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About the Handouts

The following books have been mainly followed to prepare the slides and handouts:

1.
2.
3.
4.

5.

Spiegel, M.R., Theory and Problems of Vector Analysis: And an Introduction to Tensor
Analysis. 1959: McGraw-Hill.

Spiegel, M.S., Theory and problems of theoretical mechanics. 1967: Schaum.

Taylor, J.R., Classical Mechanics. 2005: University Science Books.

DiBenedetto, E., Classical Mechanics: Theory and Mathematical Modeling. 2010:
Birkh&user Boston.

Fowles, G.R. and G.L. Cassiday, Analytical Mechanics. 2005: Thomson Brooks/Cole.

The first two books were considered as main text books. Therefore the students are advised to
read the first two books in addition to these handouts. In addition to the above mentioned books,
some other reference book and material was used to get these handouts prepared.
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Module No. 1

Introduction to the Course and Mathematics

Introduction to Mathematics

“Mathematics is the branch of science which deals with the study of relations and patterns, and

means to represent and communicate them.”

Introduction to the Course

There are two main portions of this course:
» Vectors

» Classical Mechanics



Module No. 2

Scalar and Vector Fields

Scalar Point Function

If to each point (x, y, z) of a region R in space there corresponds a scalar ¢(x,y, z), then ¢ is

called a scalar point function in R.

Scalar Field

Scalar field is a function define on space whose value at each point is a scalar quantity

The set of all values of scalar point function ¢ in R together forms a Scalar field.

Examples of Scalar Fields
1. The temperature T'(x, y, z) within a body A is a scalar point function because there exist
only one temperature at each point of A.

2. The pressure and potential due to gravity of the air in the earth’s atmosphere define scalar
field.

Vector Point Function

If to each point (x, y, z) of a region R in space there exist a unique vector A (x, y, z), then Ais

called a vector point function in R.

Vector Field

A function of a space whose value at each point is a vector quantity is called vector field.

Mathematically, we can write it as
A)z/_l) (x’y; Z) =Al (x:y; Z)+ AZ (x:y; Z) +A3 (.X', Y, Z)

The set of all values of 4 in R constitute a vector field.

Examples of Vector Field



. A=A (x,y,2) = xyi — 2yz3] + y2zk defines a vector point function and hence is a
vector field.

The motion of a moving fluid at any time define vector field.

The set of tangent vector of a curve C and the set of normal vectors of a surface S are
examples of vector field.
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The Operator Del and Gradient of Function
The Del Operator

The vector differential operator del, symbolize as V, is defined by

V= ii + 9 j+ il?
dx Jdy 0z
The symbol V called del or nabla is used to symbolize del operator. It is only applied as defined
derivative on one-dimensional function, and for more dimensions it may be applied as partial
derivative on the function. The del operator is not a particular operator but when we applied it on
a scalar point function or a vector point function; this may be known as the gradient, the

divergence, and the curl.

Gradient: grad (f) = Vg

Curl:curl 4= Vx4

Divergence: div (4) = V.4

We will discuss here the first application of del operator as gradient.

Gradient Function

Let ¢(x,y,z) be a scalar point function defined on a specific region on R and also differentiable
on the same domain. The we can apply del operator on ¢ in order to obtain gradient of scalar

function ¢ of grad( ) written as Ve is defined by



dy
do,. Odp,  0¢ -
—ali‘@]i‘g

it is to be noted that V¢ defined a vector field. Also Vo = 0 if and only if ¢ is constant.
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Properties of the Gradient

If ¢ and 1 are Scalar point functions as well as differentiable on a specific domain and C is a
constant then we can show that the gradient holds the following properties.
i. V(Cp)=CVop
i. Vip+yY)=Vo+W
iii. V(py) = oV +yYVe

iv. v(%)z‘w‘ﬁp;f“”,zpio

Proof:
i. V(Cp)=CVe

LHS = (e = 200 2 g

ap | 20 | do ~
—Cal-l—C@]-FCEk

do. Odp . 0¢ -
—C(EL-FE] +Ek>
=CVp =R.H.S

i. V(p+ ¢YP)=Veo+Vy

d(e + ll))i+6(<ﬂ+ llf)j+0(90+ w)E

LHS = V(p+ ) =—— 5 ~—

=Vo+Vy=R.H.S

ii. V(epy)= @V +yVe

a(wlP)Ha(q)l/J) +6(<pl/))l€

LHS =V(py) = % 3y ) e




(0P o9\ oY 2P\ . oY 6(p) ~
- (‘pax+‘pax)l+("’ay+‘pay)]+("’ az T¥a;)"
oy oY oY . do Odp Jdop

=@ (ali‘@]‘Fa]{)-}'lp(al-}'@] +Ek>

= VY +yYVp =R.H.S
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Directional Derivative

The procedure to determine the derivative in a specific direction, other than the coordinate axes

(x,y,z) is called directional derivative.

Let ¢ (x, v, z) be a scalar point function defined on a specific region on R and also differentiable
on the same domain. The first partial derivatives of ¢ (x, y, z) are the rate of change of ¢ in the
direction of coordinate axes (x, y, z). It is a restricted way to calculate the rate change is given
function. Maybe one ought to need the derivative in a specific direction. Therefore the idea of

directional derivative introduced.

To define the directional derivative we choose a point A(x, y, z) in space and a direction at P,
given by a unit vector a. Let C be the ray drawn from P in the direction of @, and let A(x +
Ax,y + Ay, z + Az) denoted by B be a neighboring point on C, whose distance from P is As as

shown in figure,

A

The value of given scalar point function is ¢(x,y,z) and ¢ (+Ax,y + Ay, z + Az) at P and P’
respectively.
Then the limit

A (P —@(P)
111’1’1 —_—= 111’1’1 R EE—
As—0 AS  As—0 As

if it exists, is called the directional derivative of ¢ at P in the direction of @ and is denoted by Z—f.

Obviously,



dp Opdx

+6(p dy OJdedz
ds 0Oxds

dyds ' dzds

= V(p.z—: =Vep.a

1)
Since @ is a unit vector, directional derivative of ¢ (i.e. aa—f) is the component of V¢ in the
direction of this unit vector.

From equation (1), we have the operator equivalence,

d _va
55— V-4

This means that the operator V. @ applied to the scalar function ¢ differentiates it w.r.t the
distance s in the direction of a.

Deductions

In particular, if we assume a has the direction of the positive x-axis, the @ = 1 then equation (1)
will become V. i

Similarly,



10
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Theorem related Directional Derivative
Statement

Show that the maximum value of the directional derivative of ¢ (x, y, z) is equal to the magnitude

of ¢ (x, y, z)is equal to the magnitude of Vo (i.e |V |) and it takes place in the direction of V.
Proof

We know that

dg

— =Vgp.a

ds g-a
= |Vel|a| cos b

where 6 is the angle between Vg and a. Since —1 < cos 8 < 1, therefore Z—‘: IS maximum when

cos@ = 1 or & = 0° i.e. when the direction of @ is the direction of V¢ and max (g—f) = Vop.

Thus the maximum value of directional derivative takes place in the direction of V¢ and has the

magnitude |Ve|.

It is important to be note that directional derivative ?3—‘:’ is zero, when 6 = 90° i.e when Vg and @

are orthogonal to each other.
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Example of the Directional Derivative
Problem Statement:

Find the directional derivative of ¢ = x%yz + 4xz? at (1,—2,—1) in the direction

2{ — j — 2k.

Solution:
As we studied the equation

Directional derivative = V¢. a
Vo = V(x%yz + 4xz?)

= (2xyz + 4z%)i + (x%2) j + x?y + 8x2)k
Vpat(1,-2,—1) = 8i — j — 10k
The unit vector in the given direction can be calculated as
5 NN
ﬁ:m ]3 2k.:§ﬁ_%f_§lz
then the required directional unit vector is

a=

Vp.a = (81— j 1012)(2A L 212)
p.a=(81— ] — . 31 3] 3
16 1 20 37

3 * 3 3 3
Since this is positive, ¢ is increasing in this direction.
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Related Problem 1 of the Directional
Derivative

Problem Statement:
Find the directional derivative of ¢ = 4xz3 — 3x%y?z at (2,—1,2) in the direction 2 — 3j +
6k.
Solution:
As we studied the equation
Directional derivative = V¢. a
Vo = V(4xz3® — 3x2%y%z)
= (4z° — 6xy%2)i + (—6x%yz) j + (12x2% — 6x%y?)k
Vo at (2,—1,2) = 81+ 24] + 84k
The unit vector in the given direction can be calculated as

.7 21—3j+6k. 2 3 6

i A 2 A
then the required directional unit vector is

Vo.d = (81 + 48] + 841?).(%?—%j+§]})

16 144 504 376

A AR 7
Since this is positive, ¢ is increasing in this direction.
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Related problem 2 of Directional Derivative

Problem Statement
a) In what direction from the point (2,1, —1) is the directional derivative of ¢ = x%yz3a
maximum?

b) What is the magnitude of this maximum?

Solution

First of all, we calculate gradient of ¢ = x%yz3
Vo = V(x%yz®) = Qxyz3)i + (x223)j + 3x%yz»)k
Vo at (2,1, —1) is —4i — 4f + 12k
using the result that directional derivative is maximum in the direction of V¢ and its maximum
magnitude is | Ve |
The directional derivative is a maximum in the direction Vop = — 41 — 47 + 12k

the magnitude of this maximum is | V| = |(—4)% + (—4)? + (12)?| = V176 = 4V11
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Related Problem 3 of the Directional
Derivative

Problem Statement:

Find the values of the constants a, b, ¢ so that the directional derivative of ¢ = axy? + byz +
cz%x3 at

(1,2, —1) has a maximum of magnitude 64 in a direction parallel to the z-axis.

Solution:
Since ¢ = axy? + byz + cz?x3, therefore
Vo = V(axy? + byz + cz*x3)
= (ay? + 3cz?x?)i + (Qaxy + bz)j + (by + 2czx®)k
At the point (1,2, —1), the value of this gradient is
= (4a + 3c)i + (4a — b)j + (2b — 2c)k
We know that the maximum directional derivative takes place in the direction of V¢ and has the

magnitude of Ve. The maximum directional derivative will be parallel to the z-axis if

4a+3c=0 (1)
4a—b=0 2
Therefore

Vo = (2b — 2c)k
since the magnitude of this maximum directional derivative is 64, there fore
2b —2c = 64
©)
Solving equation (1), (2) and (3), we find



which is the required solution.

15
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Geometrical Interpretation of Gradient

Geometrically, gradient of a scalar function represents a normal vector to the surface.
V| (x,y, represents the normal vector of the surface at (x, y, z).
Example
If o = x2yz
Vo = 2xyzi + x%zj + x*yk
At (1,1,1)
Volaay =20+]+k

which is normal to the surface ¢ = x%yz



17

Module No. 12

Theorem Related to Gradient

Theorem
Prove that Ve is a vector perpendicular to the surface ¢(x,y, z) = C, where C is a constant.
Proof

Let the parametric equation of the curve K be x = x(s), y = y(s), z = z(s).
let # = xi + yj + zk be the position vector of the point P(x,y, z), then T = % IS unit tangent

vector to the curve K at P as shown in figure.

J_.?

(x,y.2)

=

X

Since the curve K lies on the level surface, together, the condition of any point on the curve must
satisfy equation (1), and so [x(s), y(s),z(s)] = C.

