y2[i]=mean(sa2);
y3[i]=mean(sa3);
yst[i]l=wl*yl[i]+w2*y2[i]+w3*y3[i];
}
mean(yst); var(yst)

Output
Mean(yst)=344.36
Var(yst) =0.08
Variance of Mean Using R
mean(y)
vp=(w1”2)*var(Y1)*(N1-n1)/(N1*nl) + (w2"2)*var(Y2)*(N2-n2)/(N2*n2) +
(w3"2)*var(Y3)*(N3-n3)/(N3*n3)
Q Generate a population of size 1000 consisting on three strata such that
e 200 values for stratum-1 from normal distribution with mean=2 and standard
deviation=3.
e 300 values for stratum-2 from normal distribution with mean=10 and standard

deviation=9.
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e 500 values for stratum-3 from normal distribution with mean=30 and standard
deviation=5.

e Allocate the sample size to each stratum by Neyman Allocation where n=50.

e Select the sample from each stratum and estimate the mean of population.

Ans:

Defining Population
N1=200;N2=300;N3=500 ; n=50
Y1<-rnorm(N1,mean=2,sd=3)
Y2<-rnorm(N2,mean=10,sd=9)

Y 3<-rnorm(N3,mean=30,sd=5)
Y<-c(Y1,Y2,Y3)

Sample Size Under Neyman Allocation
N=N1+N2+N3;
w1=N1/N;w2=N2/N;w3=N3/N
sum=w1*3+w2*9+w3*5
nl=round(n*w1*3/sum)
n2=round(n*w2*9/sum)
n3=round(n*w3*5/sum)

Looping
y1=c();y2=c();y3=c();yst=c();
for(i in 1:10000){
sal=sample(Y1,nl)
sa2=sample(Y2,n2)
sa3=sample(Y3,n3)
y1[i]=mean(sal);
y2[i]=mean(sa2);
y3[i]=mean(sa3);
yst[i]l=wl*yl[i]+w2*y2[i]+w3*y3[i];
} mean(yst); var(yst)

Output
Mean(yst)=344.36
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Var(yst) =0.08
Q. Find the mean and variance of Proportion in Stratified Sampling
Ans: Suppose we have N population units i.e. Y1, Y, .... Yj, ...Yn
yi = 1 if ith unit possesses a certain attribute and 0 otherwise.
The population proportion is defined

N
Y=>Y/N=A/N=P
The sample proportion is =

yzzn:yi/n:a/n:p

i=1
Since Y; takes the values as 1 and 0.

zN:Yf =A=NP

i=1

The same is the case for sample.

i=1 i=1
N 2
> (% -Y)
82 — |:
(N-1)
N
S?=—_P(1-P
N1 (1-P)
2 NPQ
N-1
Similarly s>=npq/(n—1)
Unbiased Variance Estimator
For SRSWOR
VAR(Y,. )= N"Ng>
n
VAR(p,, ) = - NPQ

&
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Proportion Estimation

For single stratum

SZ = N,P,Q, / (N, —1),

N, —ng
B ,
(Np, —Dny, P&

Var(pp) =

K
> NAvar(py)

_Np=mh BiQy
N,—-1 n

K NA(N,—ny) RQ

1
Var(py) =—5
o NZhZ=:1 Ny -1 Ny

K2 (Np=np) RQ
Var _ WZ h h h~<h
(pst) E,l h Nh 1 n,

If N, — 1~ Npand np/Np is ignored

k
Var(pgy) = > WZRQ, / 1y
ho1

Estimator of VVariance

K2 (Np—np) pag
ar —Sw2 % ~fh) Pnh
v (pst) hZ:l h Nh nh 1

Variance in Case Of Proportional Allocation

_ N-—n &
Varprop ( Yst ) = W hz_‘,lWhSrf
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Sﬁ - NhPth / (Nh —1)
~N-n k W, N, R,Q,

V =
a'rprop(pst) NN g,l (Nh _1)

Variance in Case of Neyman Allocation

2
_ 1( X 1k
Varopt(yst)zﬁ(hzlwhsh] _th:iwhsr?

Sr? = NhPth /(Nh —1)

2
1( & 1 k
Va"opt(pst)=ﬁ(hz_:lwh\/NhPth I (Np —1)j —th_:lwhsﬁ

For large stratum size i.e. Nn— 1~ Ny

2
Varopt(pst)=%(éWhMJ —%héwhsﬁ

Example:

The management of a local newspaper is to decide whether it should continue with the
publication of 'Children Column', which had been introduced on experimental basis. For this
purpose, it is imperative to estimate the proportion of readers who would favor its continuance.
The frame consists of readers who had stayed with the paper for the last six months. Since
different attitudes are expected from the urban and rural readers, the population is stratified into
urban readers and rural readers. In the population, there are 73000 urban readers and 30280 rural

readers.

Sample Size Allocation
N;=73000, N,= 30280, N=103280, n=1016

ny =026 73000~ 718
103280

ny =010 30280~ 208
103280
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The investigator selected WOR simple random samples of 718 respondents from stratum |
(urban readers) and 298 readers from stratum Il (rural readers). The number of individuals who
favor continuation of the column was 570 from stratum | and 143 from stratum I1.

Sample Size Allocation

X1= 570, Xo= 143, n1=718, n,=298

A

X2
p - ’ p =
1 nl 2

ny
Out put
P1=0.7939

P2=0.4799
Proportion Estimation

N;=73000, N,= 30280, N=103280, n=1016

M=

1
== N
Pst N £ 1ph h

1
Pst =ﬁ[I01N1+ PN, ]

Output
P1=0.7939
P2=0.4799
Pst=0.7018
Example:

The management of a local newspaper is to decide whether it should continue with the
publication of 'Children Column’, which had been introduced on experimental basis. For this
purpose, it is imperative to estimate the proportion of readers who would favor its continuance.
The frame consists of readers who had stayed with the paper for the last six months. Since
different attitudes are expected from the urban and rural readers, the population is stratified into
urban readers and rural readers. In the population, there are 73000 urban readers and 30280 rural
readers.

The investigator selected WOR simple random samples of 718 respondents from stratum |
(urban readers) and 298 readers from stratum Il (rural readers). The number of individuals who
favor continuation of the column was 570 from stratum | and 143 from stratum 1.

Sample Size Allocation
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X1= 570, Xo= 143, n1:718, n2:298

o, =2 =270 47939
n 718

p, =22 =143 _ 04790
n, 298

Output
P1=0.7939

P2=0.4799
N1=73000, N,= 30280
N=103280, n=1016
N 73000
N 103280

Proportion Estimation
N;=73000, N,= 30280, N=103280, n=1016

N, 30280 _

=0.2932
N 103280

068 W, =

Z||—\

k
Pst =— 2 PnNp
h=1

1
N
py =0.7018

Pst = [p1N1+p2N2]

Estimated Variance

Stra-1 | Stra-2
Np | 73000 | 30280
np,| 718 298

Pr | 0.7939 | 0.4799

K 2 (Nb=1) g
var — s w2 8h =hh) - Phh
(pst) hZ::l h Nh nh 1

—w? (N —m) PGy W2 (N2 =) P,0,

Var
(Pst) N, m-1 N, n,-1

Output
Ws =0.7068,0.2932

=.0001129 +.0000715 = .0001844
Confidence Interval for Proportion

The 95% confidence limits will be
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p, £1.96S.E(p)
The Lower Limit

0.7018-1.96(0.0136) =0.1772
The Upper Limit

0.7018+1.96(0.0136) =0.6752

Systematic Sampling
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Introduction:

First unit is selected randomly from first ‘k’ units and rest of the units are selected automatically.

Systematic sampling has many types but we discuss the commonly used methods i.e. the linear

and circular systematic sampling.

Linear Systematic Sampling

Group Sample Composition
1 1, k+1, 2k+1, ey (FDK+L, ... (n-1)k+1
2 2, k+2, 2k+2, ceey (IF1)k+2, .. (n-1)k+2
(3 (3 (3 ¢
(3 (3 (3 ¢
r r, k+r, 2k+r, (i-D)k+r, (n-1)k+r
k k,2k, 3k PN | Nk
Virtual University of Pakistan Page 66




STA632-Sampling Techniques

Every k™ unit is included in the sample.
The interval ‘k’ is calculated by dividing the population size to the sample size.
The sampling interval will be
k=N/n
The feature of operational convenience is prominent.
No risk to miss the large part of population.

Example
A certain company claims about their daily production in numbers as

125, 135, 157,192,151,175,164,169,147,150,138,167,155,159,139,147,149,158.

We are interested to select the systematic sample of size 3

Here we have N=18 with n=3, so k=6

125, 135, 157,192,151,175,164,169,147,150,138,167,155,159,139,147,149,158.

Random Start Serial Number Sampled values
1 1,7,13 125,164,155

2 2,8,14 135,169,159

3 3,9,15 157,147,139

4 4,10,16 192,150,147

5 511,17 151,138,149

6 6,12,18 175,167,158
N=15, n=3

125, 135,

157,192, 151,

175,164,169, 147,
150,138, 167, 155, 159,139

Q . Prove that sample mean is unbiased estimator of population mean

o Sample
Group | Sample Composition
Mean
1 1, k+1, 2k+1,..., (i-Dk+1, ... (n-1)k+1 Vl
2 2,k+2, 2k+2,.... (i-Dk+2,... (n-1)k+2 | ¥,
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r r,k+r, 2k+r,  (i-Dk+r, ... (n-Dk+r | ¥,

k k 2k,  3k,... ik .... Nk Yk

Population Mean
The population mean is given by

_ 1 kK n
Y=o 22 Y
Expectation of Sample Mean r=li=1

From the table, we can see that

_ 10
Yr :_ZYri
Nz

_ 1&_
E(ysy):E Elyr,
r=

k n
E(ysy) =EZ£Z Yris

kranig

. 1 kn
E(ysy) :szyri’

r=li=1

_ 1 k n
Y z_zzyri’

K Sia

E(Vsy) =Y

Example
A certain company claims about their daily production in numbers as
125, 135, 157,192,151, 175,164,169,147,150,138,167,155,159,139,147,149,158.
We are interested to select the systematic sample of size 3.
Here we have N=18 with n=3, so k=6
125, 135, 157,192,151, 175,164,169,147,150,138,167,155,159,139,147,149,158.
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Random
Start

Sampled values

Serial Number

OO WN B

125,164,155
135,169,159
157,147,139
192,150,147
151,138,149
175,167,158

1,7,13
2,8,14
3,9,15
4,10,16
5,11,17
6,12,18

Sampled values Sampled Means
125,164,155 148
135,169,159 154.333
157,147,139 147.667
192,150,147 163
151,138,149 146
175,167,158 166.667

Mean=154.28

Q. Derive the Variance of Sample Mean Under Systematic Sampling?

Ans: Linear Systematic Sampling

. Sample
Group | Sample Composition Mean
1 1, k+1, 2k+1,..., (i-Dk+1, ... (n-Dk+1 | %1
2 2, k+2, 2k+2,..., (i-1)k+2,... (n-Dk+2 | ¥,
r r, k+r, 2k+r, (i-1)k+r, ... (n-1)k+r | ¥,
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Variance of Sample Mean
Expressions of Variance

k _
W%ﬂ=%z@fwf
r=1

_ N-1 k(n—-1
Var(ysy): N s (N )szv

ZZ(yr.

S2
W k(n 1) r=li=1
The variance of sample mean is given by
_ 1k -
V(Ty) =1 20 =YY
r=1

kK n

>3-V

SZ — r=1i=1
(nk-1)

(nk-1)S% = ii[yri —\7]2

r=1i=1
k n _-2
(nk—1)82=22[yri—Y]
r=li=1
K n o _-2
=3[ ViV +V Y]
r=1li=1
K n 2 K n )
ZZZ(yri_yr) +ZZ(yr _Y)
r=li=1 r=li=1
kK n . kK n . _\2
(nk-2)$% =33 (v - %) +22(%: =)
r=li=1 r=li=1
. Sample
Group | Sample Composition
Mean
1 1, k+1, 2k+1,..., (i-1)k+1, ... (n-1)k+1 Vl
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2 2,k+2, 2k+2,..., (i-Dk+2,... (n-1)k+2 | V>
r r, k+r, 2k+r, (i-Dk+r, ... (n-1)k+r | ¥,
Kk k, 2k, 3k,... ik .... Nk Yk
k 2 k n _ —\2
(nk—1)32=2 (yri_yr) +22(yr _Y)
r=li=1 r=1li=1

k _
(nk-1)S% =k(n-1)SZ +n3(7, -V )’
r=
N-1

- 2_k(n-1) .2
Var(ysy)z N ST - N Sw

_ N-1 k(n—-1
Var(ysy): N s - (N )szv

Example:
The heights of the 30 trees from a certain area of a forest are given by
40, 38,36,35,32,35,32,30,31,29,37,41,30,28,24,25,26,27,29,32,34,36,21,19,17,22,35,
28,29,31
Select a systematic random sample of size 5.
Estimate the mean of the population
Estimate the variance.
We have
N=30, n=5;k=6
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Random Serial Serial Sampled Values
Start Number Number
1 1.7.13.19.25 1,7,13,19,25 40, 32,30,29,17
2 28.14.20.26 2,8,14,20,26 38,30,28,32,22
3 3.9,1521.27 3,9,15,21,27 36,31,24,34,35
4 4,10,16,22,28 4,10,16,22,28 35,29,25,36,28
5 511.17,23.29 5,11,17,23,29 32,37,26,21,29
6 6.12.18,24.30 6,12,18,24,30 35,41,27,19,31

Mean and Variance

Sampled Values Sample Means
40,32,30,29,17 29.6
38,30,28,32,22 30

3 32
6,31,24,34,35 30.6

35,29,25,36,28 29
32,37,26,21,29 30.6
35,41,27,19,31

_ 1¥
E(ysy) :EZ Yr
r=1

_ 1k
V(ysy)jz(yr—v)2
r=1
Sum=181.8
Mean=30.3

var=0.89
Sumdev=5.34

Q . Drive the following expression of variance of sample mean under Systematic Sampling.
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Proof: )
_ 1 _ -
V(ysy) = KZ(yr _Y)2
r=1

_zﬂi _
> S5 yrk 24 (90 =)

nk(n 1) r=lizu=1

p =
W= (N 1)82 L
nk 1 k[an

LIS (vi-Y)

V (V) =
Y onkala

The intra class correlation between %gyﬂa?l rsQ _f@%%{a\ﬁhre\j%}the same systematic sample is

V(ysy) = nleg{é(yrj _Y_)2 +22(yri _Y_)(yru —Y_)
V(ysy) = n_]z-k|:é|l(yn _Y) + Zli‘ii %1Z(yri -

V() - nik{(”k B D

r=lizu=l

V() - k%kMHZZﬂw

=lizu=1

o)
o)

ow )
V(Vgy) = 1k{(nk 1)SZ+ZZZ(yr. Vi) (Yru = V)

V)0 ~Y)

r=lizu=1
ko 2 E(yri
pu(n=1(nk-1)5%=3 3 3(¥n %) (¥ =) Pu=
V(ysy)=nle[(nk_l)sz+pw(n_1)(nk_1)sz]
2
V(5= DS

V(ysy)z(kn s’ [1+ py(n-1)]

OR

(nk—1) s2

V(Yy) = "

OR

[1+ py(n-1)]

[1+ pu(n=1)]
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—1)s2
V(Vsy) = %[Jﬂ'pw(n _1):|

Q. Describe the comparison between SRS and Systematic Sampling on th basis of variance

of sample mean?
Ans:
_ N -1 2 k(n —1) 2
Var = S — S
(Vsy) N N oW

_ N—n
Var(Ysrs):Wsz
— _ N-n_., N-1_, k(n—l) 2
Var —Var = Se— S+ S
(Ysrs) (Ysy) N N N oW
(N —n_ N—ljsz_'_(n—l)svzv
Nn N n

Var (Ygrs) —Var (Y ) = (nr:l) (sz\, - 82)
more efficient than v, when 5. »5".

less efficient than V., when SH,:J, <5

E — Var(ysrs )
Var(Vsy)

N—nSZ
Nn

('\'l_\l?s’z[upw(n—l)]

R.E =

1

(IN\I__:;)[lerW(n—l)]

R.E =

Var(Ysy)

1

(IN\I__:'])[1+pW(n—1)]

RE=
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s 1
" nk—1
P > = 1

YT k-1

Q. Derive the Variance of Stratified Sampling in Systematic setting?

Ans:
. Sample
Group | Sample Composition
Mean

1 I, k+1, 2k+1,..., (i-Dk+1, ... (n-1)k+1 Vl
2 2,k+2, 2k+2,..., (i-Dk+2,... (n-1)k+2 | ¥
r r,k+r, 2k+r,  (i-Dk+r, ... (n-Dk+r | ¥,
k k, 2k,  3k,... Jik .... Nk Y

Stratified Sampling in Setting of Sys Sampling

L

1
G _T N,V
ystr N e} h¥Yh
_ 1
Ysr = nk jz=:1kyj

Virtual University of Pakistan = Page 75



STA632-Sampling Techniques

nk —n
( Ystr ) W szvst

_ N —n
V(ystr) N szvst

i
o Ti; (¥ _V-Tcy.str ) szvst

is the mean sum of squares of units in the j* stratum.

=155 L_$%0,-5)

;l ,I(A_l)lljl

is the mean sum of squares within strata (or rows).

Q . Describe a comparison between Stratified and Systematic Sampling on the basis of
variance of sample mean.
Ans:

k _
V(7)) = %Z(Vr V2
r=1

>yi iy._

A
V(ysy)ZEZ:l n n
r=

k[ n 1
V(ysy) = ﬁ;ﬂ{g(yri - yl)

V(Ysy = izk:{zn:()’rj _yj )2 +ZZ(yri _yi)(yru _yu )}

2
n°k =1l ia
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. 1 K n 2 kK n . _
V(ysy) nzk{ZZ(yn i) +Z Z Z(yri_yi)(yru_yu)i|

r=li=1 r=lizu=1
k n
V(ysy)_ |: nk 1 +Z z Z(yri_yi)(yru_yu):|
n k r=lizu=1
Alternative form of variance

V(Vyy) = ﬂ(nk 1)82+Z > (¥~ %0) (e - yu)}

r=lizu=1

The intra class correlation between the pairs of units that are in the same systematic sample is
_ E(yri - yi)(yru — yu)
wst — —
E(yri - %)

Z Z Z(yn )(yru_yu)

nk(n 1) r=lizu=1

Pw = N-1)_,
[ nk jswst
Pust (n=1)(nk 1) W“‘%,E_lz(y” Vi) (Ve = V)

r=1 j#u=1

V(Vsy) = kl:(N n)szvst+Z Z Z(yI’J )(yru Vu)}

V() = 3] (N =)+ puss (1 -D(N =)

3 N —n)S?2
V(ysy)—( nN) Y1+ g (N-1) ]
var (Vg ) = _nsvzvst

_ B n)S2 N —n)s2
Var ) Var(,) - nN) B2 (n-1)] - nN) -

:Var(ystr)

Var(Ysy)

1

RE= [1+ et (N—1)]

Q . State the Stratified Sampling in terms of systematic sampling for population with linear
trend?
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Ans: The population increase according to linear trend. The variance of sample mean for
SRSWOR is

Var(y,. ) = (k —1)1(2nk +1)

For Stratified Sampling in Terms of Systematic Sampling

_ N—n
Var(Ygy ) = N Sast

k f—
> (v %)
SZ —_r=l
wst k—l

—Z‘,er_kYk2
r=1
K 2
C (Zl‘,yj
_gyr_ K
N N
Yy, =>li=142+..+N
i=1 i=1

k Kk

DY, =D r=1+2+..+k

r=1 r=1

2
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6 4k

[k(k+1)(2k+1) (k(k+1))2}

k (k2+1){(2k3+1) ~ (k;rl)}

>y %) =< _“g”}

_ N —n
Var(ystr ) = W Sv2vst

_ nk —n
var (Y ) = 2 Svz\/st
n“k

o _k*-1
Var(ystr)zﬁ

Q . Describe the variance of systematic sampling for population with linear trend.
Ans: Variance of sample mean under Systematic Sampling

Var(ysy) ==

Virtual University of Pakistan i Page 79



STA632-Sampling Techniques

K K

DY =D r=1+2+...4k

r=1 r=1

_1[k(k+1)(2k+1) (k(k+1))2]
6

k Ak

_k(k +1)[(2k +1) (k +1)}
2k 3 2

2k 6

_k(k +1){(k—1)}

k (k+1)(k-1)
12k

(-3

When n=1 12
_ (k=1)(nk +1)

Var (V. =
(ywor) 12
_ :k2—1

(-3

12
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When n>1
var(y,.)— 8 _1)1 (an +1)
Var (Vg ) = %;1
Var(y,,) = @
Var(y,,) <Var(y,) <Var(y,,) forn>1
Var(y,,) <Var(y, ) <Var(¥,,) for n>1

Example: A certain company claims about their daily production as

125, 135, 157,192,151,175,164,169,147,150,138,167,155,159,139,147,149,158.
Select the systematic sample of size 3 using R language. Also find mean of sample.
Ans:

Here we have N=18 with n=3, so k=6

y<-c(125, 135,157,192,151,175,164,169,147,150,138,167,155,159,139,147,149,158)
y<-c(125, 135,157,192,
151,175,164,169,147,
150,138,167,155,159,139,147,149,158)
n=3;N=length(y)
k=N/n
start <- sample(1:k, 1)
s <-seq(start, N, k)

sys.sample<-y|[s]
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mean(sys.sample)
Output

First run=154.33

2" run=148

Example: 2
The heights of the 30 trees from a certain area of a forest are given by
40, 38,36,35,32,35,32,30,31,29,37,41,30,28,24,25,26,27,29,32,34,36,21,19,17,22,35,28,29,31
Select a systematic random sample of size 5. Also find sample mean.
Ans:
N=30, n=5;k=6
pop<-c(40, 38,36,35,32,35,32,30,31,29,37,41,30,28,24,25,26,27,29,32,34,
36,21,19,17,22,35,28,29,31)
n=5;N=length(pop);
k=N/n
start <- sample(1:k, 1)
s <- seq(start, N, k)
sys.sample<-pop[s]
mean(sys.sample)
var(sys.sample)
sd(sys.sample)

Output
29.6(8.26)
29(sd=6.04)
Example: A certain company claims about their daily production as
125, 135, 157,192,151,175,164,169,147,150,138,167,155,159,139,147,149,158.
We are interested to select the systematic sample of size 3.
Obtain 10000 samples using systematic sampling. Find the mean of each sample. Find the mean
of means and variance of means.
Ans:
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Here we have N=18 with n=3, so k=6
pop<-c(125, 135,157,192,151,175,164,169,147,150,138,167,155,159,139,147,149,158)

Out put

Example

The heights of the 30 trees from a certain area of a forest are given by

n=3;N=length(pop);
k=N/n

for(i in 1:10000)

{

start <- sample(1:k, 1)

s <- seq(start, N, k)
sys.sample<-pop|[s]
m[i]<- mean(sys.sample)
}mean(m)

var(m)

Mean=154.29
Var=63.6

40, 38,36,35,32,35,32,30,31,29,37,41,30,28,24,25,26,27,29,32,34,36,21,19,17,22,35,

28,29,31
Select a systematic random sample of size 5.
Obtain 5000 samples using systematic sampling.

Find the mean of each sample.

Find the mean of means and variance of means.

Ans

We have

N=30, n=5:k=6

pop<-c(40,38,36,35,32,35,32,30,31,29,37,41,30,28,24,25,26,27,29,32,34,36,21,

19,17,22,35,28,29,31)

n=5;N=length(pop);k=N/n

for(i in 1:5000)
{
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start <- sample(1:k, 1)
s <- seq(start, N, k)
sys.sample<-pop|[s]
m[i]<- mean(sys.sample)

}
mean(m)
var(m)
Output
Mean=30.29
Var=0.89
Example:

Generate a population of size 1000 values from normal distribution with mean=2 and standard
deviation=3.
Select the 10000 samples each of size 50 using systematic sampling technique and estimate the
mean of each sample.
Find the mean and variance of 10000 means.
Ans:
N=1000; n=50;k=N/n;m=c();
pop<-rnorm(N,mean=2,sd=3)
for(i in 1:10000)
{
start <- sample(1:k, 1)
s <- seq(start, N, k)
sys.sample<-pop|[s]
m[i]=mean(sys.sample)
-} mean(m);var(m)
Out put
2.01667
0.1929605

Example: 2
Generate a population of size 500 values from normal distribution with mean=20 and standard

deviation=10.
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Select the 5000 sample each of size 50 using the systematic sampling technique and estimate the
mean of each sample.Find the mean and variance of 5000 means.
Ans:

N=500; n=50;k=N/n;m=c();

pop<-rnorm(N,mean=20,sd=10)

for(i in 1:5000)

{

start <- sample(1:k, 1)

s <- seq(start, N, k)

sys.sample<-pop|[s]

m[i]=mean(sys.sample)

}

mean(m);var(m);

Output
19.93
1.456223
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Cluster Sampling
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Introduction:

» Cluster Sampling

A cluster is the sampling unit consisting on the observation units.
Any sampling method can be used for selection of clusters.

All the units within a cluster are studied.

Nine clusters each of same size.

o

» Clusters Settings

Sample
Mean
Cluster 1, 2 3 ... Js M
1 Yir Y12 Y13 eees Yijs Y1im %:yl
2 Yor Y22 Y23 eens ¥2i, Yom
4 4 4 4 [4 [4 4
4 4 [4 [4 [4 [4 4
. Yi. <
| Vit Yi2 VYiz  eeey Yijs Yim V‘yi
4 4 4 4 [4 [4 4
4 4 1 1 [1 [1 4
N YN1 YN2  YN3 eees  ¥Njs YNM N
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=<l

Total Yi Y1 Ya pA!

> Notations
e Suppose we have a population of N Clusters each of size M.
e NM= Total elements in population.
e y; = observation value of j" element in i" cluster.
e nM= Total elements in sample.
e vyi=yi= Total of i"" cluster.

M
Yi. =2 Vi
j=1
e = Sample mean per cluster.

n
Ziyi
i
T
e 7 = Overall sample mean.
M n
22
j=li=1
Mn
e Y = Overall population mean.

<l

e Let y;be the total of i cluster.

s_ Y
Y
» Unbiased mean estimator
M E(Y) =E(Y)
ME®y)=Y

E(y)=Y

Q. Find the variance of Sample Mean in Cluster Sampling considering equal cluster sizes.
Ans:
» Unbiased mean estimator

e The unbiased mean estimator is,
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i=1 i=1 =1
Eﬁ jZ::l(yij —\7)_ :#EE(YU —\7)2 +#Ej§:lz(yij —?)(yik _\7)
BBl = o 9 £ ST )
oo )] ol £ 2o o)

Thé interclass cor_relation k_)etween the elements within a cluster,
CE(y V)i -Y)
E(y; -Y)°
1 N n — =
72 Z Z(yij _Y)(yik —Y)

_NM(M -D)i5 54
Pu NM -T2
NM

Pw(M _1)(NM _1)52 =% i Z(yij _Y:)(yik —\7)

i=1 j#k=1

i%{%%(yij —\7)} = #[(NM ~1)$2 + py (M ~1)(NM _1)82}

=1

w
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>(y-¥) %{%(y] ‘Yz)}

= -f\ia —f )iz j=
V(y):(ln j N1 :njz(ln J T
_ 1 (1—fj( ~1)S? + py (M =1)(NM -1)S?

M2{ n N -1
V@
(N'\AN—ll[upW M -1)]
V(y)= {%J[l—kpw(M -1)] NM -1=NM ,

N-1=N

Q. Compare the simple random sampling and cluster Sampling in terms of variances of
sample means such that

N-ns?
N n

_ NM —nM ) S?
V(ysrs):( NM jnM

Var(ysrs ) =

Ans:
» Comparison
N-nsS?2
Var(y...)=—>=
ar(Ysrs) N T
NM —nM ) S?
V (Ve )=
(Ves) ( NM )nM
2 1& .
S'{:?ZS‘
zz ]
NM 1I 1 1( )
Mean sum of squares within clusters in the population
1 i(‘r 7
N M 2 W e i T
S?(NM -1)=3"3 (y; =) -173

i=1j=1
Mean sum of squares for ith cluster

N M _
=3 (0 - 5+ -V))
S
=ZZ(YU vi) +M2(yi_Y)
i=1j=1 i=1
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=N(M -1)S2 +M(N -1)S?
Var(y)

82

MSZ

RE=

RE_NM ~1)S2 + M (N -1)S?

MSZ (NM -1)
! N(M -1)S2 M ~1)S2
C(NM-1)| ms? MS]
1 N(M —1)S2 ~
~(NM —1){ MS?2 (N 1)}

This value increases when Sw is large and Sb is small. So cluster sampling will be
efficient if clusters are so

Formed that the variation the between cluster means is as small as possible while
variation within the clusters is as large as possible.

Q. Compare the simple random sampling and cluster Sampling in terms of interaclass
correlation
Ans:

_ Var(Yys)
Var(y)
V()= [%j[upww 1]
o, ¢
V(Ysrs)zm
82
RE=—— nM
(iﬂ}[u pu(M -1)]
. 1

E= [1+ o (M -1)]

Q. Explain the concept of cluster sampling for unequal cluster sizes.
Ans:

» Clusters Settings
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Sample
Mean
Cluster 1, 2 3 , Js Mi
1 Yuu Y2 Yz ... Yijs Yimi %: i
2 Yor Y22 Y23 .. Y2is Yom2
(3 (3 (3 (3 (3 ¢
(3 (3 (3 (3 (3 ¢
. Yi. o
I Vit Yi2 Yiz ..o Yijs Yimi M Yi
(3 (3 (3 (3 (3 3
(3 (3 (3 (3 (3 3
N YNI YN2  YN3 -ees  YNjs YNMN YN
Total Yi Y1 VY1 VAL Y:
» Mean Estimator
e Since the cluster sizes are unequal, the total size is,
N
M'= Z M;
i=1
e The mean of i cluster s,
M;
Z Yij
Vi=t>
I Mi
e The overall mean is
N M;
2y
S
Y= N
I\/Ii
i=1
N —
2 My
Y =izl
M !
» Expected Value of Sample Mean
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e The mean of clusters
N
2 My
v _ i=l
M ’

N
Q. Find the expression of Bias for the mean estimator in cluster sampling for unequal

cluster sizes.
AnNSs.
The bias is defined as

Bias(T) = E(T) -6
Bias(Y)=E(y)-VY

N N
2 2M;

Bias(y) ="+ -2
== VI

N
1 Mlgyi N

1= SM.V
TN E iYi

N N

1 Z i;yi N
— ==l SN M Y
VT N E iVi

N . .

M| 5 N

=—%-ZY’(JMI: _41'2—)(.? _I_I)

g =l

(N-1
=- ; Sm,

pN

Q. Find the expression of mean square error for the mean estimator in cluster sampling for
unequal cluster sizes
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MSE(T) =Var(T) +(Bias(T))"
MSE (%) =Var (7) +(Bias())’

MSE () - (1 fj b
n
2
{—%Cov(m,y)}

*zﬁf—lz(“’

S =57 é(M..- - i3, -T).

MSE(T) =Var(T) +(Bias(T))"
MSE () =Var () + (Bias())’

MSE () = (l f jsb
n
2
+[— (NM_II) Cov(m, y)j

An estimate of Far(3y, ) is

= N-—n ,
Var(¥, 5
ar{;L J i 5;

where Jﬁzn_lg{:ﬁ—if.

Q. Find the expected value Weighted Mean For Unequal Cluster, where is weighted mean
is given by

n
_ZiMiyi
_ 1= _
Yw YR
Answer:

» Weighted Mean

Since the cluster sizes are unequal, the mean of cluster size is,

M = M’
N
e The weighted mean based on the size of i"" cluster is,
n
B _Z;-Miyi
=t
Yw = YR
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» Expectation of Weighted Mean
e Taking expectation on both sides

_ _ZiMiyl
E(y,)=E| =—
(V) =
E(f')—liiﬁ(f M)
W _n,-'_lﬂ‘? L it
¥
:EL __M__F
nM, T
1 N M

Q. Find the variance expression- of weighted Mean for unequal cluster, where weighted
mean is given by

» The Estimator of Variance
The estimator of variance is given by
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Example: Find mean and variance of sample mean in cluster sampling using the following

data set.
Ans:

Population of Six Clusters
Total
Cluster-1 125 115 129 134 111 614
Cluster-2 134 125 142 141 131 673
Cluster-3 144 143 122 134 126 669
Cluster-4 114 111 134 131 146 636
Cluster-5 119 126 122 129 130 626
Cluster-6 140 125 124 124 115 628
» Population Mean
N M
_ 22
Y— _ i=1j=1
MN
v =389 _ 1985
30

» Variance of Sample Mean Using Population
Var(y)_[—n jsb
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N, =2
Z(y Y)
Var():/)z(l_ f ji‘l
n N-1 ’
N-n 1 J
Var(y)=————
()= 20 %)
» Variance of Sample Mean
N-n 1 X 2
Nn N 12( )
—\2
57
J— —\2
yl yi (yl —Y)
614 122.8 29.16
673 134.6 40.96
669 133.8 31.36
636 127.2 1.00
626 125.2 9.00
628 125.6 6.76
Y =128.2
N-n 1 =\2
—— >y =Y
Nn N—1§(y' )
:Ei(11824)
6x36-1

=1.304
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» Population of Six Clusters

Cluster-1 125
Cluster-2 134
Cluster-3 144
Cluster-4 114
Cluster-5 119
Cluster-6 140

115 129 134
125 142 141
143 122 134
111 134 131
126 122 129
125 124 124

111

131

126

146

130

115

Total

614

673

669

636

626

628

» Mean and Variance Using All the Observations

3846

Y =20 19822
30

V(Yy)=1.304
Example: Find the mean and variance by taking a sample of size 3 from the previous data

set under cluster sampling.
Ans:
Sampled clusters

Total
Cluster-3 144 143 122 134 126 669
Cluster-4 114 111 134 131 146 636
Cluster-6 140 125 124 124 115 628
2.2 Y5 22V
):/ _ i=1j=1 _ i=1j=1 _ 1933 —~128.87
Mn 5x3 15
» Estimated Variance of Sample mean
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> Estimated Variance

N-n 1 0, -
i n-120 )
- N7 — =\2
Yi Yi (%)
669 133.8 31.36
636 127.2 1.00
628 125.6 6.76
Y =128.87
var(y)
N—-n 1 3, -2
= o z%iY)
=873, Lrg7.79]
X 2

» Example-2
[ ]
[ ]
[ ]

=315

420 trees is divided into 105 clusters.

Each cluster of size 4.

A simple random sample of 15 clusters is selected.
Estimate the mean yield by using cluster sampling.

» Sample of 15 Clusters
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Clus 1stTree 2nd Tree  3rd Tree  4th Tree Total

“ter
1 5.17 26.11 29.54 19.64 80.46
2 3.53 40.76 5.15 1.25 50.69
3 14.23 16.89 28.93 21.70 81.75
4 7.13 34.35 12.18 9.86 £3.52
5 27.59 38.10 24.74 6.77 97.20
) 5.58 4.84 0.69 15.69 26.80
7 12.66 32.53 16.92 37.02 99.13
8 6.40 11.68 40.05 5.12 63.25
9 54.21 34.63 52.55 37.96 179.35
10 37.94 47.07 19.64 29.11 133.76
11 45.98 5.17 1.47 6.53 59.15
12 0.87 3.56 4.86 23.56 32.85
13 26.11 10.93 10.08 11.18 58.30
14 1.94 35.97 29.54 25.28 92.73
15 11.08 0.65 4.21 7.06 23.50

n M
> Yij

= ilj=1

Y ="V

S 1142.44 19.0407

> Estimated Variance

~ ~ i(yi —\7)2
V(y):(l nf Jl_l N—1
Var(7)= S (55

SS =1495.5596

—_ —\2

cluster Vi Y; (Vi _y)
1 80.4600 -0 1150 1.162
2 50.6900 126725 41.082
3 81.7500 7204375 1.961
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O 0 9 N n A

11
12
13
14
15

63.5200
97.2000
26.8000
99.1300
63.2500
179.350
133.760
59.1500
32.8500
58.3000
92.7300
23.5000

15.8800
24.3000

6.7000
24.7825
15.8125
44.8375
33.4400
14.7875

8.2125
14.5750
23.1825

5.8750

9.967
27.699
152.202
33.011
10.397
665.666
207.446
18.058
117.170
19.909
17.185
173.238

Var ()

= N—nii(yi —)=/)2

Nn

n-1i3

=9 1 114955506]
105x15 14
=6.104

Q. Define the following data in R language in form of clusters and mean and variance.

Total
Cluster-1 125 115 129 134 111 614
Cluster-2 134 125 142 141 131 673
Cluster-3 144 143 122 134 126 669
Cluster-4 114 111 134 131 146 636
Virtual University of Pakistan Page 101



STA632-Sampling Techniques

Cluster-5 119 126 122 129 130 626
Cluster-6 140 125 124 124 115 62
Ans:
How to Do This in R?
Cluster-1 125 115 129 134 111
Cluster-2 134 125 142 141 131
Cluster-3 144 143 122 134 126
Cluster-4 114 111 134 131 146
Cluster-5 119 126 122 129 130
Cluster-6 140 125 124 124 115

#--Defining Clusters in R----

Clul<-c(125,115,129,134,111)
Clu2<-c(134,125,142,141,131)
Clu3<-c(144,143,122,134,126)
Clu4<-c(114,111,134,131,146)
Clu5<-¢(119,126,122,129,130)
Clu6<-c(140,125,124,124,115)

pop<-c(Clul,Clu2,Clu3,Clu4,Clu5,Clu6)

#----Sum of clusters----

sumcl<-sum(Clul)
sumc2<-sum(Clu2)
sumc3<-sum(Clu3)
sumc4<-sum(Clu4)
sumc5<-sum(Club)
sumc6<-sum(Club)

#----Grand total----

Yi=c(sumcl,sumc2,sumc3,sumc4,sumc5,sumc6)

t.sum=sum(Yi)
N=6;M=5;

#----Mean of each cluster----

Yibar<-Yi/M
#----Population Mean----

pop.mean=sum(Yi)/(N*M)
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#----Sum of Squares----

dv.p<-(Yibar-pop.mean)”"2

sdv.p<-sum(dv.p)

vr.p<-sdv.p/(N-1)

#----The Variance----

cvr.p<-((N-n)/(N*n))*vr.p
N-n 1 X

R ]

Nn N-15

Q. Perform the cluster sampling using R language with following data set. Also find mean

and variance.