Differentiating above equation w.r.t‘s’ using the chain rule,

or

dop, Odp_  dp ~\ (dx  dy  dz_
(2004225 00 g) (20, 25 d2g)
<axl+6y]+62 dsl+ds +ds

or

dr -
V(p.%z OQorVeo.T =0
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Which implies that V¢ is a vector perpendicular to the unit tangent vector Tand therefore on the

surface ¢(x,y,z) = C.
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Related Problem 1:; Gradient

Problem Statement
If A = 2x%i — 3yzj + xz%k and ¢ = 2z — x3y
Find
i. A Vo
ii. AxVe
Solution

Since ¢ = 2z — x3y then

0, Op . O0p
Ve =oxtt o) Tk
02z — x3 02z — x3 02z — x3y)
_0Q@z=x"y), 0@z y)j+(z Y)p
0x dy 0z

Vo = —3x%yi — x3j + 2k
Ve at(1,—-1,1)
Vo =3i—j+ 2k
Given vector A = 2x%i — 3yzj + xz2%k at (1,—1,1)
A=2i+3j+k
i. AVe=Qi+3j+k).3i—j+2k)
2B -G+ M)(2)=5
ii. AxVe=(Qi+3j+k)x(3i—j+2k)

i j ok
=2 3 1
3 -1 2

=(6-(-1)i—-(4-3)j+(-2-9k
=7i—j—11k
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Related Problem 2: Gradient

Statement
Show that

Proof
We know that

d d d —~
Vi) = f(i +—f(r)f +5 Nk
6 d af o af 0
of or o f o 9 for .
axax dy dy 9z 0z
_dfor, Ao, dforp
T dx 0x l dy ayj dz 0z

since r = \/x? + y? + z2, it follows that

ar _Xx ar _y ar z

1)

Bx T ay r' 0z r
putting these values in (1), we get

= O+ 0] + )R
SO

(xt+yj+ zk)
_fI@F

r

Hence Proved
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Related Problem 3: Gradient

Statement

It Vo = 2xyz*1 + x22°] + 3xyz’k,
Find

p(x,y,2) ifp(1,-2,2) =4
Solution

Given equation is

Vo = 2xyz°i + x*2%) + 3x%yz*k
We know that

Vo =221+ + 2k

therefore by comparing equation(1) and (2), we get

6(p 3
— = 2xyz
dox y

dg 2.3
— =Xz

ay

d¢ 2.2
— = 3x%yz
0z y

Integrating Equation (3) w.r.t x, keeping y and z constants

¢ =x?yz° + f(y,2)
Similarly, from equation (4) and (5), we get
o =x%yz3 + g(x,2)
¢ =x*yz°> + h(x,y)

(8)

1)

()

©)
(4)
()

(6)

(7)

Comparison of equation (6), (7) and (8) shows that there will be a common value of ¢ if we

choose
f(v,z) =g(x,z) = h(x,y) =C
where C is an arbitrary constant.
Thus
o =x*yz*+C

9)

21



using ¢(1,—2,2) = 4 in equation (9) we get
Cc =20
hence from equation (9), we obtained
@ =x%yz3+ 20
Which is the required solution of ¢.

22



23
Module No. 16

Divergence of a Vector Point Function

Definition

Divergence is a vector operator, when we applied this operator to the quantity of a vector field, it
produces a scalar field.

Let I7(x, y,z) = Vit + V,j + Vsk be defined and differentiable at each point (x,y,z) ina
certain region of space (i.e. V defines a differentiable vector field). Then the divergence of V,
written V.V or div V, is defined by

- ad. . d ., 0 - . . ~
V.V—(al+@]+£k).(Vll + V,j +V3k)

vy av, aV.
1+ 2+ 3
dx Jdy o0z

Some Deductions

It is important to be noted that V. V is a scalar quantity. Also V. V£V.V

If V is a constant vector, then V.V = 0.

ifv.V =0 everywhere in some region of R, Then V is called solenoid vector point function in

the region.
We can consider an example of solenoid to understand the concept.

Example

Determine the constant a so that the vector V = (x +3y)i + (y — 22)] + (x +az)kis
solenoidal.

Solution

0 0 d ~ . ) -
V.V —(al+@]+£k>.((x+3y)l + (y— 22)] + (x+az)k)

d(x+3y) 0d(y— 2z) d(x+az)
= + +
0x dy 0z




=14+14+a=2+a
a=-2

Hence if we substitute a = —2 in given vector field then given V will become solenoidal.

24
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Module No. 17

Properties of the Divergence

Statement
If 4 and B are differentiable vector point functions, and ¢ is differentiable scalar point function,
then prove that

i. V.(A+B)=V.A+V.B

. V. ((p/_l)) = ¢(V.E+ﬁ. (Vo)

Proof
Let

A = At + Ay +A4sk and B = Byl + B,j + B3k , then

B =
i. V.(A+B)=V.A+V.B
hence

L. 9 9 9 .
V.(A+B) =$(A1 +Bl)i+@(A2 +B1)j+£(A3 + B3)k

044 N 04, N 04A; N 0B, N 0B, N 0B;
dx dy 0z ( dx dy 0z )

=V.A+V.B=R.H.S
i. V.(pA)=e(V.4)+4 (Vo)
L.H.S =V.(pA)
We have <p/T = @Al + @ Ayj + @Ask

Hence
V. (pA) = —(<pA1)l +5- (<pAz)1 + —(<pA3)k

04, ago 04, ago 04, do
TP Thige T OG Thag TG TGy



0A, 0A, O0A; do do do
- <6x Tyt az)+(Ala+A2ﬁ+A3ﬁ)

— o(V.A) + a(p“+a(p“+(wl? Ai + A7 + Ak
_(p( . ) (axl ay] aZ )( 1l 2] 3 )

V. (gofi)) == go(V.A—)) + (Vo). A = (p(V.A—>) + 4. (Vo)

V. (@A) = p(V.A) if ¢ is constant.

26
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Module No. 18

Laplacian

The Laplacian or Laplace operator is a second-order differential operator given by the
divergence of the gradient of a given function defined over a space R. It is usually denoted by
V.V, or V? or A.
Thus if U is a twice differentiable function, then the Laplacian of U is defined by

AU = V3 =V.Vu
In cartesian coordinate system, the Laplacian is given by the sum of second order partial
derivatives of the function w.r.t each independent variable. Laplace is a Second order differential
operator which is obtained by taking the divergence of gradient of any scalar point function.

It is denoted as

vv—vz—(a“+a“+ai?)(a“+a“+al€)
VEVE x! ay] 9z ) \ox* ay] 0z
02 02 02

V2= + +
0x? dy? 0z?

It is a scalar operator.
In one and two dimension, the Laplace operator reduces to
62
~ox2
02 02
Vi= —+—
dx?  0dy?

If (x,y,z) is a scalar point function, then the divergence of gradient of ¢ written as V.V =

VZ

V2 is called the Laplacian of ¢ and the equation V2¢ = 0 is called Laplace’s equation.
If a scalar function ¢ satisfies the Laplace equation V2¢ = 0 in a Cartesian region R, then ¢ is
said to be a harmonic function in the region R.

Mathematically, we can write it as

02 02 02
_0% 0% 0%
0x? dy?* 0z2

We can also express the Laplace operator in polar coordinate (r, 8) notation.

Vip =0
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Two dimensional Laplace operators can be expressed as

10/ of 1 (9%
2pp = —— (L) + —(—E£
Ve = r6r<r ar) + r? <692>
0? 10 1 92
_0% 10 10%
002 ror r?2062
The Laplacian occurs in differential equation that describes many physical phenomena, such as

Diffusion equation for heat and fluid flow, gravitational potentials and quantum mechanics.
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Module No. 19

Example of Divergence

Statement
If A = x2zi — 2y32%] + xy?zk, find V.4 (or div A) at the point (1, —1,1).

Solution

As we know del operator V is

Since given vector point function Ais

A =x%zi — 2y32%] + xy?zk

5 0 0 0 ~ ~
=7+ —7+ — 2,4 _ 93,27 2
V.A (6xl+6y]+62 )(x zl — 2y°z°] + xy zk)
_0(x*2) N 0(—2y3z?) N 0(xy?z)

- ox dy 0z

= 2xz — 6y%z% + xy?
As we calculated the expression V. A, we can easily determine its value at (1, —1,1).
V.Aat (1,-1,1) = 2(1)(1) — 6(—1D2(1)? + (1)(—1)?
=2-6+1=-3
V.Aat (1,-1,1) = -3

which is the required Result.



Module No. 20

Related Problem 1: Divergence

Statement

IfA = 3xyz21 + 2xy3) — x2yzkand ¢ = 3x2 — yz,

find
i. V.A
ii. AV
iii.  V.(pA)
iv. V.(Vep)

at the point (1, —1,1).
Solution
Since A = 3xyz21 + 2xy3j — x2yzk

also

then

V.A= <ixi +—j+ —ZI?) .(Bxyz?1 + 2xy®j — x%yzk)
= 3yz? + 6xy?%] — x%y
V.Aat point (1,—1,1)is
=3-DM*+6(D)(-1)* - D*(-1
=-34+6-1=2
ii. AVg

Since ¢ = 3x? —yz
then

30



do  Odop do ~

V(p=al+wj+gk
0(3x* —yz 0(3x* —yz 0(3x% —yz)
_o( yz). y)j+( Y7) -
0x dy 0z
= 6xi — zj — yk

Now,
AV = (3xyz21 + 2xy*j — x%yzk ). (6xi — zf — yk )

= (18x2yz? — 2xy3z + x%y?z)

A. Vg at point (1, —1,1)is

= [18(D*(-D(D)* - 2(D(-1*(1) + (D*(-D*(D]
=—-18+2+1=-15

iii. ~ V.(pA)
then
@A = (3x% — yz)(3xyz?1 + 2xy°j — x2yzk )
= (9x3yz% — 3xy?z3)1 + (6x3y® — 2xy*2)j + (3x*yz — x2y22z?)k
Now
V. ((px) = V. ((9x3yz? — 3xy?z3)1 + (6x3y® — 2xy*2)j + (3x*yz — x%y?2z?)k)
_ 0(9x%yz® — 3xy®z®)  0(6x%y® —2xy*z) 0(3x*yz — x?y?z?)
B 0x + dy + 0z
= 27x%yz% — 3y?z3 + 18x3y? — 8xy3z + 3x*y — 2x*yz
V. (@A) at point (1, —1,1)is
V.(pA) = —27-3+18+8-3+2=-5

iv. V.(Vo)

_(6 - 0 - 6E> <6[A+6<pA+6<pE>
~ \ox' ay] 9z ) \ax oy’ 0z

d, 0 0 -\ 0Bx*—yz) 0Bx*-—yz), 9(3Bx*-yz)_
_(al-}_@] azk>'( dx L dy S 0z )

31



£).(6xi— 2~ yE) = 6

32



Module No. 21

Related Problem 2: Divergence

Problem Statement

Given
@ = 2x3y?z*.
To find
I. V.V (ordiv grade).
i _ y2 2_ 0% 0° | 0% i
ii.  ShowthatV.Vep = V@ , where V= ozt 377 t o3 denotes the Laplacian operator.
Solution

i. V.Ve
As we know the grad of ¢
dg

do . O ~
Vop=—i+—j+—k
¢ 6xl+6y]+ z

0(x3y2z*)  0Qx3y?z*)  0Qx3y?*z*)
= i+ j+ k
0x dy 0z
= 6x%y%z*i + 4x3yz*j + 8x3y223k
Then the divergence of the grad of ¢

0 0 d ~ ~
S - % _ 2,,2,4% 3 44 3.,2,.,3
V.Vgo—(axl+ay]+azk>.(6x vz i+ 4x°yz*] + 8x°y“z k)

0 <6<p> N d (6<p> N d (E)(p)
~ Ox \ox dy\ody/ 0z\oz
0(6x%y%z*) 0(4x3yz*) 0(8x3y?z3)
= + +
0x dy 0z
= 12xy%z* + 4x3yz* + 24x3y?7?

i. V.Vp =V

o, 0, 0\ Odp,_ 0dp,  0¢ -
—<—l+—]+£k).(al+a_]+£k)



B d <6<p> N d (6<p> N d (6(/))
~0x\dx/) dy\dy/ 0z\oz
_0%p 0% 0%
~ 0x?  dy? 0z

02 9 92
- <ax2 ot az2> ¢

= Vz(p

Hence proved.
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Module No. 22

Related Problem 3: Laplacian

Problem Statement
Show that
. V.(r37)
i V|| =2
27

i. v[vO]=-%

where 7 is position vector.

Solution

First of all we will derive a general relation for V. [#f ()] then we will substitute our given

values to evaluate our required result.