Cluster-1 125 115 129 134 111
Cluster-2 134 125 142 141 131
Cluster-3 144 143 122 134 126
Cluster-4 114 111 134 131 146
Cluster-5 119 126 122 129 130
Cluster-6 140 125 124 124 115
Answer:
» Defining Clusters
Cluster-1 125 115 129 134 111
Cluster-2 134 125 142 141 131
Cluster-3 144 143 122 134 126
Cluster-4 114 111 134 131 146
Cluster-5 119 126 122 129 130
Cluster-6 140 125 124 124 115

#--Defining Clusters in R----

Clul<-c(125,115,129,134,111)
Clu2<-c(134,125,142,141,131)
Clu3<-c(144,143,122,134,126)
Clu4<-c(114,111,134,131,146)
Clu5<-¢(119,126,122,129,130)
Clu6<-c(140,125,124,124,115)
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> Sum Of Clusters

#----Population----
pop<-c(Clul,Clu2,Clu3,Clu4,Clu5,Clu6)
#----Sum of clusters----
sumcl<-sum(Clul)

sumc2<-sum(Clu2)

sumc3<-sum(Clu3)

sumc4<-sum(Clu4)

sumc5<-sum(Club)

sumc6<-sum(Club)

» Sampling and Estimated Mean

#----Grand total----
Yi=c(sumcl,sumc2,sumc3,sumc4,sumc5,sumce)
t.sum=sum(Yi)

Hemmnee Sampling----

n=3;N=6;M=5;

yi=sample(Yi,n)

#----Estimated Mean----

yibar<-yi/M

Est.mean=sum(yi)/(n*M)

> Estimated Variance

#----Sum of Squares----
dv<-(yibar-Est.mean)"2
sdv<-sum(dv)
vr<-sdv/(n-1)

#----The Variance----
cvr<-((N-n)/(N*n))*vr

N-n 1 &, =2
i n-120 )

Q.70 Find the mean and variance for Unequal Clusters in cluster sampling using the
following data

Clus-1 125 115 129 134

Clus-2 134 125 142 141 131 151 164 139 141
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Clus-3 144 143 122 134 126 157
Clus-4 114 111 134 131 146 152 131
Clus-5 119 126 122 129 130
Clus-6 140 125 124 124 115 111 148 157 143 151
Ans
Population of Six Clusters
Clus-1 125 115 129 134
Clus-2 134 125 142 141 131 151 164 139 141
Clus-3 144 143 122 134 126 157
Clus-4 114 111 134 131 146 152 131
Clus-5 119 126 122 129 130
Clus-6 140 125 124 124 115 111 148 157 143 151
» Population Mean in Case of Unequal Cluster Sizes
N —
2 MY _
y =i — Y =133.66
M!
> Estimator-1: Mean of Cluster Mean
e The mean of cluster means
n
>
o i=1
y= n
Clus-3 144 143 122 134 126 157
Clus-4 114 111 134 131 146 152 131
Clus-5 119 126 122 129 130
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» Mean Square Error
MSE () =Var () + (Bias())’

MSE () = (1 Ll jsb

2
+[— (NM_l) Cov(m, 7))

s; N-1§(_‘”
S =7 IE(M N3, -T).

» Population Mean in Case of Unequal Cluster Sizes

Y =133.66,52 =39.81
» Mean Square Error

MSE (¥) =Var (7) +(Bias())’
MSE (7) = (1 = jsb

2
J{—%Cov(m, 7))

Q. Find the weighted mean and variance for Unequal Clusters in cluster sampling using the
following data

Clus-1 125 115 129 134
Clus-2 134 125 142 141 131 151 164 139 141

Clus-3 144 143 122 134 126 157

Clus-4 114 111 134 131 146 152 131

Clus-5 119 126 122 129 130

Clus-6 140 125 124 124 115 111 148 157 143 151

Answer:
» Population of Six Clusters

Clus-1 125 115 129 134
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Clus-2 134 125 142 141 131 151 164 139 141
Clus-3 144 143 122 134 126 157
Clus-4 114 111 134 131 146 152 131
Clus-5 119 126 122 129 130
Clus-6 140 125 124 124 115 111 148 157 143 151
N —
_ xMw
» Population Mean in Case of Unequaly =% — Y =133.66
» Estimator I1: Weighted Mean
e Since the cluster sizes are unequal, the total size is
N
M’:ZMi
i=1
e The weighted mean based on the size of i"" cluster is
n —
ZiMiyi
= i
yw_ nm
» Estimator I1: Weighted Mean
Clus-3
144 143 122 134 126 157
Clus-4
114 111 134 131 146 152 131
Clus-5
119 126 122 129 130
n
ZiMiyi
S5 _i=
yw_ nm

» Variance of Weighted Mean

e The variance is given by
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ZI

f-/f""

» Estimator I1: Weighted Mean

v(E)-(*

¥ =133.66

Yi

125.75

140.89

137.67

131.29

125.20

133.80

Mi

10

73.61

185.56

120.88

134.49

91.61

195.80

f

Jst

Q.72 Perform the cluster sampling using R language with following data set. Also find
mean and variance.

Clus-1 125 115 129 134

Clus-2 134 125 142 141 131 151 164 139 141

Clus-3 144 143 122 134 126 157

Clus-4 114 111 134 131 146 152 131

Clus-5 119 126 122 129 130

Clus-6 140 125 124 124 115 111 148 157 143 151
Answer:
e Defining Clusters------------

Clul<-c(125,115,129,134)
Clu2<-c(134,125,142,141,131,151,164,139,141)
Clu3<-c(144,143,122,134,126,157)

Clud<-c(114,111,134,131,146,152,131)
Clu5<-c(119,126,122,129,130)
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Clu6<-c(140,125,124,124,115,111,148,157,143,151)
» Population Mean and Sum Of Clusters

#----Population----
pop<-c(Clul,Clu2,Clu3,Clu4,Clu5,Clu6)
pop.mean=mean(pop)
#----Sum of clusters----
sumcl<-sum(Clul)
sumc2<-sum(Clu2)
sumc3<-sum(Clu3)
sumc4<-sum(Clu4)
sumc5<-sum(Clu5)
sumc6<-sum(Clu6)

» Mean of Cluster Means

125.7500)
THILEREY
1370667
131.2857
1252000
1355000

#----Grand total---- 152451

n=3;N=6;M=c(4,9,6,7,5,10);
Yi=c(sumcl,sumc2,sumc3,sumc4,sumc5,sumc6)
t.sum=sum(Yi)
# - Mean of cluster means using population----
n=3;N=6;M=c(4,9,6,7,5,10);
clu.mean.p=Yi/M
m.c.m.p=mean(clu.mean.p)
##----For MSE----
cov=cov(clu.mean.p,M)
dv.p<-(clu.mean.p-m.c.m.p)"2
sdv.p<-sum(dv.p)
vr.p<-sdv.p/(N-1)
term1<-((N-n)/(N*n))*vr.p
term2=((-(N-1)/sum(M))*cov)"2
mse=terml+term?2

##HH#-----From Sample----
j=sample(1:6,n)
yi=Yi[jJ;mi=M[j]
clu.mean=yi/mi
m.clu.mean=mean(clu.mean)
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Q. Perform the Simulation Study using the following data for Equal Cluster Sizes.

Cluster-1
Cluster-2

Cluster-3
Cluster-4

Cluster-5
Cluster-6

125
134

144
114

119
140

115
125

143
111

126
125

129
142

122
134

122
124

134
141

134
131

129
124

111
131

126
146

130
115

Total
614
673

669
636

626
628

Answer:

» How to Do This in R?

#--Defining Clusters in R----

Clul<-c(125,115,129,134,111)
Clu2<-c(134,125,142,141,131)
Clu3<-c(144,143,122,134,126)
Clu5<-c(119,126,122,129,130)
Clu6<-c(140,125,124,124,115)

> Sum Of Clusters

#----Population----
pop<-c(Clul,Clu2,Clu3,Clu4,Clu5,Clu6)

#----Sum of clusters----

sumcl<-sum(Clul)
sumc2<-sum(Clu2)
sumc3<-sum(Clu3)
sumc4<-sum(Clu4)
sumc5<-sum(Club)
sumc6<-sum(Club)

» Sampling and Estimated Mean

#----Grand total----

Yi=c(sumcl,sumc2,sumc3,sumc4,sumc5,sumc6)

t.sum=sum(Yi)
n=3;N=6;M=5;
for(i in 1:10000)
{yi=sample(Yi,n)

Est.mean[i]=sum(yi)/(n*M) }

Q. Perform the Simulation Study using the following data for Equal Cluster Sizes.

Answer:
» Defining Clusters

e Defining Clusters
Clul<-c(125,115,129,134)
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Clu2<-c(134,125,142,141,131,151,164,139,141)

Clu3<-c(144,143,122,134,126,157)

Clu4<-c(114,111,134,131,146,152,131)

Clu5<-c(119,126,122,129,130)

Clu6<-c(140,125,124,124,115,111,148,157,143,151)
» Population Mean and Sum Of Clusters

#----Population----
pop<-c(Clul,Clu2,Clu3,Clu4,Clu5,Clu6)
pop.mean=mean(pop)
#----Sum of clusters----
sumcl<-sum(Clul)
sumc2<-sum(Clu2)
sumc3<-sum(Clu3)
sumc4<-sum(Clu4)
sumc5<-sum(Club)
sumc6<-sum(Club)

» Sum of Clusters

#----Grand total----
n=3;N=6;M=c(4,9,6,7,5,10);
Yi=c(sumcl,sumc2,sumc3,sumc4,sumc5,sumce)
t.sum=sum(Yi)

» With Mean of Cluster Means

for(i in 1:10000)
{j=sample(1:6,n)
yi=Yi[jl;mi=M[j]
clu.mean=yi/mi
m.clu.mean[i]J=mean(clu.mean) }
mean(m.clu.mean)
var(m.clu.mean)

» Weighted Mean

Clus-3 144 143 122 134 126 157
Clus-4 114 111 134 131 146 152 131
Clus-5 119 126 122 129 130
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» Population Mean and Sum Of Clusters

#----Sum of clusters----
mcl<-mean(Clul)
mc2<-mean(Clu2)
mc3<-mean(Clu3)
mc4<-mean(Clu4)
mc5<-mean(Club)
mc6<-mean(Clu6)
mYi=c(mcl,mc2,mc3,mc4,mc5,mc6)
» With Weighted Mean

w.m=c¢(); Mbar=mean(M);

for(i in 1:10000)
{j=sample(1:6,n)
myi=mYi[j];mi=M[j];
w.m[i]=sum(mi*myi)/(n*Mbar) }
mean(w.m)

var(w.m)
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Unequal Probability Sampling
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Introduction:

1-32

33-42
43-63
64-79
80-90

Hansen and Hurwitz (1943) perhaps the first who discussed the concept of unequal
probability theory.

The most commonly used scheme is probability proportional to size (PPS).
Sampling with respect to department size.

Sampling with respect to number of trees.

Depar Faculty
-tment size

1 32

2 10
3 21
‘ 16
5 11
Total 90

» PPS With Replacement

The estimator for population total Y as suggested by Hansen and Hurwitz (1943) is

1Y
Yhn :_Zlv

N by
» Computing Hl—ll Estimator
Depar-tment Faculty size Pi Numbers

1 332 32/90 1-32

2 110 10/90 33-42

3 221 21/90 43-63

4 116 16/90 64-79

5 11 11/90 80-90
Total 90

A o]
yHH—niZ_llpi,
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Q. Prove that Hansen-Hurwitz Estimator is unbiased to population total. Also find the
variance expression.

’ _ 1 : yi
Vi = le o
Answer:
The estimator for population total Y as suggested by Hansen and Hurwitz (1943) is

C Iy
yHH—niZ_llpiy

E(y;H)=%iE(§)

Y. N Y
E(1)=> 2R =Y
o)~ 2P
Variance of Hansen-Hurwitz Estimator

Iy
yHH—ngpi,

’ 1 . yi 2 N 2
V(yHH):Egpi E‘Y V(yi]:Zpi(L_Yj
» Another Form of Variance

Var(y'HH)i(iﬁ—YZj

n\i= P
Q. Find all possible samples of size two using the following data and find Hansen-
Hurwitz Estimator. Also find mean and variance of Hansen-Hurwitz Estimator.

Yi 5 2 1 2

Z; 1 2 3 4

Answer:
e The following is a population with four values with respective size.

Yi 5 2 1 2

Z; 1 2 3 4

e We are interested to take all possible samples of size 2.
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e HH estimator will be calculated for all the samples. Further mean and variance

will be obtained.

Pi:Zi/zZi

Yi Zi
0.5 0.1
1.2 2 0.2
2.1 3 0.3
3.2 4 0.4
» All Possible Samples
Small Population Example
Small Population Example
Small Population Example
Possible i i 02
Samples Yi Yy PioB Yun YeuPiPi  Yeu PiP;
1 1 05 05 1 1 5.0 0.05 0.250
1 2 05 1.2 1 2 5.5 0.11 0.605
1 3 05 21 1 3 6.0 0.18 1.080
1 4 05 32 1 4 6.5 0.26 1.690
2 1 12 05 2 1 5.5 0.11 0.605
202 12 12 2 2 6.0 0.24 1.440
2 3 12 21 2 3 6.5 0.39 2.535
2 4 12 32 2 4 7.0 0.56 3.920
3 1 21 05 3 1 6.0 0.18 1.080
3 2 21 12 3 2 6.5 0.39 2.535
3 3 21 21 3 3 7.0 0.63 4.410
3 4 21 32 3 4 7.5 0.90 6.750
4 1 32 05 4 1 6.5 0.26 1.690
4 2 32 12 4 2 7.0 0.56 3.920
4 3 32 21 4 3 7.5 0.90 6.750
4 4 32 32 4 A4 8.0 1.28 10.240
7.00 49,500

» Small Population Example
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e The expected value of HH estimator is

E(Yii) = Zngpipj=7=Y
Var(yéps) = E(ygps)_Yz
Var(Ypes) =49.5-49=0.5

» Using the Formula

V ’ _ 1 C Yi2 2 1
ar(Yees) = —| 2 oY = [50-49]=050
i=1 bj

Yi Zi R=2/37

0.5 1 0.1

1.2 2 0.2

2.1 3 0.3

3.2 4 0.4
Q. Describe the Lahiri’s Method of selection?

Answer:
>  Lahiri’s Method of Selection

e A pair of random numbers is chosen such that one from 1 to N and other 1 t0 Znax
(say R)

o Rith) =2,/ Z,]

e if R exceeds the size of the ith unit; then that unit is rejected otherwise it is accepted.

e probability of selecting the ith unit at the first draw.

Sr.No Yi Z;
1 0.5 15
2 1.2 20

3 2.1 7
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4 3.2 13
Q. Example for Lahiri’s Method

S.No. No.of Areain 5No. No.of Areain
of Trees  Acres B of Trees  Acres P
Village Y; Z Village Y; .7_"1

1 2328 328 0.700 11 2483 537 0.120
2 754 80 0.020 12 128 7 0.002
3 105 6 0.001 13 102 8 0.002
4 949 156 0.030 14 60 22 0.005
5 3091 428 0.100 15 0 4 0.001
6 1736 401 0.090 16 11799 1234  0.280
7 840 94 0.020 17 26 3 0.001
8 311 63 0.010 18 317 30 0.010
9 0 51 0.010 19 190 40 0.010
10 3044 Q46 0210 20 180 20 0.004

» Selection with Lahiri’s Method

Pair of No. of V.
Random Village Y; P, —

Numbers Pi
(16,37) 16 11799 0.28  42139.286
(5,38) 5 3091 010  30910.00
(16,23) 16 11799 0.28  42139.286
(10,54) 10 3044  0.21  14495.238
(10,54) 10 3044  0.21  14495.238
144179.05

» The Estimated Total
e The estimated value for population total using Lahiri’s method of selection

EZSZL ~144179.05

Nz b S

= 28836

! —
Yeps =

Q. Explain the concept of Unequal Probability Sampling Without Replacement?
Answer:

e let a sample of two units is selected from a population of N units.
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Let the probability of the selection of the ith unit is P; = Zi/Z.

e Suppose the ith unit is not selected at the first draw but the jth unit is selected (j # i)
then the probability of selecting the jth unit at the first draw is P; = Z;/Z;

e The conditional probability of selecting the ith unit at the second draw is

Z./(Z-7) P/ (1- Py
e The probability of inclusion of ith unit at the second draw to be included in the sample

is the sum of the product that the jth unit is selected at the first draw and the ith unit is
selected at the second draw given the jth unit is selected at the first draw i.e.

Z'1 P,

ji

e The total probability m;, the probability of inclusion of the ith population unit to be in the
sample is

NP _
~1-P, 1-P

e The probability that both ith and jth units are in the sample is denoted by m;; and is
defined as

mj =PP,; +PPR, =P ——+P,

hop o 1-p
_pp 11
1-P T1op P,

Q. The Horvitz Thompson Estimator?
Answer:
> HT Estimator

e The general theory of unequal probabilities sampling without replacement was
presented firstly by Horvitz and Thompson (1952).

e An unbiased estimator suggested by them for population total Y is

S <3 /N W 1}
yHT _;ﬂi izﬂ:ai 7Z'i ’
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Q. Prove that HT Estimator is unbiased estimator.

» The Horvitz and Thompson in 1952 suggested the estimator total is

yHT zy. Za_
i T i T
N

E(Yir) = Z”_ Z

7T i=1

Q.81 what are the Some Relations of w; ?
Answer:

> Relations of =;

e The following are some relations of

N

I. Zﬂi =N
i=1
N

i. Yz=0-1=x

J#

iii. i(ﬂij—ﬂ'iﬂ'j)z—ﬂ'i(l—ﬂ'i)

j#

iv. ZZﬁlﬂJ nZ;r 272

i=1 j#i

» Relation (i)

N
*  We know Zai =n

i=1

N
- Taking expectation » 7, =N

i=1
> Relation (ii)

N

Z”ij =(n-Dr,

j#i

e issum of all the probabilities of the samples containing ith and jth units
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e is the sum of the probabilities containing first and second units; first and third units;
and so on.

e Thus every P(s) containing the first unit occurs (n-1) times in this sum as the sample
has (n-1) other members in it and it occurs once for each of these members.

Z”ij , zﬁij =(n-Dr,

j#i j#i

> Relation (iii)

ZN:(”ij _”i”j) =-m(l-m)

j#

Taking L.H.S

N N N
Z(”u —m;) =Zﬂu —”iZ 7T
ji ji ji

ZN:”ij — 7 (ZN:”J' - )

j#i

i”ij — 7 (iﬁj - )

LJJZing (i) and (ii) relation
=(n—1)m -m(n-m)
= -m;(1-m;)

> Relation (iv)

N N N
DDA =N DA
i=1 i=1

izl j=i

N N N
ZZM; = Z%Zﬂj
i=1 j#i =1

Q.82 Fine the variance expression of Horvitz Thompson estimator?
Answer:
» HT Estimator

e The Horvitz and Thompson in 1952 suggested the estimator total is
n N
' yi Yi
= - = a. —,
yHT Izzl: 7Z'i 2:1: i ﬂ'i

N Y N
E(Yir) = Zﬂ'i —= ZYi =Y
-1 5 ia

> Variance of HT Estimator

Var(yi,) = E(Yir)? ~[EG)]
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Vi = > - Ya

i= T = T

_<

N

Var(y,) = E[Za. ]

H 2]

Var(y,) = E(Za. ]

i=1 i

(g2

N

MZ
<

,&
N |

_<

Fl

a i [_N E(alz)g}
N Y. Y,
+ ;ZE(aIaJ)ZZ:l

Var(y,;)=E (iau Lj

i=1 ﬂi

{Bew]

{i Y—z} ZZE(aa)'Iﬁ'I]

j#i

{i ”} ZZE(a)E(a) A

-3 e (E@)]

Y "[E(a )-E(a)E(@)]

I]l i
j=#i

ilY—z[E(a )-(E@)) ]

—ZZ [E(aa) E(a)E(ay) |

i, J—l iﬂj
j#
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ilY—z[E(a )-(E@)) ]

->Y YilE@a)-E@)E@)]

i,j=1 ﬂ-iﬂ-J
j#

Var(a;) = m (1-m;)

Cov (a;,a)) = m; - mm,

N

var(y/,) = Z Var(a )+

i=1 7T

ZZ Y, Cov(a,,a )

i, J—l i
J#
2

Var(y'm):_i(l—m)n ~

+zz(n _nz, )Z;

j¢|
2

Var(y'm):_i(l—m)n ~

YY
Z(ﬂ-u 7Ti j _ﬂi(l_ﬂ'.i)

ji
2

Var(yiy) = 3 (1-m) 5~z

Y.Y
+ZZ(7Z’ — 7T )71'71'
YZ
Var(yHT) ZZ(”}”] I] 7Z'

J¢|

+ZZ L%y,

i,j=1
j#
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YZ
Var(yHT) ZZ(”}”] Ij 7Z'
J¢I

+ZZ B A ’YY

i,j=1
j#

_Zz(ﬁlﬂj ﬂ-u (_+_)

j¢l

STy

i,j=1
J#

_Zz(ﬁlﬂj ﬂ-u (_+_)

STy

i,j=1
j¢|

_Zz(ﬁlﬂ.l u

J:tl

N Y, Y
Vary(Yir) = EZZ(ﬂlﬂ.] - ”ij) (;I _”_j)
j#i
Q. Calculate HT estimator by taking all possible samples of size 2 without replacement.
Further find mean and variance.

Ans:

Small Population Example
e The following is a population with four values with respective size.

Unit No. 1 2 3 4
Yi 0.5 1.2 2.1 3.2
Z; 1 2 3 4
Pi 0.1 0.2 0.3 0.4

e We are interested to take all possible samples of size 2.
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e HT estimator will be calculated for all the samples. Further mean and variance will be

obtained.
Unit No. 1 2 3 4
Yi 0.5 1.2 2.1 3.2
Zi 1 2 3 4
Pi 0.1 0.2 0.3 0.4
Yir = ;%:
Pi = Zi/zzi
YLT = L"'ﬁ
T, T
C . p -
7Z'I = F)I 1—|—Z J _l
i 2 1-P, 1—Pi_
F W p -
m =P |1+ — A
i al-P 1- Pl_
P.
> —L-=1.456
1-P,
7w, =0.1(1+1.456-0.111)
=0.2345
Unit No. 1 2 3 4
Yi 0.5 1.2 2.1 3.2
Zi 1 2 3 4
Pi 0.1 0.2 0.3 0.4
T, 0.2345 0.4413 0.6083 0.7159
P.
D> —L-=1.456
1-P;
7, =0.1(1+1.456-0.111)
=0.2345
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7, = PP R
1-P 1-P

7, = o.1*o.2[i+ ! }

09 08
7, =0.1*0.2[1.111+1.25]
—0.0472
n
! yi
Vir =27
HT gﬂ-i

E(yiy ) =7.0000

Unit y T, 7 Y T Ve m(ve)

1,2 0.5 1.2 02345 04413 0.0472 4.8514 0.2291 1.1114
1,3 0.5 2.1 02345 06083 0.0762 5.5840 0.4255 2.3757
1.4 0.5 3.2 02345 07159 0.1111 6.6020 0.7336 4.8430
2,3 1.2 2.1 04413 06083 0.1607 6.1715 0.9918 6.1212
2.4 1.2 32 04413 0.7159 0.2333 7.1895 1.6775 12.0607
3.4 2.1 3.2 06083 07159 03714 7.9221 2.9425 23.3109

1.00 7.00 49.823

Var 'y, ) = 49.8229—(7.0000)’
=0.8229.
Q.85 what are the HT Estimator for with Replacement Sampling?

Answer:
» Sample of Four Units

Unit No. 1 2 3 4
Yi 60 60 14 1
Pi 0.05 0.05 0.02 0.01

* Y, is the count of animals from the sample of four strips.

> HH Estimator

Unit No. 1 2 3 4
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Yi 60 60 14 1
Pi 0.05 0.05 0.02 0.01

=— +
410.05 005 0.02 0.01

=800

1( 60 60 14 1 )
= + +

> HT Estimator

Unit No. 1 2 3 4
Yi 60 60 14 1
P; 0.05 0.05 0.02 0.01

7 =1-(1-p)"

R

Yin Zlﬂ

P(ANB) = P(A) + P(B) - P(AUB)
P(A) + P(B) - [1 — P(A°N B°)|

mij=wi+x;—[1—0Q—pi—pp)"]

Q. Perform PPS Sampling With Replacement using the following data in R?

Yi 0.5 1.2 2.1 3.2

Zi 1 2 3 4

Answer:

y<-c(0.5,1.2,2.1,3.2)

zi<-c(1,2,3,4)

z<-sum(zi)

pi<-zi/z

N<-4;n=2;means=c();

#----With PPS-----

for(i in 1:10)

{s <- sample(1:N,n,replace=TRUE,prob=pi)
means[i]<-mean(y[s]) }
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mean(means)

Q. Select 10000 samples with PPS Sampling With Replacement using the following
data in R. Find mean of each sample. Further find mean of means

Yi 0.5 1.2 2.1 3.2

Z; 1 2 3 4

y<-c(0.5,1.2,2.1,3.2)

zi<-c(1,2,3,4)

z<-sum(zi)

pi<-zi/z

N<-4;n=2

#----With PPS-----

for(i in 1:10000)

{s <- sample(1:N,n,replace=TRUE,prob=pi)
means[i]<-mean(y[s]) }

mean(means)

Q. Select 10000 samples with PPS Sampling With Replacement using the following
data in R. Find HH estimator from each sample. Further find mean of HH estimators.

Yi 0.5 1.2 2.1 3.2

Zi 1 2 3 4

Answer:
y<-¢(0.5,1.2,2.1,3.2)
zi<-c(1,2,3,4);z<-sum(zi);pi<-zi/z
N<-4;n=2
for(i in 1:10000)
{s <- sample(1:N,n,replace=TRUE,prob=pi)
hh[i] <- mean(y[s]/pi[s])/N }
mean(hh)

Example:

Answer:
» Population from R
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Read in the trees data set from R

let the variable of interest y be tree volume and draw by draw selection probability be
proportional to girth.

The variable of interest is tree volume.

#----- Reading the data-----

y <- trees$Volume

Zi <- trees$Girth

y

10.310.310.2 16.4 18.8 19.7 15.6 18.2 22.6 19.9 24.2 21.0 21.4 21.3 19.122.2 33.8 27.4
25.7 24.9 34.5 31.7 36.3 38.3 42.6 55.4 55.7 58.3 51.5 51.0 77.0

zi

8.3 8.6 8810.510.710.811.011.011.111.211.311411.411.712.012.912.913.3
13.713.814.014.214516.016.317.317.517.918.0 18.0 20.6

» Defining Terms

# - Defining Population----
y <- trees$Volume
Zi <- trees$Girth
pi<-zi/sum(zi)

pi
0.02020940 0.02093986 0.02142683 0.02556611 0.02605308 0.02629657 0.02678354
0.02678354 0.02702703 0.02727051 0.02751400 0.02775749 0.02775749 0.02848795
0.02921841 0.03140979 0.03140979 0.03238374 0.03335768 0.03360117 0.03408814
0.03457512 0.03530558 0.0389578 0.03968834 0.04212320 0.04261018 0.04358412
0.04382761 0.04382761 0.05015827

sumfzi)

410.7

» Sampling With PPS

y <- trees$VVolume

zi <- trees$Girth

pi<-zi/sum(zi)

N<-31;n=10;

#----Sampling with PPS----

s <- sample(1:N,n,replace=TRUE,prob=pi)

yls]

mean(y[s])
mu <- mean(y)

» With SRS

y <- trees$VVolume
Zi <- trees$Girth
pi<-zi/sum(zi)
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N<-31;n=10;

#----Sampling with PPS----

s <- sample(1:N,n,replace=TRUE,prob=NULL)
yls]

mean(y([s])

mu <- mean(y)
= mean{v[s])

[1] 37.96

[1] 3017

> Simulation with PPS

y <- trees$Volume

Zi <- trees$Girth

pi<-zi/sum(zi)

N<-31;n=10;

#----With PPS-----

for(i in 1:10000)

{s <- sample(1:N,n,replace=TRUE,prob=pi)
means[i]<-mean(y[s]) }

mean(means)

TTELAT

33.37
> Simulation with SRSWR

y <- trees$Volume
Zi <- trees$Girth
pi<-zi/sum(zi)
N<-31;n=10;
#----SRSWR----
for(i in 1:10000)
{s <- sample(1:N,n,replace=TRUE,prob=NULL)
means[i]<-mean(y[s]) }
mean(means)
Mean

30.25

» Observations
e Mean of Population is 30.17
e Mean of means with SRS is 30.25-
e Mean of means with PPS is 33.37

Q. Read the data from the following command and select 10000 samples with PPS
Sampling with replacement using the following data in R. Find HH estimator from each
sample. Further find mean of HH estimators.

y <- trees$VVolume

zi <- trees$Girth
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Answer:
» Population from R

# - Reading the data-----
y <- trees$VVolume
Zi <- trees$Girth
y
10.310.310.216.4 18.819.7 15.6 18.2 22.6 19.9 24.2 21.0 21.4 21.3 19.122.2 33.8 27.4 25.7
24.9 34,5 31.7 36.3 38.342.6 55.4 55.7 58.3 51.551.0 77.0
» Population from R

y
10.310.310.2 16.4 18.8 19.7 15.6 18.2 22.6 19.9 24.2 21.0 21.4 21.3 19.122.2 33.8 27.4 25.7

249345 31.7 36.338.342.655.455.758.351.551.077.0

Zi

8.3 86 8.810.510.710.811.011.011.111.211.311.411.411.712.012.912913.313.7
13.814.014.214516.016.317.317.517.918.0 18.0 20.6

y <- trees$Volume
Zi <- trees$Girth
pi<-zi/sum(zi);N<-31;n=10;
for(i in 1:10000)
{s <- sample(1:N,n,replace=TRUE,prob=pi)
hh[i] <- mean(y[s]/pi[s])/N }
mean(hh)
miean{hh)}
[1] 3018311
Q. Select 10000 samples with PPS Sampling with replacement using the following data in
R. Find HT estimator from each sample. Further find mean of HT estimators.

0.5 1.2 2.1 3.2
Yi

Z; 1 2 3 4

Answer:
# - Defining Population----
y<-¢(0.5,1.2,2.1,3.2)
zi<-c(1,2,3,4)
z<-sum(zi)
pi<-zi/z;N=4;n=2
#---Calculation of Pi----
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pii <- 1 - (1-pi)™n

#---Looping-----

for(i in 1:10000)

{s <- sample(1:N,n,replace=TRUE,prob=pi)
yu=unique(s)

ht[i] <- sum(y[yu]/pii[yu])/N}

mean(ht)

Q. Select 10000 samples with PPS Sampling without replacement using the following data
in R. Find HT estimator from each sample. Further find mean of HT estimators.

0.5 1.2 2.1 3.2
Yi

Zi 1 2 3 4

Answer:
# - Defining Population----
y<-¢(0.5,1.2,2.1,3.2)
zi<-c(1,2,3,4)
z<-sum(zi)
pi<-zi/z;N=4;n=2
#---Calculation of Pi----
piinv<-1-pi
sm<-sum(pi/piinv)
pii <- pi*(1+sm-pi/(1-pi))

> ith HT Estimator

#---Looping-----

hht=c();

for(i in 1:10000)

{s <- sample(1:N,n,replace=FALSE,prob=pi)
hht[i] <- sum(y[s]/pii[s])/N}

mean(hht)

Q. Read the data from the following command and select 10000 samples with PPS
Sampling with replacement using the following data in R. Find HT estimator from each
sample. Further find mean of HT estimators.

y <- trees$VVolume

Zi <- trees$Girth
Answer:
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y <- trees$VVolume
zi <- trees$Girth
y
10.310.310.216.4 18.819.7 15.6 18.2 22.6 19.9 24.2 21.0 21.4 21.3 19.122.2 33.8 27.4 25.7
24.9 34,5 31.7 36.3 38.342.6 55.4 55.7 58.3 51.551.0 77.0
y
10.310.310.216.4 18.819.7 15.6 18.2 22.6 19.9 24.2 21.0 21.4 21.3 19.122.2 33.8 27.4 25.7
24.9 34.531.7 36.3 38.342.6 55.4 55.7 58.3 51.5 51.0 77.0
zi
8.3 8.6 8.810.510.710.811.011.011.111.211.311411.411.712.012.912.913.313.7
13.814.014.214516.016.317.317.517.918.0 18.0 20.6
sum{zi)
410.7
# - Defining Population----
y <- trees$VVolume
zi <- trees$Girth
pi<-zi/sum(zi)
pi
0.02020940 0.02093986 0.02142683 0.02556611 0.02605308 0.02629657 0.02678354
0.02678354 0.02702703 0.02727051 0.02751400 0.02775749 0.02775749 0.02848795
0.02921841 0.03140979 0.03140979 0.03238374 0.03335768 0.03360117 0.03408814
0.03457512 0.03530558 0.0389578 0.03968834 0.04212320 0.04261018 0.04358412
0.04382761 0.04382761 0.05015827

y <- trees$Volume
Zi <- trees$Girth
pi<-zi/sum(zi)
N<-31;n=10;
#---Calculation of Pi----
pii <- 1 - (1-p)™n
pii

» Values of pii

> pii

0.1846714 0.1907295 0.1947457 0.2281662 0.2320147 0.2339325 0.2377552
0.2377552 0.2396601 0.2415607 0.2434571 0.2453491 0.2453491 0.2509998
0.2566124 0.2732237 0.2732237 0.2804987 0.2877080 0.2895002 0.2930723
0.2966283 0.3019321 0.3279149 0.3330058 0.3497258 0.3530242 0.3595758
0.3612043 0.3612043 0.4022598

#---Looping-----

hht=c();

for(i in 1:10000)

{s <- sample(1:N,n,replace=TRUE,prob=pi)
yu=unique(s)

hht[i] <- sum(y[yu]/pii[yu])/N}
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mean(hht)

Q. Describe the Brewer selection procedure
Answer:
» Brewer’s Procedure

e Brewer (1963a) suggested a selection procedure. The procedure for a sample of size 2 is
given as
e Select the first unit with probability proportional to

R(1-R)
(1-2R)
e Select the second unit with probability proportional to size of remaining units.

Q. Describe the Durbin’s Procedure
» Durbin’s Procedure

e Durbin (1967) suggested a selection procedure. The procedure for a sample of size 2 is
given as

e Select first unit with probability proportional to size.

e Select second unit with probability proportional to size of

1 1
P. +
'11-2P 1-2P,

Q. Describe Shehbaz-Hanif-Samiuddin’s Procedure

e They suggested the procedure in 2003.
e Select first unit with probability proportional to

R(1-R)
(1-2P)
e Select second unit with probability proportional to size of

1 1
P. +
'11-2P 1-2P,
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Estimation with Auxiliary Variable
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Introduction:
» Auxiliary Variable

e We have discussed the estimation of parameters on the basis of single variable.

e Supporting/supplementary variable may be used at design stage or estimation stage.

e Supporting variable is used to enhance the efficiency of estimation.

e The supporting variable must be correlated with main variable.

e The supplementary information usually referred to as benchmark variable or Auxiliary
variable.

e Graunt (1662) was the first who used auxiliary information to estimate the population
size of England.

e After Graunt(1662), Laplace was the first to introduce the use of auxiliary information for
the estimation of population of France.