V.[Ff(M] = f()(V.7) + 7. (Vf(r)

We have
= 3F(r) 4 PR = 3F(r) 4 7.1 ’(:)7

f'(r)

r

=3f(r)+ 7.7
V.[FfM] =3f() +rf'(r)

Now setting f(r) = r™ in above relation, we obtain
V.(7r™) = 3r* + r(nr™ 1)
V.(7r™) = 3r™* + (nr™)
V.(r"#) = 3+ n)r"

We have V. (r37) to evaluate, it is of the form V. [7#f (r)], where [1(r) = r3

35

V.7 =3
.

7

P = =
r

7 =1r?

Rl
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Put n = 3 in above relation, we will obtain the required result
V.r3H) =B +3)r3=6r3
Is the required solution.

i, LHS=V[vG)

We can also write it as
=V.[r(Vr™®)] = V.[r(=3r~>7)]
where we used the result

f'r

r

Vf(r) =

We have V. [r(—3r~5#)] to evaluate, it is of the form V. [#f ()], where f(r) = r™*7

thus,
1 ) 3

V. rV(—3)] =-3V.(r"*) = -3(-4+3)r*=—=RH.S
| T

is the required solution.

ii. LHS=V.[v.0]

frist we evaluate V. é) using formula V. [#f ()], where f(r) = r~1#
V.(r™#) = 3+ n)r"
putn = 1, we have
2
Ve ) =Q@B-Drt= -

therefore
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Module No. 23

Curl of a vector Point Function

Introduction

The infinitesimal rotation of a vector field is described by the curl. The curl of a specific point is
shows by a vector at every point of the vector field. The attributes of this vector (length and
direction) characterize the rotation at that point.

The direction of the curl is the axis of rotation, as determined by the right-hand rule, and the
magnitude of the curl is the magnitude of rotation.

Definition

If l7(x, v, z) is a differentiable vector field in a certain region of space, then the curl or rotation of

V, written V x V, curl V or rot V, is defined by
VxV = (ii+ij+ii?) x (Vai + Vo] + V3k).
dx 0dy 0z
Where V;, V,, V5 are the components of vector field along X, y and z-axis.

We can write this expression in matrix from

I N
VX7 = aa_x af’_y ai
i V2 V3
9 9l |9 91 |99
= [0y oz|i—|ox az|]J+ |[0x Oy|k
V, V3 Vi Vs Vi 1,
Vs  aVy\ . (0Vz aVy\ . OV, OVp\ -~
- (ay N az>l_<6x - az)] (W_E)k
A vector field whose curl is zero is called irrotational.
Identities of Curl
Some identities of curl are stated below
A gradient has zero curl:
Vx Ve = 0.

A curl has zero divergence:



V-(VxV) =0
Note: V- (V x V)= (V¥ x 7).V = 0 because ¥ x V = 0.

38
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Module No. 24

Properties of the Curl

If 4 and B are differentiable vector functions, and ¢ is differentiable scalar functions of position
(x,y,2), then
. VX (A) + §) = Vx4 + VxB or curl (/T +B) = curl A+curl B
ii. U (pA) = ¢ (VxA) +(V) xA
.  Vx(Vp)=0 The curl of the gradient of ¢ is zero.

Iv. V.(Vx;f) =0 The divergence of the curl of A is zero.

Proof
Let A = A, 4 A,j + Askand B = B,{ + B,j + B3k , then
i. curl (A+B)=curl 4 +curl B
L.H. S= curl (4 +B)
A+B = (4, +B)i+ (4, + B))j + (43 + Bk

Hence by using the definition of curl

i j k

Vx(A +B)=| 2 2 9

ax ay 0z
i7 k i ]k
e o9 0 + d ad 0
dx 0dy 0z dx 0y 0z

Ay A, A3l 1By B, B
= Vx4 + VxB
Hence proved
ii.  Vx (pA) = @ (VXA) + (Vo) xA
L.H.S=Vx (@A)

Then by using the definition of curl



i j k

2 ] ] ]

Vx (pA) = PP P P
PA; @Ay @A;3

40

(o o \. /0 o . [0 o\
= |5, 049 — 5, (042 | 1= (57 (04) — 5 (00 )] + | 5 (042) = 3 (o)

| 9(43) (@)  0(4,) d(e)]. 0(43)
—l(p dy 43 dy -9 0z _AZWll_IQD 0x +
d(4,) (@)  0(Ay) ()] »
+lfp 0x + 42 ox dy —h aylk

~

=o|(5 -5+ (G -5+ 52 =SR] + |

dp I NN
(4,52 = A 3D)E|
I
6_(p

x Jy 0z
Az

= ¢ (VxA) + = ¢ (VxA) +(Vo) x4

Hence Proved
iii. Vx (V) =0

0p . 0@ .

— _ 0P~ 09~ 0P Y _
L.H.S—VX(V<p)—V><( L+ay]+azk)—

ax

_(0%¢ 0%p\, (0%p 0% -
~\oyaz  9zay)'  \azox ~ 9xaz)’

I ~

d
oy

0%¢

%¢ 7
dxdy 0dyox

(@)  d(4y)
-9

a(p)]|.
3 ox 0z J

Y

10 0P~ e ap\ A
_AZZ)I“-I_ (A3E_A1¥)] +

| =

0z
dp
0z

(1)

We assume that ¢ has continuous second order partial derivative so the order of

differentiation can be neglected.

i.e.

0%p 0% 0%

%@ 0%

0%¢p

0ydz  0zdy’0z0x  0xdz’ 0xdy _ dydx

=equation (1) must be equal to zero
Hence the expression.

iv. V.(Vx4)=0
L.H.S=V.(VxA)
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Since
I
vxd=|2 2 2
dx dy 0z
A A Az
0A; 0A 0A; O0A 04, 04, .
:< 3 2>i—< 3 1>A+(_2__1k
dy 0z 0x 0z dx  dy
D)= (L5424 D), (M _ 04y (943 2Av); | 04y 3yyp
HenceV.(VXA)—(al+$]+£k).(—y 6z)l (6x az) Gox 6y)k
0 <6A3 aAz) d <6A3 aAl) 9] (E)Az E)Al)
T ox\dy 0z dy \ 0x 0z dz\ dx 0dy
B 0245 024, 0%24; 0%A, N 024, 024,
~ \oxdy 0xoz dydx 0yodz 0z0x 0zdy
B 0245 024, N 0245  0%A, N 024, 024, B
"~ 0xdy 0x0z 0ydx O0ydz 0zdx 0zdy

Assuming that A has continuous second order derivative.

Hence the theorem.
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Module No. 25
Example of Curl

Statement
IfA = xz3i — 2x%yzj + 2yz*k,

Find
Vx4 (or curl /T) at the point (1,—1,1).

Solution
Vxﬁ—(a“+a“+al?)x 31 — 2x%yzj + 2yz*k
= axl ay] Fp (xz° 1 X“yzj vz*k)

glew
gl ~

7
d
VXA= %

xz3 —2x%*yz 20z*

0x dy

0(—2x? 0(xz3)_ ~
)20 )H(( Xyn) 06,

3 (6(23/24) _ 0(—2x%yz)

. (0Qyz")  0(xz®)
dy 9z )”r( B

Vx A = (2z* + 2x%yz)i + 3x2%] — 4xyzk

Now we calculate the value of V x 4 at (1,-1,1)

VxA=(2-2)+3]+4k

VxA=3j+4k

is the required solution.



Module No. 26

Related Problem 1: Curl

Problem Statement

IfA = 2yzi —x*yj + xz* kand ¢ = 2x%yz3,
Find

. (AxV)p

.  Ax V)

Also show whether they are identical or not.

Solution

Since A = 2yzi —x%yj + xz*kand ¢ = 2x?yz3

. AxXV)e
AxVe=|Q2yzi —x? '+x2k)x<ai+a“+al?)]
(p_ yZ y] Z ax ay] aZ (p
i j k
_2yz —x*y «xz*
(AxX V) = 5 5 5
0x dy 0z

([t - (g )+ (e v
B x yaz Xz dy ' yzaz Xz 0x J yzay x yax ¢
Now substituting ¢
do do do do do dp\ ~
— a2, T 2_T Yy _r _ 2_T )% _r 2,.,_1T
_[( Vo, 6y>l <2yzaz Xz ax)”(zyzay” yax)k]

Since ¢ = 2x?yz3, substituting value

0z 0x

0(2x?yz®)  , 9(Q2x*yz°)) -
—ay + x Y ox k

0z dy

+ (Zyz

d(2x%yz3) 0(2x%yz3)\ | d(2x%yz3) 0(2x%yz3)\ .
=[xy ——F —xz?————— |1 - (2yz———— —xz?———— |

43
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= [{—x%y(6x2yz?) — xz2(2x%2°}1 — {2yz(6x%yz?) — xz%(4xyz3}j
+ {2yz(2x%2%) + x2y(4xyz3}k|
(AX V) = —(6x*y?z% + 2x32°)1 — (12x%y?z% — 4x?yz%)] + (4x%yz* + 4x3y?z3)k
2 y
1)

. Ax(Ve)
Here A = 2yzi —x%yj + xz® kand ¢ = 2x2%yz3

_O0p_  0p 0.

Vo= xtta T ek
0(2x%yz3)  0(2x*yz®) . 0(2x*yz?) .
=~ x vty JtT 0, K

Vo = 4xyz3i + 2x%2%] + 6x2yz%k
Now

i j k
Ax (Vo) =| 2yz —x%y  xz?
axyz3 2x%z3 6x2%yz?

= [(—x2y)(6x2yz?) — (xz2) (2x22%)]i - [(2y2) (6x7yz?) — (x22) (4xyz*)]]
+ (yz)(2x22%) — (=x2y) (4xyz®))k

A X (Vo) = —(6x*y?z% + 2x325)1 — (12x2y223 — 4x?yz5)j + (4x%yz* + 4x3y2z3)k
(2)
From equation (1) and (2), we conclude that

AX (Vo) =(AxV)p
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Module No. 27

Related Problem 2: Curl

Problem Statement

A vector V is called irrotational if curlv = 0.
I.  Find constants a, b, ¢ so that
A= (x+2y+az)i+ (bx — 3y —2)j + (4x + cy + 22)i
is irrotational.

ii.  Show that 4 can be expressed as the gradient of a scalar function.

Solution
Since give vector field is
A= (x+2y+az)i+ (bx — 3y —2)j + (4x + cy + 22)i

I.  Also for a vector to be irrotational, we have expression

curlA=VxA=0

{ j k
VxA= 9 9 9
0x dy 0z

x+2y+az bx—3y—z 4x+cy+2z

0 0 . 0 0 .
= (a—y(4x+cy+22)—g(bx—By—Z)>L—(a(4x+cy+22)—g(x+2y+az)>]

d d -
+(a(bx—3y—z)—@(x+2y+az))k

=(c-Di—-(@A-a)j+ -2k
or

=(—-Di+(a—4j+ -2k
According to the given condition

(c=1Di+(@a-dj+b-2Dk=0



=c—-1=0=c=1

=a—-4=0=>a=4

=b—-2=0=>b=2
and thus
A= (x+2y+42)1+ Q2x -3y —2)j + (4x + y + 22)i
is irrotational vector field.
ii.  Assume that
A=V =3—‘£i+g—§j+g—‘51€
By comparing equation (1) and (2), we obtain

o9

$=x+2y+4z
dp . .
5—2x 3y —z
dp

5—4x+y+22

Integrating equation (3) w.r.t x, keeping y and z constants,

2
1 =x7+2xy+4xz+f(y,z)

2
Q= 2xy—%—yz+g(x,z)
@ =4xz —vyz+z? +h(x,y)

(1)

()

©)
(4)
()

(6)

(7)
(8)

46

Comparison of equation (6), (7) and (8) shows that there will be a common value of ¢ if we

choose
3 2
f(y,2) = ==+ 2
2
X
g(x,z) = —+z*2
2
x?  3y?
h(x,y) = —— —
(x,y) > "5
so that

x2

2
p=- 3% + 22 + 2xy + 4xz — yz +constant
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Note that we can also add any constant to ¢. In general if V x A = 0, then we can find ¢ so that

A = Vo.A vector field 4 which can be derived from a scalar field ¢ so that 4 = Vg is called a

conservative vector field and ¢ is called the scalar potential.

Note that conversely if A= Vo, then V x A=0
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Module No. 28

Related Problem 3: Curl

Problem Statement

Ifv=wXr, prove w = r curl v where w is a constant vector.

Solution
curlv = VXv = VX (w X71)
i 7k ~
=VX|w;, w, ws3]=VX[(wz—w3y)l— (02— w3x)] + (WY — wx)k]
X y z

i j k
_ d d 0
0x dy 0z

WZ — W3y W3X — WZ WY — WX

0 0 R 0 0 R
= (@ (w1y — wyx) — &(0’39‘ - wﬂ)) L= (a (w1y — wyx) — &(0’22 - w33’))]

0 0 -
+ (a (w3x — w12) — a_y (wyz — w3y)) k

= (w1 + )i — (—w; — w)f + (w3 — (—w3))k
= Z(wli + (Uzj + (1)3’})
= VX (wX1r)=20

=VXv=2w

> w==-VXv
2

1
=>8=Ecurlv
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This problem indicates that the curl of a vector field is linked with rotational properties of the

field. We might say that if curl A = 0, then there would be no rotation and the field is called

irrotational field. A field which is not irrotational is sometimes called a vortex field.



Module No. 29

Vector ldentities

Problem Statement
Evaluate V. (/T X1r)if Vx A =o.

Solution

Let A = A0 + A,j + Ask and 7 = x{ + yj + zk , then

~

R i j k
Axr=[A; A, A
X y z

= (Ayz — A3y)t — (412 — Asx)] + (A1y — Azx)E
And

S a, d ., 0. . ) -
V. (A X r) = <al +@] +£k) . ((Azz —A3y)i — (A1z — Asx)j + (Ay — Azx)k)

0 i} 0
e (Azz — Azy) — @ (A1z — A3x) + 37 (Ary — Ayx)

0A, 0As 04, 04, 04, 04,
ax Yax ‘ay Yoy Ve *%
04 04, 0A, 04, 04, 04,
:x<6y_az)+ (62_6x> <_ )

=Z

_( N l?) <6A3 aAz)A+(6A3 6A1>A+(6A2 6A1>E
RSO oy 0z ! ox 09z )’ ox  dy

If VXA = 0 this reduces to zero.

50



Statement

Prove that

Vx (VxA4)=V.(V.4) - V4

Proof

Let4 = A;i + A,j + Azk be a vector point function

Then
L.H.S=V x(VxA)

Since

|Q) ~>
|Q)\n>

VxA =
dx dy

Ar A

| =

0A; O0A
(-

dy 0z

Hence Vx(VxA4) =

943

ay

04, 94,

[ay ( dy

gl m

04y, -

dy

o1

d0A, aAl) d (6A3 6A2>]A
iy Gy I

<___

dx  dy dy

0z

302

924, 024, 8%A, 024,

B 924,
~ \dyox

[ 0%A, 94
~\ 9y?  0z2

 9x? +axay_}_azay_ 07?2

2 +ayaz

axay azay J

62A2>E
. 0%A; 0%A, - 82A2_+
J dx?  0y? dyodx
62A
ayaz

0z

024,
0z0x

)



x2  9y?  0z2 C9x? dy? 922 x2  9y? 022
0°A, | 0%, 074 0%4, | 0%Ay  0%Ag
+ P+ + j
0x? ayax 0z0x dy? axay 0z0y

024, 024, 074, -
+ +
0z> 0xdz 0yoz

(OZA1 024, 62A1>A <62A2 024, 62A2>A <62A3 0245 0%43) .
=|- i+ + k

= az+az az ) (A0 + Af + A k)+a<aA1+aA2+aA3)
~ " \0x2 T 9y? b+ 4] ox | ay | oz

d (0A, 0A, 04, 0 (0A; 0A, 0A;
+ —( +—+ ) +— ( +—+ )
dy\ox dy 0z dz\dx dy 0z

_ iy (A 04 04
B '(ax dy az)

= —V2A+V.(V.4) = V.(V.4) - V24
Hence the result.
Problem Statement
Find curl (7f (r)) where f(r) is differentiable.
Solution
Let 7 = xi + yj + zk be the given vector
then
curl (Ff(r)) =V x (Ff(1))
=V X (xf(Mi+yf@)j+zf (k)

Q =~
Q
| » =

ax @ 0z
xf(r) yf(r) zf(r)

d d r 0 0 9 3 A
- [@zf(r) —£Yf(r)] i+ Exf(r) —azf(r)]j + [ayf(r) —@xf(r) i
_ [Z af(r) af(r)l l af(r) af(r)l

ay

N [y of@) _ of™|, )

d0x dy

As we know r = /x? + y? + z2, therefore



o0 _ITWI I feryri s = W - [0x
Similarly,
of(r) _ £y
ady r
And

af(r) f'(r)z
0z  r
By substituting these values in equation (1), we obtain

N @y ez [ )z x|, | ff)x f()y] -
= |z —yr l+xr_Zr ]+yr—x k

r r

=0

Hence the result.
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Module No. 30

Line Integral

An integral where the function is evaluated along a curve is called line integral. It is also named
as path integral, curve integral, and curvilinear integral; contour integral as well. The function to
be integrated may be a scalar field or a vector field. The value of the line integral is the sum of
values of the field at all points on the curve, weighted by some scalar function on the curve. A
line integral is a natural generalization of definite integral. Line integral can be transformed into
double integral and surface integrals and vice versa.

f A.d7
C

Where d7 = dxi + dyj + dzk is called the differential displacement vector. The integrals that

The symbolic form of line integral is

involves differential displacement vector d7 care called line integrals.

Line integral can also be expressed as

j A.df = f (Ast + Ay + AsR). (dxt + dyj + dzk)
C C

S f (Aldx + Azdy + A3dZ)
Cc

The line integral fc A. d7 is sometimes called a scalar line integral of a vector field A.

If C is a closed curve which we shall assume a simple closed curve (a curve which does not

intersect itself anywhere), the line integral around C is denoted by
3§ A.ar = ff (Aydx + Aydy + Azdz)
Cc C

Applications
Some applications of line integrals are:

i.  If the vector field to be integrated Ais the force F on a particle move along C, then this

line integral show the work done by the force.
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In fluid mechanics, if the vector field to be integrated A represents the velocity of some
fluid then the line integral is called the circulation of A about C.
In general, we can say that any integral which is to be calculated along a curve is called a

line integral.
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Module No. 31

Other forms and General Properties of line
Integrals

Other forms of Line integrals

Generally, we define line integral by the vector function A by

f A.d7
C

As we studied previously, that the function to be integrated can be either scalar point function or
vector point function.

Here, we will define line integral using scalar function,

.[ pdr =f o(dxt + dyj + dzk)
c c

= .[ (godxi + @odyj + (del?)
c

f(p.di":if <pdx+jf <pdy+Ef pdz
c c c c

Also the general line integral indicates the dot product (“.”) between the given vector field and
the differential displacement vector. However we can also express it as a cross product (x) of

both the vector according to our requirement.

f/fxszif (Azdz—A3dy)+jf (A3dx—A1dz)+Ef (A, dy — A,dx)
C C Cc C

Thus any integral that involves differential displacement vector d7 are called line integrals.

General Properties of Line Integral
The following are the properties of the line integrals that are useful in computational subjects and

application
i. [, KA.di=K[. A.di (K isany real constant)

i. [ (A+B).di=[ AdF+ [, B.df
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ii. [, Adi=[_Adi+[, Ad7

Where the path C is subdivided into two arcs C; and C, that has the same orientations as C. If the
sense of orientation along C is reversed, the value of the integral is multiplied by “-1°.

iv. If C is piece-wise smooth, consisting of smooth curves Cy, C,, ... ... ....., C, then the line

integral of Aover C is defined as the sum of the line integrals of A over each of the

smooth curve making up C:

f Adfzf Ad?+f Ad?+~um"mmmn“+f A.d7
c c o C

1 n

In the sum, the orientation along C must be maintained over curves C;, C,, ... ... ....., C,. That is

the initial point of C; is the terminal point of C;_;_
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Module No. 32

Example of Line Integral

Problem Statement
If o = 2xyz2 F = xyl —zj + x2k and Cisthe curve x = t%,y = 2t,z = 3 from
t =0tot = 1.
Evaluate the line integrals
i [, p.dr
i. [, Fxdr
Solution
i. [, @.dr

By substituting the given values of X, y, z, we obtain
@ = 2xyz? =2(t?)(2t)(t3)? = 4¢t°
and 7 = xi + yj + zk
= 7=t +2tj + t3k
Also d7 = dxi + dyj + dzk
= d7 = (2t1 + 2f + 3t2k)dt

As we studied the relation

f(p.di":if <pdx+jf <pdy+Ef pdz
c c c c

1
8t1odt +jj

0

1 1 1
:f Qd7 =f 4t°(2t1 + 2 + 3t%k) dt = if 8t°dt + fcj 12t11dt
C 0 0 0

Hence the required solution.

i. [, Fxdr
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Since F = xyi — zj + x2k, first of all we will calculate the value of F using parametric
equations of x,y,z
F=2t31—t3] + t*k
Also we calculated, d7 = (2ti + 2 + 3t2k)dt
Then
Fxdi = (2631 — t3] + t*k) x (2ti + 2f + 3t%k)

~

i 7k A
=23 3 ¢4 |=(=3t>—2tMi— (6t° — 2t°)j + (483 + 2tHk
2t 2 3t?

Using the expression

j/fxdfzij (Azdz—Agdy)+jf (Agdx—Aldz)HEj (A, dy — A,dx)
C C Cc C

Substituting values, we get

1 1 1
f Fxdf= if (=3t> = 2tH)dt —jj (6t> — 2t>)dt + l?j (4t3 + 2tY)dt
C 0 0 0

9/\
= ——1—-

k
10

wl N
ull 3

J+



Module No. 33

Example of Line Integral

Problem statement

Find the total work done in moving a particle in a force field given by F = 3xyl — 5zj +

10xk along the curve x = t2 + 1,y = 2t%,z=t3fromt = 1tot = 2.
Solution

Since F = 3xyi — 5zj + 10xk,
Substituting values x = t2 + 1,y = 2t%,z =1t3, inF.
F = 3(t2 + 1)(2t)i — 5(t3)j + 10(t2 + Dk
F = (6t* + 6t2)i — 5(¢3)f + (10t% + 10)k
Also, di* = dxi + dyj + dzk
= d7 = (2t1 + 4tj + 3t2k)dt

Total work done = [ F.d7 =

2
= f [(6t* + 6t2)i — 5(¢3)f + (10t2 + 10)k]. (2¢8 + 4¢f + 3t%k)dt
1
2
= j 2t(6t* + 6t%2)— 4t(5t3) + 3t2(10t% + 10)dt
1
2
= f (12t5 + 12¢3)— (20t%) + (30t* + 30t?)dt
1

2
= j (12> + 10t* + 123 + 30t2)dt
1

2 2 2 2

=f 12t5dt+f 1Ot4dt+f 12t3dt+f 30t%dt
1 1 1 1

2

5 4 3

B 12t°
| 6

2 |10t5 2 |12t4 2 |30t3
+ +
1 1 1

1

60



=2[(2)° — (D1 +2[(2)° - (1)°] + 3[()* — (D*] + 10[(2)* — (1)°]
= 303

61
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Module No. 34

Line Integral Dependent on Path

The value of line integrals fc A.d7 generally depends not only on the end points P; and P, of

the curve C but also the geometric shape of the path C i.e. if we integrate form point P; to P,

along different paths, we in general, obtain different values of the integral.

z
N

We will illustrate this concept by the following example
IfA = (3x% + 6y)i — 14yzj + 20xz%k, evaluate fc A.d7 from (0,0,0) to (1,1,1) along the

following paths C
i.  The straight lines from (0,0,0) to (1,0,0), then to (1,1,0), and then to (1,1,1).
ii.  The straight line joining (0,0,0) and (1,1,1).