X = Cell Phones: 2016
Y = Cell Phones: 2017
X =Working hours
Y = Number of Items Processed
X = the size of unit i
Y = the number of animals in unit i
X = Diameter of the tree
Y = Volume of the tree
» Some Types of Relationships
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Q. Prove that ratio estimator is almost unbiased for large sample size.

Answer:
> Ratio Estimator

e The Ratio Estimator is

R=Y-Y
X X

» Ratio Estimator for Mean and Total
e The Ratio Estimator for population mean
y,=Lx
X
e The Ratio Estimator for population total

y, =YX
X
» Expectation of Ratio Estimator
For the large sample size the expectation of ratio estimator is approximately equal

to population ratio, i.e.

ER) ~ R
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When n is large
R-—R~ y__RX

X
Y —RX

E(R-R)~
E(R)~R

Q. Find the variance of Ratio Estimator.
Answer:
> Ratio Estimator

* The Ratio Estimator is

X
> Ratio Estimator for Mean and Total

e The Ratio Estimator for population mean
y.=Lx
X
e The Ratio Estimator for population total

Yo =L X
X

> Variance of Ratio Estimator
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N—-n 1
Nn X?
e
N-n 1
Nn X2
{ii(y-—rx-)ﬂ
n-14"" I

» Alternative Expression of Variance

MSE(R) ~

mse(R) ~

N—-n 1
MSE(R) ~ o X_[N— Z(Y RX)}
A nl 1 — T2
SE(R) » — —Y)—(RX, —RX
()NXlel:[(Y.)(. )]
MSE(R)~N—" 1 sz _2Rs,, +R?S?]

» Expression of Variance for Ratio Estimator of Mean

N -n

. 1
R ~— %
[P —2RS, +RS;, |

MSE(Y,) ~ "

[S7 —2RpS, S, +R?S} |
MSE(Y,) ~ AY 2
[C}-2pC,Cy +Cf |
C.L(R): R+t mse(R)
C.L(Y): ¥, +t Jmse(y,)

Q. Find the approximate Bias expression of Ratio Estimator?

Answer:
> Ratio Estimator of Mean

e The Ratio Estimator is

» Notations
o= (V-Y)/¥
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g =(x-X)/X

Using these notations

E(ef)=AC.,

E(ef)=AC’,

E(eg)=4C,,

where, C,, =p,,C,C,
» Using Notations

Bias(y,) =V (C{ - »,C,C,)
L 1-f -
Bias(y,) ~ =Y (Ci-p,C,C,)
PP )
Bias(R) ~——R (C:-p,C,C,)
Q. Comparison of Ratio Estimator with Mean Per Unit Estimator?
Answer:

» Ratio Estimator for Mean
e The Ratio Estimator for population mean, i.e.

X

X <

Y, =
Var(y,)=Y?*21

[C -2pC,C, +C{]
* The mean per unit estimator is

V(y)=AVC
» Comparison
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Var(y)-Var(y,)>0
AY?C? —
AY?[C? -2pC,C, +C2]1>0
CY2 —[CY2 -2pC,C, +C)2(] >0
2pC,C, —Ci >0
S = 2x
P75,
Q. Prove that Hartley-Ross is an Unbiased Ratio Estimator
=7+ N=D (-7 %)
N(n-1) X

Answer:
» Hartley-Ross Estimator

e The HR Estimator is

n(N-1) (Y-T X)

r.=T+ —

"R N(n-1) X
_ 1& Y

where, T == =

e The variance of HR Estimator is

Var(r,g) %
[ S} +R?S; —2RPS, S, |
*  We know that

=(n-£[ 31 )£

o E(DE(X)
M="Ex)
E(DEX)
-EWEX)
E(DE(x)
EWELY

R

=l

E(r)-R=

-R
E(F)-R

_%[V—E(E)E(Xi)]
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E(F)-R=
_%[V—E(E)E(Xi)]
E(F)-R=

_%[E(rixi)—E(ri)E(Xi)]

Y = E(yi) = E(%Xi) = E(rixi)

E(F)—R:—%cov(rixi)
E(F)-R=

11 >
—Yﬁg('}_R)(Xi—x)
E(F)—R:—% NN_lE( o)
E(F)-R=

1 N-1 &
—YN(N_D;(E—R)(X.—X)
E(F)-R=- 2T E(s,)
E(F)-R=

1 N-1 & =
—YN(N_l)le(E—R)(Xi—X)
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E|T+=————(Y-™X)|=R

ElT+=————(V-™)|=R

E[Estimator ] = Parameter
o p MND (7T R)
N(n-1) X

Q. Prove that regression estimator is an unbiased estimator.
Ans:

Veeg =¥ + B (X =X)
E(Vieg) = E(¥) + B,E(X —X)

E (Vg ) =Y

Q. Find variance of Regression Estimator.
Ans

yreg = y"‘ﬁ,\yx()z _Y)
Yreg :Y_(1+e0)+

B (X =X (1+e))
yreg: (1+e) ﬂ’\yxxel
Veeq V(1+e) B, Xe,
Vreg -Y = ﬂ Xe

(yreg ) _E(Ye _ﬂ’\ X )2

— A 2

V(Jig) = E(Ye,) +E(,Xe,)
—2E (Y_e0 B )?el>
=E(Ye,) +E ( ﬁyxiel)z
—2E(Ye A3, )?el)

v 22 P2 722
Z{Y CZ+ B2 X CX}
~2YX f3,,0C,C,
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_ S2 _

Y2C§+,028—§X2CX2
__ Sy

—ZYXpS—prCX

X

B 2
Y_2C2 ZiXZCZ
y+p SZ X

X

=1

— S
_ZYXPS_yPCny

V() = 282[1-°]

2
Y_2C2 ZiXZCZ
y+p SZ X

X

— S
-2YXp S—y pC,C,

X a

Q.Find expected value and MSE of ratio estimator by taking all possible samples of size 2

from the following population.

Unit No. 1 2 3 4
Y 5 12 15 28
X 11 21 32 14
Answer:
» Small Population Example
e The following is an artificial population with four values.
Unit No. 1 2 3 4
Yi 5 12 15 28
X 11 21 32 14
e We are interested to take all possible samples of size 2.
e Calculate expected value for the ratio estimator.
Unit No. 1 2 3 4
Yi 5 12 15 28
Xi 11 21 32 14
Y
X
X =19.5
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Unit 7§ 7 y/x Y,
1,2 85 16 053 10.36
1,3 10 215 047 9.07
1,4 165 125 132 25.74
2,3 135 265 051 9.93
2,4 20 175 114 22.29
3,4 215 23 093 18.23
6 6 —\2
MSE (7,)=(¥, —15)2% MSE (¥, ) = g(yn ~Y)P(s)

i=1

MSE (,) = 43.54

Q. Read the data from the following command and select 10000 samples by simple random
smapling without replacement. Find ratio estimator from each sample. Further find mean
of ratio estimators and compare it with mean per unit estimator.
y <- trees$VVolume
Zi <- trees$Girth
Answer:
» Example

e The Ratio Estimator is

y,=Lx

X
» Defining Population

#----Defining Population
y <- trees$VVolume

X <- trees$Girth
N<-31;n<-4

mux <- mean(x)
r<-c();mratio<-c();

» Relative Efficiency
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#----repeating 10000 times
for(i in 1:10000)
{s<-sample(1:N,n)
m[i]<-mean(y[s])

r[i] <- mean(y[s])/mean(x[s])
mratio[i] <- r[i]*mux}
var(m);var(mratio)
re<-var(m)/var(mratio);re

Q. Generate a population of size 1000 for the given parameters using bivariate normal
distribution, such that

[Y,X]as u=[2 2].

1 085
3=
{0.85 1 }

We consider sample sizes: n=10. Select 10,000 random samples considering SRSWOR
and calculate

t=y 2
X

Further, calculate the MSEs for above estimators and calculate relative efficiencies with

respect to mean per unit estimator (Y )

Answer:
library(mvtnorm)
N=1000;ryx=0.85; n=10;
m=c(2,2); # vector of mean.
# variance covariance matrix is given below.
sig=matrix(c(1,0.85,0.85,1),ncol=2);
r=rmvnorm(N,m,sig);
x=r[,2};y=r[,1];
data=data.frame(x,y);
plot(y,x)
Simulation Study

r<-c();mratio<-c();m=c();
for(i in 1:10000)
{s<-sample(1:N,n)
m[i]<-mean(y[s])

r[i] <- mean(y[s])/mean(x[s])
mratio[i] <- r[i]*mux}
var(m);var(mratio)
re<-var(m)/var(mratio);re
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Q. Find Bias of Product Estimator?
Answer:
> Product Estimator

> Bias of Product Estimator

&=(7-Y)¥

e =(x-X)/X
Using these notations,
E(ef)=AC.,
E(ef)=AC’,
E(e)=4C,,
where, C,, =p,,C,C,

» Using Notations

-<|><

Y (@+e)X(L+e)
P X
=Y (1+¢,)(1+e)
> Bias of Product Estimator

Y (1+6)(1+e)

Y (1+e+6€ +6ee)

Y,-Y =Y (e, +e +eg)
E(7,-Y)=YE(e, +& +e8)

Bias(y,) =YE (e, +€ +&x,)
)

where, C,, =p,,C,C,
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Bias(y,)=YAC,,
Q. Find Mean Square Error of Product Estimator?

Answer:
» MSE of Product Estimator

Using these notations,

E(ef)=AC.,

E(ef)=AC’,

E(eg)=4C,,

where, C,, =p,,C,C,
» Using Notations

- Y
Yo 27
Y (@1+e)X(L+e)
L X
=Y (1+¢,)(1+e)
» MSE of Product Estimator

=Y (1+¢,)(1+e)

=Y (1+e,+€ +68)

V,-Y =Y (e, +& +6e8)
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Q. Find expected value and MSE of product estimator by taking all possible samples of

size 2 from the following population.
Unit No. 1 2 3 4
Yi 5 12 15 28
X 32 21 14 11

Answer:

» Small Population Example
» The following is an artificial population with four values.

Unit No. 1 2 3 4
Yi 5 12 15 28
Xi 32 21 14 11

» We are interested to take all possible samples of size 2.

» Calculate expected value for the product estimator.

X
X
» All Possible Samples

X =195
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Unit
No.
Y.

1

X,

Unit

b

b

b

NN = e =
= = W = W

b

» Expected Value

STA632-Sampling Techniques

1 2 3 4
5 12 15 28
32 21 14 11
y x VXX ),
85 265 22525 11.55
10 23 230 11.79
16.5 21.5 35475 18.19
13.5 175 236.25 12.12
20 16 320 1641
215 125 268.75 13.78
Unit
1,2 8.5 26.5 11.55
1,3 10 23 11.79
1,4 16.5 21.5 18.19
2,3 135 17.5 12.12
2.4 20 16 16.41
3,4 21.5 12.5 13.78
popmean =15 E(Vp) =13.97

6

MSE(VP) - Z(ypi _Y_)ZP(S)

i=1
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MSE (7,)= 3.(7, 15’

i=1

MSE (y,)=7.36

Q.109 Generate a population of size 1000 for the given parameters using bivariate normal
distribution, such that

[Y,X]as u=[2 2].

1 -085
3=
{—0.85 1 }

We consider sample sizes: n=10. Select 10,000 random samples considering SRSWOR
and calculate
X
t = _T
y X
Further calculate the MSEs for above estimators and calculate relative efficiencies with

respect to mean per unit estimator (Y )

Answer:
» Defining Population

library(mvtnorm)

N=1000;ryx=-0.85; n=10;

m=c(2,2); # vector of mean.

# variance covariance matrix is given below.
sig=matrix(c(1,-0.85,-0.85,1),ncol=2);
r=rmvnorm(N,m,sig);

x=r[,2};y=r[,1];

data=data.frame(x,y);

p<-c();mp<-c();m=c();

for(i in 1:10000)
{s<-sample(1:N,n)
m[i]<-mean(y[s])

p[i] <- mean(y[s])*mean(x[s])
mp[i] <- p[i}/mux}
var(m);var(mp)
re<-var(m)/var(mp);re
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Ratio Estimator in Stratified Sampling

Virtual University of Pakistan Page 152



STA632-Sampling Techniques

Q. Find the expression of Bias of Combined Type Ratio Estimator.
Answer:
» Combined Type Ratio Estimator in Stratified Sampling

e The combined type ratio estimator is

| |~<|

yrst )Z

|

st

> Notations

e = (Y =V)/¥
= (%= X)/X

Usmg these notations,

(eOst) ZW ﬂhcyh’
( 1st) th ﬂhcxh’

eOst 1st ZW Ahnyh

where, C,, = pyxhcyhcxh
> Bias of the Estimator

Ve :Y_(1+e05t)
Yst = X(1+elst)

yrst = # )Z

>

st

Y(1+ eoSt)
Y =T,
X(1+ elst)
> Bias of Ratio Estimator

(

(1+ elst)

€qt)
€os ) (1— € +65)

— — [ Cost —Cust
Yt -Y =Y (
_EOStelst + elst

Ost 1st ZW Ahnyh
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Bias(V,) =
_k
Y thzﬂ'h (th - pyxhCthxh)
h=1
Q. Find the expression of MSE of Combined Type Ratio Estimator?
Answer:
» Combined Ratio Estimator in Stratified Sampling

e The combined type ratio estimator is

| |~<|

yrst )Z

|

st

> Notations

e = (Y =V)/¥
= (%= X)/X

Usmg these notations

E(ey )= Zw 4Ch,
E(el)= Zw A4Ch,

eOst 1st ZW Ahnyh
where, C,, = pyxhcyhcxh
» MSE of Combined Type Ratio Estimator
Ve :Y_(1+ eOSt)
Yst = X (1+ elst)

yrst =_ )Z
st
oY@+ eoSt)
"X+ elst)

=Y (1+ey)(1+ elst)

~Y (1+ey)(1-6y)

Ve Y (14654 —€14)

Vi =Y zY_(eoa _elst)
E(Vu—Y) ~Y°E(Coq —€10)’
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Ver @Y (1465 — € —8

Ostelst )

E (yrst _Y_)2 ~ Y_ZE (EOSt - elst)2
E (yrst _Y_)z ~
. [E ()€ )J

—2E (elst €t )

st Vst

MSE(Vrst) ~
L C2 +C2 ]
Y—z Wz}/ yh xh
hz_;, h/h __2Cth |
MSE(Vrst) ~
L C2 +C2 ]
Y—z Wz}/ yh xh
hz_;, h/h __2Cth |

» Example

e Consider a population of size 700 consisting on three strata such that N;=100, N,=250
and N3=350. The required sample size is 18.

e The population consisting on two variables Y and X.
e The population mean for the Variable Y and X is 15 and 62.14, respectively.

e The sample size from stratum-1, stratum-2 and stratum-3 is arbitrarily decided as 4, 8
and 6, respectively.

e The sample from each stratum is chosen as (y,x)

Stra-1 Stra-2 Stra-3
1,22 7,39 23,92
3,29 12,55 14,65
2,25 8,42 20,84
5,32 5,30 22,89

11,51 24,96

Virtual University of Pakistan Page 155



STA632-Sampling Techniques

10,49 17,68
9,45
12,54

» Considering the Variable Y

. swral  Sra2  Stra3
D 7 23
K 12 14
2 8 20
s 22
] 11 24
L] 10 17
L] 9

] 12

‘mean 275 9.25 20
Na 100 250 350
s» 1708 2493 3,847
L 8 6

» Considering the Variable X

.~ sral  Stra2  Stra3
_ 22 39 92
_ 29 55 65
_ 25 42 84
_ 32 30 89
— 4

] 54

" mean 27 45.63 82.33
CNe 100 250 350
_ 4.397 8.450 12.91
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w4 : 6

» Sample Means

« Sample mean of variable Y
Vot = 2 WV = 2 NV, /N
h=L h=1
_ 1 _ _ _
Vst = W[Nﬂ/l +N, ¥, +NgYs]
« Sample mean of variable X
Xg = 2 WnXp = 3 Ny Xy /N
h=1 h=1
= 1 = = =

» Sample mean of Y

kK _ ok

Vst = 2 Wh ¥p =2 Ny ¥y /N

h=1 h=1
_ 1 _ _ _
Vst = W[Nl)ﬁ +N, ¥, + N3ys]
Y =13.70

» Sample mean of X

1 - - -
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Xy = 61.32
» Combined Ratio Estimator

e The combined type ratio estimator is

a _J
Vg =2 X
Xst
Vo =370 6214
61.32
Y. =13.89
Q.115 Find the expression of Bias and MSE of Separate Type Ratio Estimator in stratified
sampling.
Answer:

» Separate Type Ratio Estimator

e The separate type ratio estimator is
k
yrsst = ZWh yrh

Vit = ZW Yox,

> Bias of Ratlo Estlmator

Bias(y,) ~
1-f s
—= (C2-p,CC,)

yxyx

* In case of Stratified Sampling

E(yrh) zY_h +
1-f,

Y_h (szh - pyxhCthxh)
h
» Bias of Separate Type Ratio Estimator

k
yrsst = ZWh yrh = E yrsst ZW E yrh
h=1
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1-f

h

k —_— —_—
E(Vis) = Z\Nh (Yh + Y, (th = PpnCynCin )j
K
yrsst Z
h=1
K

yI’SSt

h (th - pyxhCthxh)

h (szh - pyxhCthxh)

> Bias of Separate Type Ratio Estimator

Bias(yrsst) =

k
ZWhAth (th - pyxhCthxh)
h=1
» Expression of MSE for Ratio Estimator of Mean

MSE(Y,)
AY?(Ci+Cl-2p,CC,)
MSE(yrh) ~
ﬂ"nY_hz (th + th - zpyxhCthxh)

» MSE of Separate Type Ratio Estimator

yrsst thyrh = MSE yrsst ZW MSE(y )

h=1 h=1

MSE(yrh) ~ ﬂ“nY_2 (CZ + C2 - 2pyxhCthxh)

MSE yrsst ZW ﬂ'hY (C)%h + th - ZpthCthXh)

h

k Z (Yh

MSE yrsst Z thﬂ'h = N 1
h=1 h

» Bias and MSE of Separate Type Ratio Estimator
Bias (V. ) =
: va 2
ZWh/thh (th - pyxhCthxh )
h=1