Solution
i.  Along the straight line from (0,0,0)to (1,0,0)y = 0,z = 0,dy = 0,dz = 0 while x

varies from 0 to 1. Then
the integral over this part of the path is

fﬁ.cﬁ:f (Aydx + Aydy + A;dz)
C C

1

1
= f 3x% + 6(0)dx — 14y(0)dy + 20x(0)? = f 3x2dx =1
0 0
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Along the straight line from (1,0,0) to (1,1,0) x — 1,z = 0,dx = 0,dz = 0 while y varies
from 0 to 1.

Then the integral over this part of the path is
1

1
f 3(1)% + 6ydx — 14y(0)dy + 20x(0)? = f 3+6ydx=0
0 0

Along the straight line from (1,1,0) to (1,1,1) x =1,y = 1,dx = 0,dy = 0 while z varies
from O to 1.

Then the integral over this part of the path is

1 1 20
f 3(1)% + 6(1) (0) — 14(1)2(0) + 20(1)2%dz = f 2027dz = 5

0

By adding all the results, we have

fljd*—1+o+20—23
. LAdr = 3 =3

ii.  The straight line joining (0,0,0) and (1,1,1) is given in parametric formby x = t,y

t,z=t. Then
j A.ar =] (3x% + 6y)i — 14yzj + 20xz%k.d?
c c

1 1 13
=f (3t? + 6t) — 14t% + 20¢3 dt=f 6t — 11t + 20¢3 dt=?
0 0

In example, we discuss two cases here. In each case the end points of the curve were same
but we chose different path to obtain results. The results obtained by both the cases are
different. Hence we conclude that the line integral not only depends on the end points of the

curve but also on the path taken by the particle.
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Module No. 35

Independence of Path

Definition
The line integral fC V.d# is said to be independent of the path C in a given region R, if the value
of the line integral f:z V. d# is the same for all paths C joining any two points P; and P, in R.

1

Theorem

Prove that a necessary and sufficient condition for f;;z V.d7 to be independent of the path joining

any two points P, and P, (i.e. V to be conservative) in a given region is that gﬁc V.d# = 0 for all
closed path C in the region.

Proof

Let C be any simple closed curve, and let P; and P, be any two points on C as shown.

Then since by the supposition, the integral is independent of path (i.e. V to be conservative), we

)

1

have

V.d7 = j V.d?
AP, P1BP,

Reversing the direction of integration in the integral on the right, we have

f V.di = —f V.d7
P,1A Py P,BPy

or

or

Conversely, if §. V.d# =0,

then



Again changing the direction in the integral, we have

f V.d7 = j V.d7
P1AP, P1BP,

Which shows the line integral is independent of the path joining P; and P, as required.
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Module No. 36

Theorems on line Integral

Scalar Potential Function
A scalar potential function ¢ is a single-valued function for which there exists a continuous

vector field V in a simply connected region R that satisfies the relation V=vi.

Theorem 1 Statement

Prove that a necessary and sufficient condition for f: 2. d7 to be independent of the path joining
1
any two points P;(x,y,z) and P,(x,y,z) (i.e. V to be conservative) is that there exist a scalar

function ¢ such that V= Vo, where ¢ is single valued and has continuous partial derivatives.

Proof

LetV = Ve, then

P2 0¢ 5% i1
—f (adx-FEdy-}'EdZ)

P,
= f dp = @(Py) — @(P1) = ¢(x2,¥2,23) — ¢ (x1,¥1,21)
Py

Thus the line integrals only depends only on points P; and P, and not on the path joining them

i.e. V is conservative.

Conversely, let [ c V.d7 be the independent of the path C joining any two points, We choose

these points as a fixed point P; = (x4, y1,2,) and a variable point P, = (x,y, z), so that the result

is a function of only of the coordinates (x, y, z) of the variable end points. Then
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(xyz) xy2) | 47
o(x,y,2) =f V.dr =f V.—ds
(

(x1,1.21) X1,¥1,21)

By taking derivative, we have

G _ g o

ds V. ds (l)
But

dp _ 09 _ gy, 47

ds  8s v “ds (2)

From (1) and (2) we have

= dr ar = ar
V.—-=Vp.—=(V-Vp).—=0

Since % IS a unit tangent vector, therefore % #0
=V -Vp=0
Or
V= Vo
Hence Proved.

Theorem 2 Statement

Prove that a necessary and sufficient condition that a vector field V be conservative is that

VXV = 0(i.e. Vis irrotational).
Proof

If V is conservative field then by the previous theorem, we have V= Vo.
Thus
UxV=VxVp=0

Conversely, if V x V =0, then

i j k

o d 0d|_
dx dy 0z
i V2 Vs

and thus
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oVs 0V, aVy  aVs aV, oV,
dy 0z 9z ox ox 0dy

we must prove that V= V¢ follows as a consequence of this,

Now,

j V.d7 = j (VL (x,y,2)dx + Vy(x,y,z)dy + V5(x,y,2)dz)
c c

Zz

4 (x.y.2)
[ ]
(xlvyivzl)
n
>y
7
>
(x*yyzl) (x,y.2,)

where C is path joining (x4, y4,2;) and (x5, ¥,, z3). Let us choose as a particular path, the
straight lone segment from (x4, y1,21) to (x,¥1,2;) to (x,y,2z) and ¢(x,y, z) the value of the

integral along this particular path. Then omitting the integrand, we have

(x'ylﬂzl) (x,y,zl) (x,y,z)
oya= [ 11+ [ L1+ [ ] &
(xlﬂylle) (x,yl,zl) (x'yle)

i.  Along the straight line (x4, y;,2;) to (x,v4,2,) , y = constant = y,,z = constant = z,
so that dy = 0,dz = 0, while x varies from x; to x.
ii.  Along the straight line (x,y;,2;) to (x,y,z;), x = constant, z = constant, so that
dx = 0,dz = 0, while y varies from [, to y.
iii.  Along the straight line (x,y,z;) to(x,y,z) , x = constant, y = constant, so that

dx = 0,dy = 0, while y varies from z; to z.

Thus we can write equation (1) as

X y z

o(x,y,2) = f Va(x, y1 20)dx + f Va(x,y,21)dy + f Va(x,y, 2)dz

X1 Y1 Z1



69

it follows that

op
E - V3(xfy12)
99
o= Vi, 2) + f 2 (x,9,2)dz

=Vo(x,y,21) + j (x y,2)dz = V,(x,y,z,) + |V, (x, YJZ)|Z1 =V,(x,y,2)

Z1

de
Pl =Vi(x,y1,21) + j 2 (x,y,2))dy + j > (x,y,2)dz

Y1 Z1

= VyCoyz) + f Gy, m)dy + f ! (x,y,2)d2

V1 Z1
=V1(x,y1,21) + |V1(x,y,zl)|§:1 + Vil y, 217, = Vo(x,y,2)

=Vi(,y1,21) +Vilx,y,21) = Vi (e, y1,21) + Vi(x,y,2) = Vi(x,y,21)

do
ax_Vl(xy'Z)
Then we have,
— ) ) -~ Op. Odp,  O0¢.
V—V1L+V2]+V3k—a— +E] Ek—V(p

hence V is conservative i.e V = Vg.
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Module No. 37

Selected Example/Problem 1

Problem Statement
If A(t) = ti—t3j + (t — Dkand B(t) = 2t%1 + 6tk,

Evaluate

2 > =

i. [ A.Bdt

i. ['AxBdt
Solution
i. [ ABdt

Since A(¢) = ti— t%j+ (t — Dk and B(t) = 2t%i + 6tk

So,
A.B = (ti—t? + (t — Dk ).(2t%1 + 0] + 6tk)
=2t3+6t(t—1)
Now
2_> . 2
f A.Bdt = j [2t3 + 6t(t — D]dt
0 0
2 2 2
=j 2t3dt+j 6t2dt—f 6tdt
0 0 0
t4 2
= |—+ 2t3 — 3t2|
2 0
=84+16—-12 =12
Hence

o )
ool
QU
o~

Il
—_
[\

is required solution.



~

R A
AXB=|¢t —t2 t-1
2t 0 6t

= [(=t»)(61) = (t — D(O)]i — [(1)(61) — (t — D)(2tD)]] + [(£)(0) — (—tP)(2tH)]k
= —6t31 — (6t% + 2t% — 2t3)] + 2t*k
= —6t31— (8t — 263)j + 2t*k

Now,

2 2
f A x Bdt = f (—6t31 — (8% — 2¢3)j + 2t*k)dt
0 0

2 2 2
= —ij 6t3dt —jf (8t* — 2¢%)dt + l?f 2t*dt
0 0 0

3 8 . tY\ .2 .|
=|-i=tt—j(=t} —= )+ k=t°
| ‘2 ]<3 2>+ 5° .

__,3018) _j<8(8) ~ E) L 2262

2 3 2 5
= —124 “80+1€64
TR T TR
2, 40 . 64
fAXBdt=—24l——]+—k
o 3 5

is the required result.
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Module No. 38

Selected Example/Problem 2: Line Integrals

Problem Statement

If F = 3xyl — y?j, evaluate work done by the force on the curve C in the xy plane, y = 2x2,

from (0,0) to (1,2).

Solution

As we know total work done on a curve is
f‘ﬁdf
C

dr = dxi + dyj

Also,

By substituting

1
= j (3xyi — y?)).(dxi + dyj)
0

1
=f (3xy dx— y?dy)
0

Asy = 2x? is given, this implies dy = 4xdx, now substituting these values in above integral,

we obtain

= f1(3x(2x2)dx— (2x?)%4xdx)
0

1 1
=f 6x3dx—f 16x°>dx
0 0

3 g !
— _x4__x6

2 37 |,
3 8 -7
2 3 6

Note that if the curve were traversed in the opposite sense, i.e. from (1,2) to (0,0), the value of

the integral would have been 7/6 instead of — 7/6.
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Module No. 39

Selected Example/Problem 3: Line Integrals

Problem Statement
Find the work done in moving a particle once around a circle C in the xy plane, if the circle has

center at the origin and radius 3 and if the force field is given by

F= 2x—y+2)i+x+y—2z2)j+ Bx—2y+42)k

Solution
Inthe planez = 0, F = (2x — y)i + (x + y)j and d7 = dxi + dyj

So, that the work done on the curve is

Total work done= | F.d7#

_ j ((2x — )i+ (x + y))) - (AL + dy))
Cc

- f (2x = y)dx + (x +y)dy)
C

As radius of the circle is r = 3, we choose the parametric equations of the circle as
x =3cost = dx = —3sint dt

y = 3sint = dy = 3cost dt
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where t varies from 0 to 2. Then the line integral

2w
= f ((2(3cost) — 3sint)(—3sint)dt) + (3cost + 3sint )(3cost )dt
0
2
= f (6 cost — 3sint)(—3sint) + 9(cos t)? + 9sint cos t dt
0
2
= f —18 costsint + 9sin?t + 9 cos? t + 9sint cost dt
0
2
= j 9 — 9 costsint dt
0

21

—|9t 2 i 2t
= 25111

0
= 18w

In traversing C we have chosen the counterclockwise direction indicated in the adjoining figure.

We call this the positive direction, or say that C has been traversed in the positive sense. If C

were traversed in the clockwise (negative) direction the value of the integral would be —18.
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Module No. 40

Selected Example/Problem 4: Line Integral

Problem Statement
Given a force vector F = (2xy + z3)i + x2] + 3xz2k .

i.  Showthat F a conservative force field
ii.  Find the scalar potential
iii.  Find the work done in moving an object in this field from (1, —2,1) to (3,1,4).

Solution

I.  We derived a necessary and sufficient condition that a force will be conservative is that

curlF = VxF = 0.

Now
) j k
5 5 0 0 0
curlF = VX F = — S
0x dy 0z
2

2xy + z3 x? 3xz?

~ (2 @art) - (2 )1 - | = (Bx22) - 2ay + 7))
=\ Xz 5, (¥7) 1= 5-(3xz 5, (2xy + 29 |

0 d ~
+ (a(xz) —a—y(ny + 23)>k

=0i— (322 -32z%)j+ 2x—2x)k =0
curlF = 0
Hence F is conservative.

ii. AsF isconservative, so F = Vo

and

this implies=
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5 dp . Odop 0@ . e - -
F=vVp=giltg g k=@ + 290+ %] + 3xz°k
By comparing, we get
99 _ 3
ax—ny + z (1)
o9 _ 2
20 _ )
% — 3x72 (3)
0z

By integrating equation (1), (2) and (3), we get
o =x%y+xz3+1(y,z)
¢ =x*y +g(x,2)
@ =xz3+h(x,y)
These equation will agree if we choose
f(y,z) = 0, g(x,z) = xz3 and h(x,y) = x2y
so that ¢ = x%y + xz3 to which may be added any constant.
iii.  From part (ii), we have
o =x*y+xz3+K
Where K is any constant,
Then work done = @(P,) — @(P;)
= (X2, ¥2,22) — (X1, Y1, 71) 4)

(X2, Y2, 22) = 9(3,1,4) = (3)2(1) + 3(4)® = 9 + 192 = 201
o(x,y1,21) = 9(1,-2,1) = (D*(-2) +1(1)* = -2+ 1= -1
Now substituting these values in equation (4)
Work done = ¢(P,) — @(Py) = @(x2,¥2,22) — ¢(x1,¥1,21) = 201 — (—1) = 202
202 is the required work done.
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Module No. 41

Surface Integral

Definition

Integrals that involves the differential surface elements ds are called surface integrals.

ff A.ds
S

Let S be a two-sided surface (open or closed), and Ax, y,z) = A;1 + A,] + Ak be be a defined

Mathematically, we can represents it as

and continuous vector function over the surface S. Let one side of S be considered arbitrarily as
the positive side (if S is a closed surface this is taken as the outer side). A unit normal 7 to any

point of the positive side of S is called a positive or outward drawn unit normal.

z

Associate with the differential of surface area dS a vector dS whose magnitude is dS and whose

direction is that of n. Then dS =7 ds.

ﬂ /T.ﬁdSsz A.ds
S S

The surface integral of a vector field A is called the flux of A through S.

The other forms of surface integrals are

ff ¢d§andﬂ AxdS
S s
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Where ¢ is a scalar point function.

If S is a closed surface, then the surface integrals may be written as

55 A.ds

jézxdsi

f (pd§

Or

Properties of Surface Integrals
Like the double integrals, surface integrals have the following properties:

il KA.dS = K [f. A.dS (K is any real constant)

-

i. ff, (A+B).dS=[[, A.dS+ [f, B.dS
i ff, A.dS= ffsl A.d5+ff52 A.dS
Where the surface S is subdivided into two smooth surfaces S; and S, having atmost a curve in
common.

iv.  If the surface S is partitioned by the smooth curves into a finite number of non-

overlapping smooth patches S;, S,, ... ... ... , S, (i.e.is S is piece-wise smooth), then the

normal surface integral of A over S is the sum of the normal surface integrals of A over

all the smooth patches, i.e.

ff z.d§=]f z.d§+jf Ads++jf A 4§
S S1 S, Sn
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Module No. 42

Evaluation of the Surface Integral

To evaluate the surface integral, it is convenient to express them as double integrals taken over
the projected area of the surface S on one of the coordinate planes.

Evaluation of surface integrals can be made by done by the following result

Theorem Statement

Let R ne the projection of the surface S on the xy-plane, then prove that
- -, _dxdy

ff A.ndS = .U An—=

s R |n. kl

Let the surface S and its projection R on the xy-plane be as shown in figure.

Proof

Divide R into a rectangles of area A4, k = 1,2, ...... ,n and erect a vertical column on each of

these sub-regions to intersects S in an element of surface area ASy.

z

: D
Choose a point (xy, vk, z;) on each surface element AS;, and draw the unit normal 7, to this
element at this point. Let y, be the acute angle between this unit normal 71, and the positive z-
axis.
If this surface element is sufficiently small, it can be regarded as a plane.
We know from geometry, that if two planes intersect at an acute angle, an area in one plane may
be projected into the other by multiplying the cosine of the included angle as shown in figure.
Since the angle between two planes is the angle between their normal, therefore

AS, cosy, = AA,
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or
AxpAyy
7. k|
Thus the sum (1) in the definition of unit normal surface integrals
n n AxyAyy

Ak.ﬁkASk = Ak'ﬁk =
k=1 k=1 |nk|

AS, = secy, A4, =

and the limit of this sum can be written as

- 5 _dxdy
([ dnas= [ anlt
S R |nk|

Similarly, we can prove that if R is the projection of the surface S on the yz-plane, then

5 5 dydz
[[ dnas= [[ 4
s R |7. 7|

And if R is the projection of S on the xz-plane, then




Module No. 43

Example to the previous topic: Surface
Integrals

Problem Statement
Evaluate
JI; A.AdS where A = 18zi — 12j + 3yk and S is that part of the plane

2x + 3y + 6z = 12 which is located in the first octant.

Solution

The surface S and its projection R on the xy plane are shown in the figure below.

[1]

5 2x+3y + 6z = 12
>y

0 4

R
2x +3y = 12

We know that



- - __dxdy
ff A.ndSsz An——=
S R |nk|

Also we know that a normal vector to the surface 2x + 3y + 6z = 12 is given by

V(2x + 3y + 62) = 21 + 3] + 6k

. N . . . 2i+3j+6k 2, 3, 61
ThenaunltnormalntoanypomtofS|sn=+=;L+;]+;k

Thus.k = (3042 +2k) k=2

and so
dxdy
k6
Also
- ~ (2 3 6 .
A7 = (1820 — 12 + 3yk).(7i+7j+7k)
36z — 36 + 18y
- 7
Now from the equation of the surface S 2x + 3y + 6z = 12,
12 — 2x — 3y
=
Therefore
ia= 6(12 — 2x —3y) — 36 + 18y _ 36 —12x
7 7
Then

- 5 _dxdy
([ dnas= [ anlt
S R |nk|

_ﬂ 36 -12x7
/A td

12—-2x

= f f (6 —2x)dydx

y=0

= f(6— 2x) (12 _ Zx) dx

82
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6
4
=](24—12x+§x2)dx
0

4
= |24x — 6x% +§x3

0
=144 — 216 + 96 = 24

If we had chosen the positive unit normal 72 opposite to that in the figure above, we would have
obtained the result — 24 .
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Further Example on Surface Integral

Problem Statement

If F = 2yi —zj + x%k and S is the surface of the parabolic cylinder y? = 8x in the first octant
bounded by the planesy = 4 and z = 6,

Evaluate
f f F.AdS
S

The surface S and its projection R on the yz-plane are shown in figure.

Solution

[1]
A vector normal to S is
V(8x —y?%) =81 —2yj
and therefore
8i—2yj  8i—-2yj = 8i-2y] @ 4i-yj 47 -yJ

= = = = = +
V824 (2y)2 64 +4y?  JA(l6+y?) J16+y? \J16+y% /16 +y2

Also,
4

16 + y?

.l =
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and
F.a= (2yt—zf + leAc).( i + e >
J16 +y2 /16 + y?
_ 8y +zy
~J16 + 2
Thus

46
jf 8y +zy ,/16+y

6+y 4

4

00
4 6
1 1
Zf f(8y + zy) dzdy = Zf 66ydy
00 0
33 1* 33
=|—y*| =—42=132
27, T2

]f F.AdS = 132
S

is the required result.
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Selected Example/Problem 1: Surface
Integrals

Problem Statement

Evaluate

ff A.7dS
S

for A = yi + 2xj — zk and S is the surface of the plane 2x +y = 6 in the first octant cut off

by the plane z = 4

Solution

The Surface S and its projection R in the yz-plane are shown in figure.

z
A‘l
R
AN \\
\ \ \ N \A4rS
AN
\
\ \ N
y=0| N 3 >y
AN
\ 2x +y =6
z=10

[1]
A vector normal to S is given by
V2x+y)=20+]
Therefore,
20+j  214]  2i+]
J2ZH(?2 VA+1 V5

n=

Also,



87

and

and

= f f%(x+y)§dzdy
y=02=0

=4(18+9) =108
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Selected Example/Problem 2: Surface
Integral

Problem Statement

Evaluate
i ff, Afds
i Jf, Ads
where 4 = zi + xj — 3y?zkand ¢ = gxyz S is the surface of the cylinder x? + y? = 16

included in the first octant between z = 0and z = 5.

Solution

i.  The surface S and its projection R on the xz-plane are shown in figure.

A

/
!

3 ‘J
T
L]

g

T e e e e [ T T

: [1]



/

/ —> J
v ~

/R// \ﬁ‘

/S0 4 >Y

/

4

z=0

[1]

R ~ dxdz
ﬂ A.ﬁdSsz AA——= (1)
< R 7. ]|

A normal vector to x2 + y2 = 161is V(x% + y?) = 2xi + 2yj
Thus the unit normal 72 to S is

Then

R 2xi + 2yj 2xt + 2yj 2xt + 2yj 2xt + 2yj 2xt + 2yj
n= = = = =
V02 +(2y)? Vet +4y? AR +y?) YA +y?) 4(16)

_2xt+2yj  2(xi+y))  (xi+y))

V64 8 4
Using x2 + y? = 160nS
Now,
> ~ (XTI +y]
Af= (st + x)— 3y°2k). (~2)
= 4(Zx xy)
And

Thus putting obtained values in equation (1)

5 1 4
ff A.ﬁdSsz —(zx + xy)—dxdz
s r 4 y

4

5
X+ X
=ffz Y dxdz
y

z=0x=0

= fzszo f;z()% + x dxdz

()



Utilizing the equation of the surface of the cylinder
x2+y? =16 =>y? = 16 — x> =y =V16 — x2
Substituting the value of y in equation (2)

5 4
ff 2 4 xdxd
= e —— xaxaz

V16 — x2

z=0x=0

!

5
= f(4z + 8)dz = [2z% + 8z|5 =90

214

—2z4/16 — x2 +x7

dz

0

i Jf, pAds

Substituting values, we get
ﬂ‘ AdS j (3 )(xi+yj)4d J
@.ndS = —XyZ —dxdz
S R 8 4 y

5 4
3
=3 f f xz (xi + yj)dxdz
z=0x=0

Using the value of y = v16 — x2 in above integral,

5
3
_> 2,4 — %27
=3 j j(x zl + xz/16 x])dxdz

z=0x=0
4
dz
0

5
_f |
= Z1l 3
0
5

o4 + dz =8
f?, Z])Z
0

— x2)3/2

Z R Z R
L

0

25, 25 . .
= 8(7 7]) = 1007 + 1005

is required solution.

90
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Selected Example/Problem 3: Surface
Integral

Problem Statement

Evaluate [J, A.AdS
over the entire surface of the region above the xy plane bounded by the cone S

z2 =x%+y2andtheplane z = 4,if 4 = 4xz i + xyz?j + 3zk.

Solution

The surface S and its projection R on the xy-plane are shown in figure.

N

[1]

ﬂ Z.ﬁdS:ff ff.ﬁd51+ff A.7dsS,
S S1 S2

ForS,,z=4n= kandA.k =1

Then
ff Z.ﬁdssz 12d51=12ff dxdy
S S R

1 1

Then

=12 X 1(4)% = 1921
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For S,, the normal vector is given by

V(x? + y? — z2) = 2xi + 2yj — 2zk

Therefore,
. 2xi + 2yj — 2zk _ 2(xt + yj — zk) _ (xi + yj — zk) _ (xi + yj — zk)
n_\/4x2+4y2+422_2\/x2+y2+22_ VZZ+z22 V222
. (i +yj—zk)
= 3
Also,
Ad= i(4x2 +xy?z —3z) and A. k = -1
V2 V2
Therefore
4 Ji6-x?
ff A.AdS, = j f i(4x2 + xy%z — 32).V2 dydx
s i V2

Using z2 = x? + y? in the above integral, we obtain

j
=
N

4 6—
= f f (4x2 + xy?x2 +y2 — 3/x2 + yz) dydx
—4 —V16—x2
Now we will further solve it by using polar coordinates

Letx =rcosf,y =rsinf, therefore 0 <r<4and0<6 <2rm

and
2w 4
ff A.qdS, = f f(4r2 cos? 6 + r* cos @ sin® 0 — 3r)rdrd6o
52 0 0
2w 4
= f f(4r3 cos? 8 + r° cos 0 sin?  — 3r?)drd6
0 0
integerating w.r.t r
2n 6 4

r
r*cos? 6 + Ecos@ sin?8 —r3| deo

0

46
= (256 cos? 6 + & cos 0 sin® 0 — 43> do
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21

46
= j (256 cos? 6 + Zcose sin? 89 — 43> do
0

2T

2048
= f (128(1 + cos 260) +

0

cos 6 sin? 9 — 64) do

Now integrating w.r.t 6 , we get

2T

sin® 0 — 646

2048
= |1289 + 64 sin 260 + 3

0

ff A.7dS, = 1287
S2

ff /T.ﬁdSsz /T.ﬁd51+ff A.7dS,
S S1 S

2

Thus,

ff A.7dS = 192 + 1287 = 3207
S

is the required solution.
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Volume Integral

A volume integral refers to an integral over a 3-dimensional domain, that is, it is a special case of
multiple integrals.