MSE (yrsst) ~

k WzﬂhY_Z th +th

: : h h

h=1 _ZpyxhCthxh
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Example

e Consider a population of size 700 consisting on three strata such that N;=100,
N>=250 and N3=350. The required sample size is 18.

e The population consisting on two variables Y and X.
e The population means for the Variable Y and X is 15 and 62.14, respectively.

e The sample size from stratum-1, stratum-2 and stratum-3 is arbitrarily decided as
4, 8 and 6, respectively.

e The overall mean of stratum-1, stratum-2 and stratum-3 for variable X is 25, 45
and 85, respectively.

e The sample from each stratum is chosen as (y,X)

Stra-1 Stra-2 Stra-3
1,22 7,39 23,92
3,29 12,55 14,65
2,25 8,42 20,84
5,32 5,30 22,89
11,51 24,96
10,49 17,68
9,45
12,54

» Considering the Variable Y
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Stra-1]Stra-2 | Stra-3)

1 7

3 12 14

2 8 20

5 5 2
1 24
10 17
9
12

275, 9265: 20
100 250 350
1708 2493 3.847 _

4 8 6
» Considering the Variable X
| |Stra-1]Stra-2 |Stra-3|
22 39 92
29 55 65
25 42 84
32 30 89
51 96
49 68
45
54

27 4563 8233
100 250 350

4397 8450 1291
4 8 6

W

» Sample Means
e Sample mean of variable Y

S
Vst = 2 Wh¥h = 2 Ny ¥ /N
h=1 h=1
_ 1 _ _ _
Vst = W[lel +N2¥ + N3Ys]
e Sample mean of variable X
Xt = 2 WiXy = 2 NpXq /N

h=1 h=1

1 . = -
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» Sample Information of Y and X

e Sample mean of variable Y

275 925 20
100 250 350
1.708 2493 3.847
4 8 6

v
K

e Sample mean of variable X

27 4563 8233
100 250 350
4397 8450 1291
4 8 6

_ Voo
yrsst = Z\Nh __hxh

h=1 h
7 va 72 va ys N
=W, —X W, == X, +W, =X
X 2 XZ 2 3 73 3
:W yrl +W2yr2 +W?>yr3
Vu=2X,
X,

» Separate Type Ratio Estimator

3

yrsst = ZW __X
et Xh
3

yrsst = th yrh

h=1

=Wy, +W2yr2 +W3Y.r3

<I

Ny=100,
MNy=250and MN,=550

Means

2.546296
9122288
2064861

» Separate Type Ratio Estimator
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yrsst ZW

yrsst = ZWh yrh

h=1

=Wy, +W2yr2 +W3V.r3

xq~ﬂ

W1=0.
142857

W2=0.
357143
W3=
0.5
» Separate Type Ratio Estimator

3
yrsst = z
h=1

3
yrsst ZWh yrh
h=1

=Wy, +W2yr2 +W3V.r3

I |~<I

=0.143x2.55+0.357 x9.12
+0.5%20.65

=13.95

Example

e Consider a population of size 700 consisting on three strata such that N;=100,
N>=250 and N3=350. The required sample size is 18.

e The population consisting on two variables Y and X.
e The population means for the Variable Y and X is 15 and 62.14, respectively.

e The sample size from stratum-1, stratum-2 and stratum-3 is arbitrarily decided as 4, 8
and 6, respectively.

e The overall mean of stratum-1, stratum-2 and stratum-3 for variable X is 25, 45 and
85, respectively.

e The sample from each stratum is chosen as (y,x)
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» Considering the Variable X
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Stra-3

1,22 739 2392
329 12,55 14,65
225 842 2084
532 530 22,89

11,51 24,96

1049 17,68

9,45

12,54
| |Stra-1|Stra-2 | Stra-3]
BN 1 7 23
3 12 14
B 2 8 20
B 5 5 2
= 11 24
== 10 17
[ 9
[— 12
Bl 275 925 20

N 100 250 350
S 1.708 2493 3.847
ny, 1 8 6

| [Stra-1]Stra-2|Stra-3)
2 39 92

29 55 65
25 42 84
32 30 89
51 96
49 68
45
54

P27 4563 8233
W 100 250 350
S 4397 8450 1291

4 8 6
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» Sample Means

e Sample mean of variable Y

K _ ok
Vot = 2 Wh ¥p = 2 N /N
h=1 h=1
_ 1 _ _ _
Yst = W[lel +Nyy, + N3Y3]

e Sample mean of variable X

k k
Xst = 2 WnXy = 2 NpX, /N
h=1 h=1

1 _ _ _
Xt = W[lel +NyX; + N3Xs |

» Sample Information of Y and X

e Sample mean of variable Y

275 925 20
100 250 350
1.708 2493 3.847
4 8 6

e Sample mean of variable X

27 4563 8233
100 250 350
4397 8450 1291
4 8 6

Xl 2 X3
:lerl +W2yr2 +W3Yr3
Y = % >Z1

» Separate Type Ratio Estimator
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yrsst ZW

yrsst = ZWh yrh

P |<I

h=1
=Wy, +W2yr2 +W3V.r3

W1=0.142857

W2=0.357143

W3=05

» Separate Type Ratio Estimator

Weans
2 546296
0.122288
Y 20.64861
Vi = ZW Jox,
X,
yrsst = th yrh
h=1
:lerl +W2yr2 +W3yr3
W1=0.142857
W2=0.357143
W3=0.5
» Separate Type Ratio Estimator
yrsst ZW yh X
h
yrsst = ZWh yrh
h=1
=Wy, +W2yr2 +W3V.r3
=0.143%x2.55+0.357 x9.12
+0.5%20.65
=13.95

Q. Find the variance expression of combined Type Regression Estimator?
Answer:
» Regression Estimator

e The Regression Estimator without stratification
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yreg = V+Byx(>? —Y)

N SyX
By = 5z
» Combined Type Regression Estimator

e The Regression Estimator under stratified sampling
yregc yst + ﬁyx(x X )
yregc = zwh yh +

Bu(X - Z %)

» Expected Value of Estlmator
e Taking Expected Value on both sides

— k —
E (T ) - zwvax[x >wx |
h=1
ok
£ () = W7+ [ X320,
» Expectation of Regression Estimator

E(yreQC) :Y_+By>< (X=X)
E (Vreg ) = Y_

» Variance of Regression Estimator
yregc = yst +ﬁyx (>Z _)_(st)
\4 (yregc) =E I:yregc _Y_:|2
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V (Voo ) = E[hzkzllwh (Vs —Y)—ﬁyxhzzwh (X, - >?)}2

» Variance of Combined Type Regression Estimator
V (Trege) =

K S 2 + ZS ZX
Zthﬂ,h hy IBO h
h=1 _zﬁo thy

_Cov(},.5,)

Py

1€ minimum variance i1s given by
i 2
, v WS e 22
' armm( )4'rrx ) - Z_‘-—(‘Sl) —/}0 .S" )

=1 N

Q. Find the variance of Separate Type Regression Estimator?
Answer:
» Regression Estimator

e The Regression Estimator without stratification

A —

» Separate Type Regression Estimator

e The Combined Type Regression Estimator is

yregc = yst _I_ﬁyx(>z - Xst)
e The Separate Type Regression Estimator is

_ kW Y, +
yregs_é h ,B,\yxh()zh_yh)

» [Expectation of Separate Type Regression Estimator
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E (yregs) = ZWhY_h = Y_
h=1
» Variance of Regression Estimator

k
Yregs = ZWh Vh +
h=1

K K R TP
\ (yregs) = E|:hZ:Wh (yh _Y_) _hZ:Whﬁyxh (Yh - Xh):|
=1 =1
Zk:WhZE(yh =Y ) + Zklwhzﬂith (7h - >Zh)2
V (Vi) =| " o
—ZZthﬁflth (Vh -Y )(Yh a xh)
h=1
\ (yregc) =
K SZ +ﬂ2 SZ
Wzﬁh hy yxh hx:|
hzjl: " |:_2ﬂyxhshxy
— SL\)
/}u. - S‘:l

Q. Simulation Study for Combined Type Ratio Estimator.
Answer:
» Simulation Study

library(mvtnorm)
#population and sample size.
N=300;N1=100;N2=100;N3=100;n1=15;n2=15;n3=15;n=45;
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w1=N1/N;
w2=N2/N;
w3=N3/N;
Defining Parameters

# mean vectors for stratum 1, 2 and 3.

m1=c(10,5);

m2=c(20,10);

m3=c(30,15)

#variance covariance matrix for #stratum 1, 2 and 3 given #below.
sigl=matrix(c(1,0.85,0.85,1),ncol=2);

sig2=matrix(c(1,0.80,0.80,1),ncol=2); sig3=matrix(c(1,0.75,0.75,1),ncol=2);
Generating Populations

rl=rmvnorm(N1,m1,sigl);
r2=rmvnorm(N2,m2,sig2);
r3=rmvnorm(N3,m3,sig3);

# generate random variable for #stratum 1.
yl=r1[,1];x1=r1[,2]

# generate random variable for #stratum 2.
y2=r2[,1];x2=r2[,2]

# generate random variable for #stratum 3.
y3=r3[,1];x3=r3[,2]

X<-c(x1,x2,x3)

Looping

sal=sample(1:N1,n1) yst[i[=w1l*mean(ysl)+w2*mea
,,,,,,,,,,,,,,,, - r n(y52)+“r3*mean{ys3);

sa2=sample(1:N2,n2) rst[i]=yst[i]*(mean(x)/ (xst[i]))
— D= . }
xs2=x2[sa2];vs2=y2[sa2]; mean(yst);mean(xst);
mean(rst);
sad=sample(1:N3,n3) var(yst);var(rst);
xs3=x3[sa3];vs3=y3[sa3]; var(yst)/var(rst)

Means and Variances

> mean(yst);mean(xst);mean(rst);
[1] 20.01764
[1] 10.02838
[1] 20.02706
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> var(yst);var(rst);var(yst)/var(rst)

Q. Define the process of simulation study for combined type ratio estimator also find mean
and variance of estimator using following data

N=300:N1=100;N2=100:N3=100;n1=15;n2=15;n3=15;n=45;

# mean vectors for stratum 1, 2 and 3.

m1=c(10,5);

m2=c(20,10);

m3=c(30,15)

#variance covariance matrix for #stratum 1, 2 and 3 given below.
sigl=matrix(c(1,0.85,0.85,1),ncol=2)

sig2=matrix(c(1,0.80,0.80,1),ncol=2); sig3=matrix(c(1,0.75,0.75,1),ncol=2);

Ans.

library(mvtnorm)

#population and sample size.
N=300;N1=100;N2=100;N3=100;n1=15;n2=15;n3=15;n=45;
w1=N1/N;

w2=N2/N;

w3=N3/N;

# mean vectors for stratum 1, 2 and 3.

m1=c(10,5);

m2=c(20,10);

m3=c(30,15)

#variance covariance matrix for #stratum 1, 2 and 3 given below.
sigl=matrix(c(1,0.85,0.85,1),ncol=2)
sig2=matrix(c(1,0.80,0.80,1),ncol=2); sig3=matrix(c(1,0.75,0.75,1),ncol=2);
rl=rmvnorm(N1,m1,sigl);

r2=rmvnorm(N2,m2,sig2);

r3=rmvnorm(N3,m3,sig3);

# generate random variable for #stratum 1.
y1=r1[,1];x1=r1[,2]

# generate random variable for #stratum 2
y2=r2[,1];x2=r2[,2]

# generate random variable for #stratum 3.
y3=r3[,1];x3=r3[,2]
x<-c(x1,x2,x3)

for(i in 1:5000){
sal=sample(1:N1,n1)
xsl=x1[sal];ysl=yl[sal];
sa2=sample(1:N2,n2)
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xs2=x2[sa2];ys2=y2[sa2];

sa3=sample(1:N3,n3)

xs3=x3[sa3];ys3=y3[sa3];
yst[i]=wl*mean(ysl)+w2*mean(ys2)+w3*mean(ys3);
xst[i]=wl*mean(xsl)+w2*mean(xs2)+w3*mean(xs3);
rst[i]=yst[i]*(mean(x)/(xst[i]))

}

mean(yst);mean(xst);

mean(rst);

var(yst);var(rst);

var(yst)/var(rst)

#Means and Variances
> mean(yst);mean(xst);mean(rst);
> var(yst);var(rst);var(yst)/var(rst)

Q. Define the process of simulation study for seperate type ratio estimator also find mean
and variance of estimator using following data

library(mvtnorm)

#population and sample size.
N=300;N1=100;N2=100;N3=100;n1=15;n2=15;n3=15;n=45;

# mean vectors for stratum 1, 2 and 3.

m1=c(10,5);

m2=c(20,10);

m3=c(30,15)

#variance covariance matrix for #stratum 1, 2 and 3 given #below.
sigl=matrix(c(1,0.85,0.85,1),ncol=2);

sig2=matrix(c(1,0.80,0.80,1),ncol=2); sig3=matrix(c(1,0.75,0.75,1),ncol=2);

Ans:

library(mvtnorm)

#population and sample size.
N=300;N1=100;N2=100;N3=100;n1=15;n2=15;n3=15;n=45;
w1=N1/N;

w2=N2/N;

w3=N3/N;

# mean vectors for stratum 1, 2 and 3.
m1=c(10,5);

m2=c(20,10);

m3=c(30,15)

#variance covariance matrix for #stratum 1, 2 and 3 given #below.
sigl=matrix(c(1,0.85,0.85,1),ncol=2);

sig2=matrix(c(1,0.80,0.80,1),ncol=2); sig3=matrix(c(1,0.75,0.75,1),ncol=2);
rl=rmvnorm(N1,m1,sigl);
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r2=rmvnorm(N2,m2,sig2);
r3=rmvnorm(N3,m3,sig3);

# generate random variable for #stratum 1.
y1=r1[,1];x1=r1[,2]

# generate random variable for #stratum 2.
y2=r2[,1];x2=r2[,2]

# generate random variable for #stratum 3.
y3=r3[,1];x3=r3[,2]

X<-c(x1,x2,x3)

for(i in 1:5000){

sal=sample(1:N1,n1)
xsl=x1[sal];ysl=yl[sal];
ri[i]J=mean(ysl)*(mean(x1)/mean(xsl))
sa2=sample(1:N2,n2)
xs2=x2[sa2];ys2=y2[sa2];
r2[i]J=mean(ys2)*(mean(x2)/mean(xs2))
sa3=sample(1:N3,n3)
xs3=x3[sa3];ys3=y3[sa3];
r3[i]=mean(ys3)*(mean(x3)/mean(xs3))
rsstli]=wl*r1[i]+w2*r2[i]+w3*r3[i];
yst[i]=wl*mean(ysl)+w2*mean(ys2)+w3*mean(ys3);
}

mean(rsst);mean(yst);
var(yst);var(rsst);var(yst)/var(rsst)

Means and Variances
> mean(rsst);mean(yst);

Virtual University of Pakistan

Page 173



STA632-Sampling Techniques

Double Sampling
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Introduction:

Ratio and regression methods of estimation require the knowledge of population mean of auxiliary
variable in advance. An estimate of mean of auxiliary variable from a large sample may be used. This
procedure of selecting a large sample for collecting information on auxiliary variable x and then selecting
a subsample from it for collecting the information on the study variable y is called double sampling or
two-phase sampling.

The estimate is calculated by taking the sample in two phases. The expected value of the statistic
IS

E(t)=E (E,(1))

The variance of the statistic is

Var(t) =E(t—E(t))’

Var(t) = E[(t- E,(t) +(E,() ~E®) ]’
Var(t) = E(t-E,(t))° + E(E,(t) - E(t))’

Var(t) = EE, (t—E, (1)) + EE, (E, () —E(t))°

Var(t) = E [V2 (t)] + El(EZ (t)- El(EZ (t)))2

Var(t) = E, [V, ()] +V,[E, (1)]

The Ratio Estimator for population mean

V==X

x| <

The Ratio Estimator for Double Sampling

yrd =

| |~<|

=%

2

=

Notations
& =(, —\7)/\7
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& =(%-X)/X

e, =(X,—X)/X
Using these notations

E(e)=0.E(e7) = 4C,
E(e,)=0.E(ef) = AC,
E(e)=0.E(e7)=ACF,

E(ee,)=AC,,

E(e8)=4p,C,Co E(8,) = 4p,C,C,

Prove that E(eg,)=AC;

Proof:
€6, = (Yl_x))z(fz_x) = E(elez): E(E—X)Z)z X, —X)
TS

X
e (e = 22 %)
F (5e,) =2
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Q. Find Bias of Ratio Estimator in Double Sampling.
The Ratio Estimator for Double Sampling

yrd :Y_Kl

& =(%-Y)/Y

& =(%-X)/X

e2=(_2—>?)/)?

yrd :%Kl

; \i(1+e0) X(1+e)

X(1+e,)

_Y(+e,)

rd — (1+e2) (1+el)

The Bias of Ratio Estimator in Double Sampling
Vo =Y (L+e)d+e)d+e,)”
V=Y ([L+e)(l+e)l-e,+€ —....)
V. =Y (+e)l+e)d-e,+€)
V. =Y (+e)L+e —e,—eg, +6; +ee;)
V. =Y (+e)1+e —e,—ee, +€)
Vo—Y =Y (e, 6,686 +6 +6,+6,6 —€8,)

E(V.a—Y)=YE(e,—e, —e, +€ +&,+€,, —€58,)

E (Vi —Y)=Y (4C} - AC} + 4pC,C, —4,pC,C,)
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E(V4—Y)=Y[(4-4)C; -(4,-4)pC,C, |
E(¥s—Y)=Y (% -4)[Ci-pC,C,]
Bias(Y,4)=Y (4 —4) [CI-pC,C, |

Q.Find MSE of Ratio Estimator in Double Sampling.

The Ratio Estimator for Double Sampling

yrd :Y_K

& =(%-Y)/Y

& =(%-X)/X

e, =(X, —)?)/)?

Vrd :%Yi

Yid = j(—(é_:z())) >Z(:L"‘el)
_ Y(l+e)

yrd - (1+e2) (1+e1)

MSE of Ratio Estimator in Double Sampling

Yid :Y_(1+eo)(1+e1)(1+ez)_1

Vo =Y (L+e)(L+e)(L-e, +& ...