Definition

Let A bea given vector point function which is defined and continuous in a closed region R.Then

Lﬂjdv

If4 = A;i + A,J + Ak, then the above integral may be written as

LﬂﬁdeingldV+fngde+l§j;ﬂA3dv

If we have a scalar point function ¢(x, y, z) defined as continuous over the region R, then the

[f oo

In rectangular coordinate system, dV = dxdydz so the volume integral becomes

[ oav = [[] ot raxave
R R

Which is ordinary triple integral of ¢ (x, y, z) over the region R.

volume integral becomes

If o(x,y,z) = 1, the volume V of the region R is given by

Lfdxdydzzg dv

Notations for other than Cartesian system
VVolume integral can be expressed also in cylindrical and spherical coordinates as

i.  Volume integral in cylindrical coordinates:



j f f 9(p, ¢, z)pdpdpdz
R

ii.  Volume integral in cylindrical coordinates:

jﬂ. g(r,0,9)r?sin @ drdfde
R

Which are equivalent to ordinary triple integrals in cylindrical and spherical coordinates.

95
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Example on Volume Integral

Problem Statement
LetF = 2xzi — xj + y2k.

Evaluate

j;ﬂ Fav

where V is the region bounded by the surfacesx = 0,y =0,y = 6,z =x%,z = 4.

Solution

We will evaluate the given problem through following scheme.

[1]
The region V is covered (i) by keeping x and y fixed and integrating from z = x2 to z = 4 (base

to top of column PQ),

L
r

[1]
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(i1) Then by keeping y fixed and integrating fromy = Otoy = 6 (R to S in the slab),

(iii) Finally integrating from x = 0 to x = 2 (where z = x2 meets z = 4). Then the required

integral is
j f Fdv =
2

2 6 4 2 6 4
ifj jZXZ dzdydx jjj- jxdzdydx+l€fj J- y?dzdydx
00 00

0 x2 x2 x2

6 4
j j(szi — xj +y%k)dzdydx
0

x2

O\N

Solving integrals turn by turn

2 6 2 6 2 2
J-J- J-sz dzdydx =]jx(16—x4)dydx = jx(16—x4)|y|8dx=6jx(16—x4)dx
00 x2 00 0 0
2 2
—6[(16 —x5)d Y R Y L PSS
- XTXIEEESIT T TS T2 Tel T
o 0
2 6 4 2 6 2 6 2
ff fxdzdydx =ffx|z|fczdydx = ffx(él—xz)dydx =fx(4—x2)|y|8dx
0 0 x2 00 00 0
x|
=6]x(4—x2)dx=6 2x% —— —6|8——|—24
5 0
2 6 4 2 6 2 6 2. a6
J-j J- yzdzdydx=ijzlzlfczdydx=]jy2(4—x2)dydx=f . (4 — x?)dx
0 0 x2 00 00 0 0
x3|? 8
=72 | (4—x?)dx = 72 [4x - | =72(8 ) = 384
0

Hence

2 6 4 2 6 4 2 6 4
fffﬁdeifffozdzdydx—jfffxdzdydx+fcfffy2dzdydx
R 00 00 00

x2 x2 x2

M FdV = 1281 — 24j + 384k
R

is the required solution.
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Selected Example/Problem 1: Volume
Integral

Problem Statement

Find the volume of the region common to the intersecting cylindersx? + y 2 = a? and x? +

2

2= g2

zZ

Solution

Let M be the required common region then

[1]
2 x24z2=g2
£ |
" { E
I
™~
=
& +
™~
bt
>y
0 d

X [1]

98



Required volume = 8 times volume of region shown in above figure.

o N NERT
ff MdV =8 f dzdydx
14 x=0 y=0  z=0
o N o N o
= f zdydx = f Va2 — x2dydx = f(az —x?)dx
x=0 y=0 x=0 y=0 x=0
16a3

99
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Selected Example/Problem 2: Volume
Integral

Problem Statement

If F = (2x% —32)I — 2xyj — 4xk, evaluate

Lff V.FdV

the closed region bounded by the planes x = 0,y = 0,z = 0and 2x + 2y + z = 4.

Solution

Since F = (2x2 — 32)i — 2xyj — 4xk,

Thus
5 0 0 d . ~
(2, 2 T 2 _ 2, — &
V.F = (axl + ay] + e k).((Zx 3z)1 — 2xyj 4xk)
_0(2x* —3z) 0d2xy 04x
B ox dy 0z
=4x — 2x = 2x

2—x 4—2x-2y

2
fff V.FdV = f f f 2xdzdydx
R 0 0 0

Using equation 2x + 2y + z = 4 for limit

Integrating w.r.t z we obtain,

2—x

2
x(4 — 2x — 2y)dydx =f f (8x — 4x% — 4xy)dydx
0 0

22-x 2—x

2
= fo x|z|¢ 7 dydx = 2ff
0 00

0
2

Ydx = f 8x(2 —x) —4x%(2 — x) — 2x(2 — x)%dx
0 0

2 2—x

2

- - y

= [ @iyl —axriyls - ax
0




2
= f 8x — 8x% + 2x3dx
0

8 x|
4_ 2__ 3+_
XT3y
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Divergence Theorem

Divergence theorem is also called Gauss’s divergence theorem. Gauss’s divergence theorem has
wide applications in physics and engineering and is used to derive equation governing the flow
of fluids, heat conduction, wave propagation and electrical fields.

In words the divergence theorem may states that the surface integral of the normal component of
a vector function A taken over a closed surface S is equal to the integral of the divergence of

A taken over the region R enclosed by the surface.

We can write it mathematically as

Statement

It states that if R is the region bounded by a closed surface S and A is a vector point function

with continuos first partia derivatives, then

lfﬁ.ﬁdszgfvidv

Where 1 is outward drawn unit normal to S.

Proof

If 4 is expressed as A= A;i + A,J + Ak, then the divergence theorem can be written

component wise as

ff A+ A7+ Ak Ads—ﬁf 6A1+6A2+6A3 v
(1" 2] 3 )'n - (ax ay az)
R

S
To establish this relation, we will prove that the respective integrals on each sides are equal.

We prove this for a closed surface S, which has the property that any line parallel to the
coordinate axes cuts S in at most two points. Under this assumption, it follows that S is doubled

valued surface over its projection on each of the coordinate planes.



\

Let R’ be the projection of S on the xy-plane. Divide the surface S into the lower and upper parts

S; and S, and assume the equations of S; and S, to be z = f;(x,y) and z = f,(x, y) respectively.

Consider
[ 5 av =[] 5 aetra
z= fz(xJ/)
I f —dz dydx = f A5 (x,y, 2) 22250 dydx
z=f1(x,y)
— [| sy, £ 0] = Asl v, i) dyds ©
R/

For the upper part S, = dydx = cosy,dS, = k.7,dS,, since the normal 7 to
S, makes an acute angle with k. For the lower part S; dydx = —cosy,dS, = k.fA,dS;, since

the normal 7, to S;  makes an angle y; with —k.
Then

ff A3[(x,y,f2(x,y))] = .U Az E-ﬁzdsz
R’ S,

And

ffA [(x y, f1(x, y))] ff As k. dl,

and therefore the equation (1) becomes



043 A A
jff _dV J:]- A3 k.nzdSZ + J:]- A3 k.n1d51
d0A ~
fﬂ—%ﬂ/ ffA3k.ﬁdS 2)
S

Similarly, by projecting S on the yz and zx coordinate plane, we obtain respectively,

ff —dV ﬂAli.ﬁdS (3)
S

(%2 = [ 300 o
S

By adding equation (2),(3) and (4), we obtain

fff%dv fﬂ%dv fff%dv gAli.ﬁd5+gAzj.ﬁds+£fA3k_ﬁd5

Which is equal to

044 aAz 6A3
fff )dV f(A1l+A2]+A k).Ads

or

ff Al 4+ A7+ Ak Ads—fﬂ aAl+a‘42+a'é13 av
(ll 2] 3 )n - (ax ay az)
S R

Hence the theorem.
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Divergence theorem in Rectangular Form

As we studies earlier about the rectangular coordinate system and rectangular coordinates. The
Cartesian coordinate system (x, y, z) is also called rectangular system. In this article, we will

express the gauss’s divergence theorem in the form of Cartesian coordinates.

Let/-l) = Al’l\+A2]’\+A3i€, and = n1i+ n2j+n3i€

Then
V.A= (i +i] +il€>.(A1i+A2j+Agl€)
dx Jdy 0z
0A; O0A 0A
- ax1 * ay2 * 623
and

The unit normal to S is A = nyi + nyj + nzk. Theni.i =n, = cosa, A.j = n, = cos B and

~
A~

fi.k =n3 = cosy,where a, 8,y are the angles which 7 makes with the positive x, y, z-axes or
i,7, k directions respectively. The quantities cos a , cos 8, cos y are the direction cosines of 7.
Hence

Af= Ajcosa + A, cosf + Az cosy

Using these values, Gauss’s divergence theorem can be written as

044 6A2 6A3
fff( )dV .[ (Ajcosa + A, cosf + Az cosy)dS

is the required form of divergence theorem.
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Verification of Divergence Theorem by an
Example

Problem Statement

Verify the divergence theorem for A = 4xi— 2y?j + z2k taken over the region bounded by
x*? + y?=4,z=0andz = 3.

Solution

>y

[1]

As we know the divergence theorem is

lfﬁ.ﬁdSz fvﬁvjdv
fvff V.AdV = fvﬂ(aail + aa/;z + a(,i"’)dv
ff ox 9 2y )dV ff (4 — 4y + 22)dV
Va—xZ

2 4 3
J J (4 — 4y + 2z)dzdydx
X==2 y=—~/4—x2 z=0




Here we use the given equation x? + y? = 4, for limits
The surface S of the cylinder consists of a base S; (r = 0), the top S, (r = 3) and the convex

portion S;3(x? + y? = 4). Then

Surface Integral = ff A.fds = jf A. nds; + ff A. nds, + ff /T.ﬁng
S S S, S

On Surface S; (z = 0), A = —k, 4 = 4xi— 2y?j
Therefore 4.7 = (4xi— 2y?)).(=k) = 0

On Surface S, (z = 3), A = k, A = 4xi— 2y?%j + 9k
Therefore 4.7 = (4xi— 2y%j +9k).(k) =9

- ffﬁ.ﬁdsz = 9ﬂ dS, = 9(4rn) = 367

Since we have x? + y? =4 = \/x2 + y2 = 2 = r, radius of the base of the cylinder.
Therefore the area of the base of cylinder is nr? = 4n
On S; (x? + y? = 4). A perpendicular to x> + y? = 4 has the direction
V(x? + y?) = 2xi + 2yj
Then a unit normal is
2xT + 2yj 2t +y))  (xi+y)) (xt+yjf)
\/4x2+4y2:2\/x2+y2: V4 - 2

n=

Since x? + y> =4

A7 = (4xi— 2y%) + 2%k). 3

xt+yj
%=2x2—y

|| @ - yyas,

S3
Since r = 2 is the radius of the base of the cylinder
So, using cylindrical coordinates, x = 2cos 8,y = 2sin6,dS; = 2dfdz
We have



2w 3
J:]-(sz —y3)dS; = J- j[2(2 cos 0)? — (2sin8)3]2dzd6
S5 6=0 z=0
2
= f 48 cos? 0 — 48sin? 0 dO = 48m
0

Then the surface integral= 0 + 36m + 48w = 84m, agreeing with the volume integral and

verifying the divergence theorem.
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Another Example: Divergence Theorem

Problem Statement

Evaluate

Lff F.AdV

where F = 4xzi — y?j + yzk and S is the surface of the cube bounded S by
x=0x=1y =0y =1z =0,z= 1.