Y -Y :Y_(el -8 "'eo)

E (Vi —\7)2 =Y2E(e, €, +6,)

E(Vy—Y) =V?E(e? +€2 +el +e,e, —ee, —e8,)

MSE (V,,)=Y? [12 cz+(4,-4)(c2-2c,C, pxy):l

MSE (4 ) =4,Y*(C} +C; -2C,C, p, )-4Y?(CI -2C,C, p, )
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Q. Find Bias of Product Estimator in Double Sampling.
The Product Estimator is
- X
Yo=Y X
The Product Estimator in Double Sampling is
o _ %%

ey =(3.-Y)/7 &= (5= X)/X e, = (%, - X)/X
Yz :Y_(l+eo)171 = )Z(1+el)’)_(2 = )Z(l“'ez)
Notations

E(e,)=0.E(ef)=4C. E(e)=0
E(e’)=4C! E(e )=0,E(e})=4C}

E(ee,)=AC: E(&8)=4p,C,C.. E(&8,) = 4p,C,C

Bias of Product Estimator in Double Sampling

Y,
ypd gzx

o Y(1+e) o

ypd - )Z(].-Fel) X(1+e2)
_ Y(l+e,)

Voo =Y (L+e)A+e,)(L+e) "
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Voo =Y (A+e)(1+e,)(1—e +ef —....)

Voo =Y (1+e)(1+e,)(1—e +€])

Voo =Y (L+e,)(1+e,—e, —ee, +e +e,e)

Voo =Y (L+6,)(1+e,—e —ee, +€)

Voo —Y =Y (e,—€ —ee, +e +e,+ee, —€e)

E (ypd —\7) =YE(e,—e,—ee, +e’+e,+6,e, —e,e)

E(Y, —Y)=Y (AC? - 4C} +4,pC,C, - 4pC,C, )

Bias Yy ) =Y [ (4, ~ 4)C,C, ]

Q. Find MSE of Product Estimator in Double Sampling.
The Product Estimator for Double Sampling

_ — Y(l+e,)
Vo, =2%X,y, =——2X({1+e,),V, =—2(1+6,)
pd 2 pd 2 pd (1+e1) 2

The MSE of Product Estimator in Double Sampling

Voo =Y (A+6,)(1+e,)(1+e)™
Voo =Y (L+€)(A1+€,)(1-¢ +....)

Voo =Y =Y (e, —e +8))
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E(V, —\7)2 =YE(e,~€ +&)
E(Vy —\7)2 =Y7E (& +€f +6 + 2,8, — 26,6, — 268, )

MSE (,,)=Y*[ 1,C} (4 -4)(C} +2C,C, p, )]

MSE (¥,4) =AY *(Ci+C; +2C,C, p, )-4Y?(C}+2C,C, p,)
Q. Generate a population of size 1000 for the given parameters using bivariate normal
distribution, such that

[Y,X]as u=[10 2].

1 085
Y=
08 1

Consider sample sizes n1=100;n2=20. Select 10,000 random samples considering double and
calculate

X
YZ
Further, calculate the MSEs for above estimator.

t=Yy,

Ans:

library(mvtnorm)
N=1000;ryx=0.85; n1=100;n2=20;
m=c(10,2); # vector of mean.

# variance covariance matrix is given below.
sig=matrix(c(1,0.85,0.85,1),ncol=2);
r=rmvnorm(N,m,sig);
x=r[,2};y=r[,1];
r<-c();mratio<-c();m=c();

for(i in 1:10000)

{

sl<-sample(1:N,n1)
s2<-sample(s1,n2)
m[i]<-mean(x[s1])

r[i] <- mean(y[s2])/mean(x[s2])
mratio[i] <- r[i]*m[i]

mean(mratio)
var(mratio)
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Two Stage Sampling
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Q. Prove that sample mean is unbiased estimator of population mean in two stage sampling
_ n m yij
y= —
22
Ans:

The estimate is calculated by taking the sample in two stages
The expected value and variance of the statistic is

E(t)= El(EZ (t))

Var(t) = E [V,(0)]+V,[E,(1)]

Expected Value of Mean
= L& yi'
V=22~

i=1 j=1 NM

E():/) = El(Ez():/))

EG) -, E(ZZy—j

= 51
E()=E,| > E,

I

R
M=
3 |
N——
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N T

E(%:(Zﬁj = E(H) =Y

i=1
Q. Prove that sample mean is unbiased estimator of population mean in two stage
sampling.

-3 >

i-1 j=L M

Var(t) = E, [V, (t)]+V,[E, (t)]

Var () = E, [V,(7) [+, [ E, (D]

i=1 j=1. M
=y L1 EZ(ylj)
EZ(y)!;E; m
_[idy
E(m = Sy i
2(Y) oSy

Ez(?) = Zn:_z‘,%

E,(7) = Z%Y‘}

Ez (?) :Y:n

\7n is the estimator based on the 1% stage sample of size n, by SRS, we have
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VO] S )| (s3]

n" | =

-7 1|M-mys?2
El[Vg(Y)]=H[ Mmmzﬁ}

e[ @]-3 Mo

var(¥) = E [V, ]+ [E,(D)]

E, I:Vz (3:/)] = %[ MM_mm Szﬂ

Vl I:Ez (?)] = ( NN_nn ] 812

Var(t) = E, [V, (1) |+ V,[E, ()]
Var (t) :E[M —m Szz}r(ujsf
ni. Mm Nn

Var(t) :E[M _mszz}r(N _anf
nL Mm Nn
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Q. Explain two stage sampling for unequal first stage units, also find expected value of
following estimator.

= N\ Miyi C uiyi
y ,Zzll nM ,Zzll n
Let the population has N clusters with Mi as size of i cluster. Let a sample of n first stage units
be selected from this population.Let mi units will be selected at second stage.
Mi= Size of i" cluster

N p—
My =D M, =NM
i=1
Mean of i" first stage unit

Mi
DY

ARNE
I Mi
Overall population mean
N
LMY,
R E—
NM

The Expected Value of Mean

o "M = n

E(Y)=E(E())
u

_ " M.V UV
V= _l_yl:Zﬂ
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E(Y)=Y
Q. Find the variance expression of following estimator in two stage sampling when first
stage units are not equal in sizes.

s_Vv My _uy

- le nM :Z;T

Ans

Var(t) = E, [V, (t)]+V, [E,(1)]

Var(y) =E [V, (¥) |+V,| E,(}) ]

Vl[Ez(?)]=V1_Ez(zn:“i_7iH

-1 N

V1 [Ez(Bz/)] :Vl _Zn:%}
VlI:Ez (?)] :Vl[y]

Vi[E()]= (———]
<viol-ef(5]

=1
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iz n° Mm

E[V,(3)]= E{g:—ivz (v )} _ El{zﬁ'\"_‘”%;}

El[V()] Zn:'z -m ZN:u,M —-m; Sy

Iln |]_n Mm N

Var(t) =FE, [Vz (t)] +Vi [Ez (t)]

i Mi-m S5 (N-n
Var(t) = Zn M I\2|+[ o jsf

Q. Write the program for Two Stage Sampling using R language considering following
data taking n1=3;n2=2. Calculate the sample mean

Cluster-1 | 125 115 129 134 111

Cluster-2 | 134 125 142 141 131

Cluster-3 | 144 122 134 126
143

Cluster-4 | 114 111 134 131 146

Cluster-5 | 119 126 122 129 130

Cluster-6 | 140 125 124 124 115

Ans:

#--Defining Clusters in R----
Clul<-c(125,115,129,134,111)
Clu2<-c(134,125,142,141,131)
Clu3<-c(144,143,122,134,126)
Clu4<-c(114,111,134,131,146)
Clu5<-¢(119,126,122,129,130)
Clu6<-c(140,125,124,124,115)
Clus<-data.frame(Clul,Clu2,Clu3,Clu4,Clu5,Clu6)
pop<-t(Clus)

1st Stage Sample

nl=3;n2=2;
w<-pop[sample(nrow(pop),nl),]
scl<-w[1,]

sc2<-w[2,]
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sc3<-w[3,]

s2_scl<-sample(scl,n2)

s2_sc2<-sample(sc2,n2)

s2_sc3<-sample(sc3,n2)

f s=c(s2_scl,52_sc2,52_sc3)

est=mean(f_s)

Q2: Generate the three clusters such that

Cluster-1 from normal distribution with mean zero and variance 1.
Cluster-2 from normal distribution with mean 2 and variance 5.
Cluster-3 from normal distribution with mean 4 and variance 9.
Calculate the sample mean using two stage cluster sampling taking n1=2;n2=15.
Ans:

Clul<-rnorm(100,0,1)

Clu2<-rnorm(100,2,5)

Clu3<-rnorm(100,4,9)

Clus<-data.frame(Clul,Clu2,Clu3)

pop<-t(Clus)

#1% Stage Sampling

nl=2;n2=15;

w<-pop[sample(nrow(pop),nl),]

scl<-w[1,]

sc2<-w([2,]

#2" Stage Sampling

s2_scl<-sample(scl,n2)

s2_sc2<-sample(sc2,n2)

f s=c(s2_scl1,s2_sc2)

est=mean(f_s)

Q.Find Bias of Ratio Estimator in Two Stage Sampling.

Ans:

The Ratio Estimator of mean under two stage sampling when the first stage units are equal.

Xl <ll

yrZS = )z
The estimator of mean in two stage sampling is
1

EDD IS I

i1 j= M 5N

- 1/ M-m N —n
V(y)==— S2 S?2
@ =38z |+ s

Some important notations
e, =(J-V)/7 & =(%-X)/X
E(e9) = E(6)) =0, E(&”) =Vipp, E(&,) =Vap, E(eg1) =V
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VE) _ L1 [M-m N-n

VX 1 [M-m_ ] (N-n)_
V20 )?2 _nlei Mm SZX_ ( NN jslx

1 1 N'M =m N —n

Vii=3% {nN Zl( M (pxy2iSy2in2i)+( ™ j(pxylsylsxl)}
2
i 1gl(y., 0%
o . S‘xy2|

o =

e Sx2iSy2|

V=Y (1+g,),X=X(1+e)

_ - _  Y(+e) o
Yios == X\ Vios = —( 0) X
X(1+e)
Bias of Ratio Estimator Under Two Stage Sampling

||| <l

Voo =V (1+6,)(14+6) = Y, ~V (1+g)(1-¢ +€7)
Vios # Y (1—€ +6] +8, -, +6,87 )

o VARRY2 2 2
Vs #Y +V (e, -0, +€) e, +e )

-<|

yrzs_ Y_(e —6+6 _eoe1)

E( Yras _Y_)zY_E(eo _el+e12 _eoel)

Bias(yrZS ) ~Y (Vzo _V11)

Q.Find MSE of Ratio Estimator in Two Stage Sampling.
Ans:
The Ratio Estimator of mean under two stage sampling when the first stage units are equal

yrZS = )z

Xl <ll
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Notations

E(ep) = E(ey) =0, E(e5°) =Voa, E(&,°) =Vag, E(eg81) =Vi

7!’25 %X
yrZS = Y—(1+EO) X
X(1+e)

MSE of Ratio Estimator Under Two Stage Sampling
Vios =Y (1+¢,)(1+ el)f1 = Vs ~Y (1+e,)(1-¢)

yrZs zY_(l"‘eo_el_eoel):> yrZS zY_"‘Y_(eo _el)
E(V,2-Y) ~V°E(e-¢)

E (=) = V7E (6] +f - 20,0
MSE (¥, ) = Y2 (Vy, +Vio = 2V,,)

Q.Find Bias of Product Estimator in Two Stage Sampling.

Ans:

The Product Estimator of mean under two stage sampling when the first stage units are equal
= yX

Ypos = b

Some important notations

E(ey) = E(e;) =0, E(&%) =Vpy

E (912) =Vy0, E(80€1) =Vi;

_ §X

Ypos = b '
_ Y (@L+e)(+e) o

ysz va
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Bias of Ratio Estimator Under Two Stage Sampling
Voo =Y (1+6)(1+€)= Vo =Y (1+e,+€ +ese)

Voo =Y +Y (e, +e, +ey8)

E(Vpo—Y)=YE (e, +& +e8))

Bias(VPZS):V(Vn)

Q.Find MSE of Product Estimator in Two Stage Sampling

Ans:

The Product Estimator of mean under two stage sampling when the first stage units are equal
= yX

Ypos = bd

Notations

E(ep) =E(8) =0,

E(eoz) =Vo2, E(elz) =Vyq
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Ranked set sampling
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Introduction:

Ranked set sampling (RSS) is an alternative to simple random sampling that can sometimes offer
large improvements in precision. Mclntyre (1952) introduced the basic concept of ranked set
sampling in order to estimate the population means of pasture and forage yields. The RSS
procedure is elaborated as follows

First, a simple random sample of size k is drawn from the population and the k sampling units
are ranked with respect to the variable of interest, say X, by judgment without actual
measurement. Then the unit with rank 1 is identified and taken for the measurement of X. Next,
another simple random sample of size k is drawn and the units of the sample are ranked by
judgment, the unit with rank 2 is taken for the measurement of X and the remaining units are
discarded. Then the unit with rank 2 is identified and taken for the measurement of X. Then
another sample of size 3.

M: X12)1, X131 X141, X1(51 X1(6)1
x2(1)11, X23)10 X241 X2(5)1: X2(6)1
X3(1)1 x3(2)1,, X341 X3(5)1 X3(6)1
X411 X4(2)1 x4(3)1,, X4(5)1 1 X4(6)1
X511 X52)11 X5(3)1» x5(4)1,, X5(6)1
Xe(1: X6(2)1: X6(3)1: X6(4)1: x6(5)1’

Ranking with Auxiliary Variable

In a case when we are using the auxiliary information (or variable) for ranking the variable of
interest, then ranking error depend on the correlation. The performance of the RSS estimator is
actually based on the ranking of the sample units in variable of interest

Q. Prove that sample mean is an unbiased estimator of mean under ranked set sampling
Ans:

The mean Estimator in RSS is

k
*_éx“)

k
The Expected Value is

k
(%) ;E(Xm)
ok
We have assumed perfect rankings. X(*i) is distributed like the i order statistic from a continuous
distribution with p.d.f. f(x) and c.d.f. F(x).

X
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E(x(’j))—]; = )(k [ 0] [L-F 0] f (x)dx
VE(X
oy B

i (k _1)! i-1 K—i
.1{£”m[“@] [1-F (9] f<x>dx}

E(i*):%i{ka k= )[F( - Feol f(x)dx}

E(X")= T xf (X)Zk::(ik__llj[F(x)]il [1- F(x)]“}dx

E(X")=X
Q. Find variance expression for mean estimator under ranked set sampling

AnNs:

The mean Estimator in RSS is

By definition

E(XE;)‘)Z)Z:E(X()‘X() X(,)—X)z

Page 195
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m
—_
X
vl
Pad
N
Il
f_u\
é'—o8
=~
—_
>
|
X

I (:(__fj[F (0] [L-FOo] " f (x)dx}

_ ki(x— X) f (x)Zk:K:(__llj[F(x)]i_l [1- F(x)]k_i}dx

. 2 koo _, _
V(X) =S 2% X

143. Generate a population of size 1000 following normal distribution with mean 0 and

variance 1. Further calculate the sample mean using ranked set sampling taking sample
size as 6.

Ans:
k=6;rssx=matrix(,k,k);
pop=rnorm(1000,0,1)
for(i in 1:k)

{

s=sample(pop,k)
xs=sort(s,decreasing = FALSE)
rssx[i,]=xs

¥

rssx_s=diag(rssx)
est_srs=mean(x)
est_rss=mean(rssx_s)

rssx

Q. Find Bias of Ratio Estimator in Ranked Set Sampling such that

E(e)=E(g) =0

1 o2 1 ko, _. _\2
E(ef):EEXZ_WE(Xm_X) =1C: =Dy

1o, 1 &jon V2
E(ej):EY_—;—W;(Yﬁ)—Y) =C? D,
1o 1 &/ o\ =
E(ese,) :E#‘W;(Xm =X)(Vy =¥ )=nC, ~Dyyy
Ans:
The ratio estimator of mean is
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y[rss] = ? X

The Variance of Sample Mean Under RSS
. Uf 1 k — —\2
V(X) =Tt (X - X)

i=1

Notations
e =(V" -V)/¥ e =(X"-X)/X
E(e)=E(g)=0

1
E(ef) k ;2 X rk2 Z( ) =1 ~Di

1
E(ej):ag‘; v rk2 Z( ) _’7C§_D§[i]

c(00)= 5 75 - Ko )G -7) =, -

rk YX  YXrk?
Y'=Y(l+e)
X =X(1+¢e)
y[rss] = )z
= Y (1+ eo) -

y[rss] X (1+ el)

Bias of Ratio Estimator Under RS Sampling

Virtual University of Pakistan
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Vi) =Y (1+6,)(1+ el)_1 = Vo *Y (14 eo)(l—el +ef)
Vi = (1-€,+6] +e, -5, +8,67 )
Viesg =Y +Y (€, — €, +€f —e8, +6,67 )
2

iy =Y =Y (eo —6+8 _eOel)

E (Vi =Y )~ VE (& —&, +6] —e48, )

o _| nCZ-D},
Blas(y[rss]) = [_(UC _[I]D [])]
Xy i

=<

Q.Find MSE of Ratio Estimator in Ranked Set Sampling such that
E(ey) =E(e) =0
2

E(ef)=i o 1 Zk:(i(’;)—i) =1C; — Dy
1 o° 1 &,
E(e) :E%_erz (V- )2 =11C; ~Djy

1o 1 &for o\for o
E(e )=~ ;(Xm ~X)(Y)=V)=nC, ~ Dy
AnNs:

The Ratio Estimator of mean for ranked set sampling is

VEd

_ Y -
y[rss] = )z* X
Notations
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2

1 1 &K, -
E(e) = 7 7 U ~Y) =7~

lo 1 &y o
Elee )= - Zl:( o= X6 =Y)=Cy = Doy

Y =Y(l+e)
X =X(1+e)
Y' o
v =1 %
y[rss] X
o Y(l+ey) %

MSE of Ratio Estimator Under RS Sampling

Vo =Y (1+6)(1+6) = Vg =Y (1+6)(1-8)

Vi Y (1-8,+68) = Vg =Y +Y (8 -8)

E (Vi —Y ) = Y?E(e, —&,)’

MSE (Vi) = Y °E (& +€] —2e,8,)

MSE (Vi) ) = Y 2 (ncj — D2y, +1C2 — D2y —2(1C,, — Dy ))

_ 77(C§+CX2—ZCXy) }

MSE ( ¥ysq1) zvzl
2 2
~Dyiy = Dy +2D

xy[i]
Similarly, the Bias and MSE of Product Estimator Under RSS
The Product Estimator of mean is

Vid

_ Y .

Yipss = X X

Bias of Product estimator is
Bias (Ve ) ~ ¥ [ncxy - nym]

MSE of product estimator
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MSE (V) = V2 [ 7(C2 +C2 +2C,))
Q. Write some types of sampling schemes using ranked set sampling.

Ranked Set Sampling

2
Dy[i]

2
—Da— 2ny[i]}

m, X121, X13)1, X1#)1, X151, X1(6)1
X2(1)1 ,, X23)1: X201 X2(5)1, X2(6)1
X311, X3(2)1 ,, X341, X3(5)1 X3(6)1
X411 X42)1, X4(3)1 ., X451+ X4(6)1
X511, X521 X53)1: X5(4)1 ,, X5(6)1
Xe(1)1: X62)1» X63)1: Xed)1: Xe6(5)1 1

Extreme Ranked Set Sampling
Samawi et al. (1996) suggested a modified RSS design named as Extreme ranked set sampling

(ERSS).
l§1(1)1 v X121 X13)1 X191, X1(5)1 X1(6)1
, X22)1: X2(3)1, X1 X2(5)1, X2(6)1
v X321, X33)1: X341 X3(5)1, X3(6)1
X411, X421, X43)1, Xa@)1, Xa(5)1 ,
X51)1: X5(2)1 X53)1: X54)1: X5(5)1 ,
Xo(1)1: X6(2)1: X6(3)1: Xe6(4)1: X6(5)1 |
Median Ranked set sampling
Ximt | Xe@1 | X1@3)1 | Xy@1 | X15)1 | X16)1
Xom1 | X2@)1 | X2@)1 | Xo@)1 | X2)1 | X2(6)1
X3t | X32)1 | X3@3)1 | X341 | X3(5)1 | X3(6)1
Xa1 | Xa@)1 | Xa@3)1 | Xa@)1 | XaE)1 | Xae)1
X51)1 | X521 | X53)1 | X5(4)1 | X55)1 | X5(6)1
Xe1)1 | Xe2)1 | X6(3)1 | X6(4)1 | X6(5)1 | X6(6)1
Ximr | X1@1 | X1@1 | Xa@r | Xaeun
Xomr | Xe@1 | X2@)1 | Xe@1 | Xe(s)1
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Xamr | Xs@1 | X331 | X3@y1 | X3()1

Xar | Xa@1 | Xa@)n | Xa@1 | X4

Xsy1 | Xs@1 | X531 | X541 | X5(5)1

Mean in Ranked Set Sampling (RSS)

The mean Estimator in RSSis X =42

In case of r cycles X = %
r

Mean in Extreme Ranked Set Sampling (ERSS)

_ r [ k2 k/2
X(ERSS Z[meﬁzx k)c}

=1| i=1l

c=1

B (k-1)/2 (cayz .
X(ERSS) rk Z{ Z X ¢t X1 +Xk(k+1),c:|

Mean in Median Ranked Set Sampling (MRSS)
The mean Estimator in Case of even set size
_ ro| ki2 k/2
XMRSS Z ZX() +ZX( )k+2
c=1| i=l ! C i

The mean Estimator in Case of odd set size
feon 53] £
X =— X

(MRSS)o ~ "} L & |[%)c

Pair Ranked Set Sampling and Double Ranked Set Sampling are further developments in Ranked
set sampling.
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Dealing with Non-response
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Introduction:
The individuals chosen for the sample are not ready to participate in the survey. This is a type of

selection bias Unit/ltem nonresponse. The problem of non-response can be dealt with using
following methods.

Sub-sampling of non-respondents

Randomized response technique.

Hansen and Hurwitz (1946) technique

Taking a sub sample of non-respondents after the first mail attempt and then enumerating the sub
sample of non-respondents by personal interviews

Hansen & Hurwitz (1946) Estimator y = N ¥y, + W A
n n

Q. Prove that following Hansen and Hurwitz estimator is unbiased to population mean.
_ n_ n,_

= — + —=
y N A n Y>

Ans:
Hansen & Hurwitz (1946) Estimator

Q.Find Variance of following Hansen & Hurwitz (1946) Estimator.
y="ty,+27,
n* n’?
Ans:
The Hansen & Hurwitz (1946) Estimator is

y =y ley
n't n’?
Variance

Y = (543 )+ (%4 9,)

V(7)=v E(nﬁ1 1,7, )+n—nz(72 %, )}
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Vv |:%(nlyl +N,Y, )} = 6’Syz

2 2
EZZV(YZ—VZ)Z%E()_/Z—VZ)Z
2 2 _ e,
%E(yz_yz )2 =%E[(72 =Y, ) = (Y, _Yz):|
2 -
:%_E(YZ_Y_z)Z“‘E(Vz__2)2_2E(72_Y2 )(yz_Y_z):|
2~
:%_E(yz__z)z_E(yz__z)z}
1
:% n_z_n_z Syz(z)
k
=E—2(k—1)85(2)
=AS?

V(V)= asj +/IS§(2)
150.Generate a population consisting on 1000 values in R program and calculate Hansen &

Hurwitz (1946) Estimator such that n1=80;n2=20;r=10.

N=1000; n=100;n1=80;n2=20;r=10;
pop <- rnorm(N,0,1)

s <- sample(pop,n)

s_r<-pop[1:80]

s_nr<-pop[81:100]
s2<-sample(s_nr,r)

m<-(nl/n)*mean(s_r)+(n2/n)*mean(s2)

Q. Find the expression of Bias of ratio estimator in case of nonresponse on study variable
only, where
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E(ey) =E(e,) =0,

E(ef):(Nn;nj ;22 = oC?

E(e7)= Viz[asj +282,]=C

yX

. S
E(eoel)zeﬁzec

Ans:

Ratio estimator when non-response occurs in study variable y is as follow

*

y, ==X
X

V(Y)= 6?85 + 185(2)

Notations

e =(5"-¥)/¥ & =(x-X)/X

E(ey) = E(e) =0,

£(er) (N0 g -

E(e’)= %[esj +A8%, |=Cy

STA632-Sampling Techniques

Bias of Ratio Estimator Under Non-response
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y, =V (1+e)(1+e) = ¥, =Y (1+e;)(1-¢ +¢€])
y, =Y (1-¢ +€ +e;—eje, +e5ef )

~Y (e;—e +ef —ee, +e )
z\?(eg—e +e —e5e)
E(Y, -Y)~VYE(e;—€,+€ —ese,)
Bias(y; )~6Y|[C! -C,

Q. Find the expression of MSE of ratio estimator in case of nonresponse on study variable
only, where

E(ey) = E(&) =0,

£(er) (N0 g -

E(egz)=%[952+zsiz)] C;

. Y(+e) %
" X(@1+e)

V, =Y (1+e)(1+e) = ¥, =Y (1+e))(1-e)

* -

yr -Y zY_(eg _el)
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2

E(V,-Y) ~V2E(e; —e)
MSE(V:) zWE(egz +e —2e;e1)
MSE (y; ) ~Y*(C;? +6C? —26C,,)

Similary, Bias and MSE of Product Estimator
Product estimator when non-response occurs in study variable y is follow as

Y, =2

Bias and MSE of Product Estimator Under Non-response
Bias(y,)=6Y[C,.

MSE (¥, )~Y?(C;? +6C; +26C,,

Q. Find Bias and MSE of Ratio Estimator in Case of Non-response on Both Variable,
where

E(ep) = E(e)) =0,

E(e’)= %[esj +A8%, |=Cy
E(e?)= %[asf #2852, ]=C7
E(ee; ) = %[esxy + 8%, |=Cy

Ans
Ratio estimator when non-response occurs in study variable y is follow as

Variance of Hansen & Hurwitz (1946) Estimator
V(Y)= 685 + /185(2)
V(X)=6S’+ /185(2)
& =(V-V)/¥
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E(ey) = E(e;) =0,

E(67) = o[ 07 +48%0, ] =€

E(efz) [esz + A4S}, |=C7

Bias of Ratio Estimator Under Non-response
v :V(1+e*)(1+e;)*1:, Y, AV (L+e;)(1-€ +7?)

V. =Y (1-e +e” +e; —ee +ee’ )
V=Y =Y (e e +e” —ee +epe’)
Vi Y =Y (e —e +e’ —ee)
E(Y,-Y)~VE(e; € +e” —epe])
Bias(y,")~6Y[C; -C,,
Notations

y =Y(l+e,)

X=X(1+e)

y =L x

X
~ Y(l+e)
" X(l+e)

MSE of Ratio Estimator Under RS Sampling
oY () (Lrel) = 5~V () (1e))
VoAV (1€ e —eie) = -V <V (e —¢f)
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E(y" V) ~V°E(e—e)
MSE (7;") ~ Y 2E (&2 + € — 2€je] )
MSE (y,")~Y?(C;? +C;>-2C;, )

roduct estimator when non-response occurs in study variable y is follow as

Bias and ME of Product Estimator Under Non-response
Bias(y,) =V C
MSE (¥, )~Y*(C; +C? +2Cy,)
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Randomized Response Technique
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Introduction:

This technique is useful to estimate the sensitive characteristics in the population. It was first
proposed by S. L. Warner in 1965.Qualitative and quantitative response models. Qualitative
response models are used to estimate the proportion of some behavior or occurrence in a
population.

For example, to estimate the “proportion of people who smoke cigarette today”

The Warner introduced the following model

Z=Yp+(1-p)(1-Y)
p be the probability to answer the sensitive question and Y the true proportion of those

interviewed bearing the sensitive property. Z is the proportion of YES answers.
The Warner model

Z=Yp+(1-p)(1-Y)

It can be transformed as

V — Z+p-1
2p-1
For Example

Statement 1: " | smoke cigarettes."”
Statement 2: "I never smoke cigarettes."”

g lattel 1

2(Fg)1 8

Example 1.

Statement 1: " | have falsified my tax return.*
Statement 2: " | have never falsified my tax return.
The Warner model

Z=Yp+({1-p)2-Y)

0 y[H)u[1-Hav
50 6 6

ﬁ_i_;_l
y_5 6
z(lj_l
6
Example 2.

Statement 1: " Have you ever used a sick day leave when you weren't really sick? “
Statement 2: " Have you never used a sick day leave when you weren't really sick?”
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The Warner model

Z=Yp+({1-p)2-Y)

0y (1), (1 Lav
500 6 6

l+1_1
y_10"6

6
Y —0.2

Quantitative Randomized Response Technique.

Y may the monthly income of the head of a household. Y may be the total value of purchase
orders in a year for a company. Y may be the number of times you bunk the class during a
semester.

Let S be a scrambling variable independent of Y. The respondent is asked to report a scrambled
response for Y given by

Z =Y +S
Mean of Response S variable is introduced such that
E(S)=0
E(Z)=E(Y)

Variance of Response

V(Z)=V(Y)+V(S)
Q. Generate a population of size 1000 using normal distribution with mean 10 and standard
deviation 2. Further consider sample size n=100. Select 10,000 random samples using the model
Z=S+Y. The variable S is taken to be normal variate with mean equal to zero and standard
deviation equal 1.

Q) Calculate the following estimator considering SRSWOR

t=7
(i) Calculate the variance for above estimators

Ans:

Let S be a scrambling variable independent of Y. The respondent is asked to report a scrambled
response for Y given by

Z =Y +S

# Estimation of Mean

N=1000; n=100;

y <-rnorm(N, 10, 2)
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s <-rnorm(N, 0, 1)

sa <- sample(1:N, n)

sy<-y[sa]; ss=s[sa];

Z<-Sy+ss

mz=mean(z)

N=1000; n=100;mz=c();

y <- rnorm(N, 10, 2)

s <-rnorm(N, 0, 1)

for(i in 1:10000)

{

sa <- sample(1:N, n)

sy<-y[sa]; ss=s[sa];

mz[i]=mean(sy+ss);

}

mean(mz)

Quantitative RRT with Non-Sensitive Auxiliary Variable.

Y may the monthly income of the head of a household and X may be her current age.Y may be
the total value of purchase orders in a year for a company and X may be the total turnover for
that company in that year.

Scrambled Response

Let Y be the study variable, a sensitive variable which cannot be observed directly due to
respondent bias. Let X be a non sensitive auxiliary variable which has a positive correlation with
Y. Let S be a scrambling variable independent of Y and X
The respondent is asked to report a scrambled response for Y given by

Z =Y +S

Respondent is asked to provide a true response for X.

Mean & Variance of Z

S variable is introduced such that

E(S)=0

(2)

E(Z)=E(Y
v(2)

-E )
=V (Y)+V(S)
S

V
cz-c2 1)
Y
Ratio Estimator of Mean for Sensitive Variable
7=
yrs =—_ X
X
Q. Find Bias & MSE of Ratio Estimator Using RRT.
The Ratio Estimator is
_ 7 -
ym = % X

Notations
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e, =(7-Z)/Z &, =(x-X)/X

E(e;)=AC!,E(ef)=1C} E(e,)=4C

x!

where, C,, =p,C,C,
Z7=7(1+€,),X = X(l+€)

X

x| | N

Y =

_Z(l+ey) %

yl’l't - )z(l-‘rel)
Bias of Ratio Estimator Using RRT

Bias of Ratio Estimator= =Y (1+¢,)(1+¢) "

)

C,.C

f
X T7Z 77X

Vo =Y (1+6,)(1+ el)_l
Bias(y,) ~ 1V (C? - p
n

For MSE of Ratio Estimator

z\?(l+e0)(1—e1 +e12)

Z=7Z(1+e,)
X=X(l+e)
Yt = E X
X
_ Z(l+ey) o
MSE of Ratio Estimator=Y (1+¢,)(1+e) " ~Y (1+¢)(1-¢)
ym _Y_ zY_(eo _el
Y2E (ef +6; —2e,8, )

MSE (¥, ) ~Y?4(C? +C} -2p,C,C,)

Q. Find MSE of Ratio Estimator with Two Auxiliary Variables

ANS;
. _XZ
yrr = yT?

X Z
Notations
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yx?

E(e))=4C} E(e)=4C},E(e})=AC}, E(ey8,) = AC

where, C,, =p,,C C,
V=Y (+e,),X=X(1+e),7=Z(l+e)

Yo =Y

x| | X
NN

G o= \7(1+_e0) 7
X(1+e)Z(d+e,)

MSE o_f the Estimator ~

Yo = (1+eo)(1+el)_l(1+e2)_lzY(1+eo)(1_e1)(1_ez)

V., =Y ([1+e)1-¢ -6, +ee,)=Y(1+e,)1l-e-¢)

yrrz (1+e e1 e):> yrr zY_+Y_( _el_e)

V.Y ~ _( -6 -6, ):> E(yrr ) ~Y ’E (e, —e —e,)
(%

R

MSE
MSE (¥, )~ AY (C} +CZ+C?-2C, —2C,, +2C,,)
MSE (¥, )= AY (C +C? +C?-2(C,, +C,, -C,,))

Q. Define Regression Estimator with Two Auxiliary Variables, also find variance
expression of the estimator.

ANS:

Regression Estimator with Two Auxiliary Variables for population mean

yrreg = 7+,3yx()2—¥)+ﬁyz(z_—7)

)= YPE(€] +6f +ef —2e.e, —2e8, + 28,6, )

,@ _S_vx 3 _i
yx Sz VFyr T Sz
Notations

E(e; ) ACZE ( ) AC? E(e})=AC? E(eg)=AC
where, C,, =p,,C,C,

Variance of Regression Estimator

yrreg :y+ﬁyx(x _X)+ﬁyz(z _Z)

yX
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V (Vg ) =E [Y 6+ B X2 (0) +BLZ’ (&) —2VK B, (68) - 2VZ B, (60, )+ 2XZ BB, (e, )}

V (Vueg )= A Y7C} + BLX?C] + BLZ°C? 22X B,C,, —2VZ B,C,, +2XZ 3, 3,C, |

\ (yrreg ) = ZS; I:l_pjx _piz _Zpyxpyszz]
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Designs for Hard To Detect Populations
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Q. Define Capture Recapture Sampling.
Select a sample, mark the selected units and released back to the population.
Select second sample independently from the population.
Estimate the proportion of the marked units from the second sample.
Suppose

T = Number of animals in the population

K = Number of animals marked on the first visit

n = Number of animals captured on the second visit

k = Number of recaptured animals that were marked
Since the proportion of the marked subjects in the recaptured sample is likely to be about the
same as the first sample in the whole population

k_K
n T
The estimated population size is
T_nK
k
Example 1.

When you are interested to estimate the homeless people in your city. An initial Sample of 100
homeless people is selected, marked and released. A sample of size 200 is selected on the second
visit and 50 of them were selected in the first visit.

T=7?, K=100, n=200, k=50

T _NK _200x100 _ .
k 50
Example 2.

In a field study K =300 mice are caught in traps, tagged, and released. A few days later the
researchers return to the study area and independently capture n =200 mice, of which they find
that k =50 have tags. T=??, K=300, n=200, k=50

T _NK _ 200x300
k 50
Example 3.

We are interested to estimate the size of a population of turtles in a wildlife preserve. An initial
Sample of 20 turtles is selected, marked and released. A sample of size 30 is selected on the
second visit and 10 marked turtles found among them.

T _NK _20x30

=60
k 10
Q.Define Line and Point Transects am
Mostly used for animal or plant species. Select the sample of n lines of am o
size L. Observer moves along a selected line and notes the location o -
relative to the line of every individual of the species detected. s o Low
Narrow-Strip Method
D=_Y0 1’
2w, L T
A
EstTotal = AD = 0
2w, L o
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Example

On a line transect of length L =100 meters, a total of y =18 birds were detected at the following
distances (in meters) from the transect line

0,0,1,3,7,11,11,12,15, 15,18, 19, 21, 23, 28, 33, 34, 44.

It is desired to estimate the density of birds in the study region. wy=20

_ Yo
2w, L

Sites are selected as the lines are selected in line transects.
Observations are obtained on selected sites.
Estimation is same as in line transects
163. Explain Adaptive Cluster Sampling
When the selection procedure depends on the observations during the survey
Select an initial sample of size n with a suitable design.
Observe the selected units for a specified condition.
If any of the initially selected unit satisfied the pre-defined condition, its adjacent neighboring
units will be sampled and investigated.

Adaptive Cluster Sampling:

* When the selection procedure depends on the observations during the survey.
» Select an initial sample of size n with a suitable design.
» Observe the selected units for a specified condition.
« If any of the initially selected unit satisfied the pre-defined condition, its adjacent
neighboring units will be sampled and investigated.
The sample mean is
1

T n
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