Solution

By the divergence theorem, the required integral is equal to

[fﬁ.ﬁdSz LU V. Adv

V.A=0.(4xzi — y?*j + yzk)
_ 04xz  0y”® N dyz
- 0x dy 0z

fff\mdv fff(‘”xz Y aayZZ>dV

Now

=ff (42—2y+y)dV=ﬂ (4z —y)dv
R R

111
= f f f (4z — y)dzdydx
000

11

11
=ff222—yzdydx=jf2—ydydx
00 00



Hence

11
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Further Example 1 of Divergence Theorem

Problem Statement
Prove the identity

[ voa = f o

Proof

In the divergence theorem, let A= (p(f where C a constant vector is. Then

fﬂ V. (9C)dV = ff 9C.AdS
v S

Since V. (¢C) = (V¢).C) = C.Vg and ¢C. 7 = C. (pf)

Substituting these values in above integral, we get

fff C.VpdV = ﬂ C. (ph)dS
74 S

Taking C outside the integrals,

C. fﬂ VodV = C. H(q)ﬁ)ds
v S

and since C is an arbitrary constant vector,

fvf f VodV = [ f (pA)dS

Hence the result.

12
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Further Example 2 of Divergence Theorem

A fluid of density p(x, y, z, t) moves with velocity v(x, y, z, t). If there are no sources or sinks,

prove that

dp
V. — =0
S+ %
Solution

Consider an arbitrary surface enclosing a volume V of the fluid. At any time the mass of fluid

szvﬂpdv

within V is

The time rate of increase of this mass is

o= [ o

%4

Let A = velocity v at any point of a moving fluid
Volume of fluid crossing dS in At seconds = volume contained in cylinder of base dS and slant
height vAt
= (vAt).ndS = v.ndS At
Then, volume per second of fluid crossing dS = v.ndS

The relation of mass of fluid per unit time leaving V is

.U pv.ndS
S

and the time rate of increase in mass is

—-gpv.ﬁd5=_gf V.pvdV

by the divergence theorem. Then
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[ %ar=- [ s

fff%+v.(pv)dV= 0
14

Suppose that [[f, % + V. (pv)dV = 0 for all the region V. If we suppose that ‘3—’; + V. (pv)dVv >

0 at a point P, then from the continuity of the derivatives it follows that Z—i + V.(pv)dV > 0in

some region A surrounding P. If T is the boundary of A then

I, ‘3—’; + V. (pv)dV > 0 which contradicts the assumption that the line integral is zero around
every closed curve. Similarly the assumption ‘;—‘; + V. (pv)dV < 0 leads to a contradiction. Hence

the integrand ‘;—‘; + V. (pv)dV must be equal to zer0.

Hence from the continuity of the derivatives it follows that

dp
V+—2=0
I+ %

Where | = pv.

The equation is called the continuity equation. If p is a constant, the fluid is incompressible and
V.v =0, i.e. v is solenoidal.

The continuity equation also arises in electromagnetic theory, where p is the charge density and

J = pv is the current density.
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Further Example 3 of Divergence Theorem

Problem Statement

Prove the relation:

fﬂv><§dv=ﬁﬁx§d5
\%4 S

where B is any vector field.

Proof

Since the divergence theorem,

fﬂv.jdv=£fiﬁds

let A = B xC where C is a constant vector. Then
fffv.(ﬁ X E)dvzﬂ(ﬁ x C).AdS
|4 S

V.(Bx C)=C.(vxB)and (B x C).a=B.(C x7) = (C x7).B=C.(AxB),

Since

Then the above integral will become

fvffa(Vxﬁ)dvzga(ﬁxﬁ)ds

Taking C outside the integral,

6jf (Vxﬁ)dv=6.jf(ﬁx§)ds
14 S

and since C Is an arbitrary constant vector,



Hence the result.

jffoEdV=jfﬁx§ds
\%4 S

16
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Stokes’ Theorem

In words we can state Stokes’ theorem as the line integral of the tangential component of a
vector function A taken around a simple closed curve C is equal to the surface integral of the

normal component of the curl of A taken over any surface S having C as its boundary.

Statement

It states that if S is an open, two sided surface bounded by a simple closed curve C, then if A has

continuous first partial derivatives

fﬁ.d? =] (V x 4A).AdS
Cc S

Where C is traversed in the positive direction.

Proof

If 4 is expressed as A= A,i + A,J + Ak, then the divergence theorem can be written as

jf V x (Al + Aof + Azk)dS = 3§ Ardx + Aydy + Azdz
S C
We will prove this theorem for a surface S which has the property that its projection on the xy,

yz and zx planes are regions bounded by simple closed curves as shown in figure.
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[1]
Assume S to have representation z = f(x,y) or x = g(y,z) or y = h(x, z), where f, g, h are
continuous and differentiable functions.

Consider first

f f [V x (4,0)].7dS
S

Since,
i j k
0A 0A; .
vxan=L 9 9 =(_1A__1 )
ox dy 0z 0yz dy
A, 0 0
Therefore,
[V x (4,0)].AdS = (aAl o 12) ds 1
1D]-ndS = aZn.] ayn. (D

If z = f(x,y)is taken the equation of S, then the position vector to any point of S is
?=xi+yj+zk =xi+yj+f(x,k
so that
or 0z

—=j+—k=j+

k
ay y

Q.)lQ.)
< |

But Z—; is a vector tangent to S and thus perpendicular to 7, so that

of
n.—

3y nk=0

Aj+

Q.)lQ)
<IN

or we can write
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.. 0z P
n.j= ayn
Substituting this value in equation (1), we obtain
. 0A,0z . 04, .
[V X (All)]‘l’lds = (—E@nk - —yn. k) ds
_ (6A1 dz N 6A1> A RS )
B 0z dy 0y n. (2)
Nowon S, 4;(x,y,2) = (x,y, f(x,¥)) = F(x,5) (3)
. 0410z | Ay _ OF
Hence equation 5z 3y + %y = 3y and (2) becomes
. oF . oF
[V X (A D)].AdS = —@n. kdS = —@dxdy

Then

HS [Vx(Ali)].ﬁdszg—g—idxdy

where R is the projection of S on the xy-plane.

By the Green’s theorem in the plane, the last integral equals 95F Fdx where T is the boundary of

R. From equation (3), since at each point (x, y) of I the value of F is the same as the value of

A, at each point (x,y, z) of C, and since dx is the same for both curves, we must have

f Fdx = j‘g A;dx

r c
or

HS [V x (4,D)].AdS = 55 A,dx 4)

c

Similarly, by projections on the other coordinate planes, we have

| f 17 (42))].7dS = § Ardy 5)

C

jfs [V x (A3k)].AdS = ff Asdz (6)

Addition of equation (4), (5) and (6) gives us the required results and completes the theorem.



20

The theorem is also valid for surfaces S which may not satisfy the restrictions imposed above.
For assume that S can be subdivided into surfaces S; S, Ss ... ..... Sy with boundaries

C;,C,Cs, ... .....C, Which do satisfy the restrictions. Then Stokes' theorem holds for each such
surface. Adding these surface integrals, the total surface integral over S is obtained. Adding the

corresponding line integrals over C; C;, Cs ... ..... Cy, the line integral over C is obtained.
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Stokes’ Theorem in Rectangular Form

Let A = A,1+ A, + Ask and fA = ny1 + n,] + nsk be the outward drawn unit normal to the
surface S. If a, § and y are the angles which the unit normal 7 makes with the positive directions
of x, y and z axes respectively, then

n, =fA.l=cosa,n, =A.j =cosB and n; = A.k = cosy.

The quantities cos a, cos 8, and cos y are the direction cosine of 7. Then

fi=cosai+cosBj+cosyk

Thus
i ]k
vxi=|2 9 9
dx 0dy 0z
Ay Ay A
0A; 0A 0A; 0A 04, O0A)\ .
— (_3__2)i+ <_3__1)A+ <_2__1)k
dy 0z 0x 0z dx  dy
and
(Vx 4A).7
6A3 aAz n aAl aAg n aAz a141 ~ N
=[G -t (G 5+ (G~ 5y ) B Ceose
4+ cosBj+ cosy k)
_ (6A3 6A2> N (aAl DA3> N (E)Az aAl)
=% e cosa e o cosf Ep 3y cosy
Also

A.d7 = (AD + Ay + Ask ). (dxt + dyf + dzk)
= Aldx + Azdy + A3dZ

and the stokes theorem becomes



;

Aidx + A,dy + Azdz

- -

22



23

Module No. 61

Verification of Stokes’ Theorem by an
Example

Problem Statement

Verify Stokes' theorem for A= (2x — y)i — yz?j — y?zk, where S is the upper half surface
of the sphere x2 + y? + z2 = 1and C is its boundary.

Solution

The stokes’ theorem is

ff)ﬁ.d? =j (V x 4).AdS
Cc S

we will verify the above statement using given vector function A

ZMN

¥+ yirzi=1

. x> +y: =1

z=0
) [1]
Let we solve first §, A.d#

The boundary C of S is a circle in the xy plane of radius one and center at the origin. Let x =

cost,y =sint,z= 0,0 < t < 2m be parametric equations of C.(since r = 1)

55 A.d? = ¢ (2x — y)i — yz%] — y2zk). (dxi + dyj + dzk)
C C



= f (2x — y)dx — yz*dy — y*?zdz

Substitutex = cost ,y =sint,z= 0,0 < t < 2m, we get

24

2
f (2 cost — sint)(—sint)dt
6=0
2 21
) ] _ 1+ cos2t
= f (=2 sintcost + sin?t)dt = j (—sin2t) + (T)dt
6=0 0=0
_|cos2t t sinZtZ"_l_I_ B
T2 2774 |, T27tT2TT
Now, ff; (V x A).AdS
i j k
S 0 0 0
UxAd=| — — —
0x dy 0z
2x —y — yz? y
_(9(=y*2) 9(—yz") P 0(—y%z) 0(2x—y)\. i+ (3(— yz?) 9(2x — y))k
dy 0z 0x 0z 0x dy
= (=2yz+2y2)i—(0—0)j+(0+ Dk =k
Then
jf(vX;T).ﬁds = ff k.Ads =] dxdy
S s R
(Since k.7AdS)
1Vi- 1
j f =4j\/1—x2dx
0 0 0
Let x =sint = dx = costdt,0 <t < ”/Z.Then
/2
ﬂ-(VX/T).ﬁdS=4j V1 —sin?tcostdt
s 0
T[/Z T[/Z

4
=4f cosztdtzif (1 + cos 2t)dt
0



and stokes’ theorem is verified.

_ |t+sin2t "2
= 21

25
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Another Example: Stokes’ Theorem

Problem Statement

Prove
%d?xﬁsz(ﬁxv)xﬁds
Cc S

Proof

Stokes ‘theorem is
j@ A.di = jf(vX;T).ﬁds
C S
In Stokes' theorem, let A = B x C where C a constant vector is. Then

gﬂ(ﬁ x 6. d7t = g(v x (B x 0)).Ads
2@ d7. (B x ¢) = l f [(C.9)B — (v.B)].Ads
25 ¢.(d7x B) = f f [(€.V)B].Ads — f f [C(v.B)]. Ads
¢ 55 (7 x B) = f f ¢.[v(B.7]ds — f f C.[A(V. B)]ds
¢, 2@ @i x B) = C. [ f [V(B.4) — AV. B)|ds

5.§£(d;x§):5.ffmxv)x§ds
C S

Since C is an arbitrary constant vector, therefore



Hence the result.

jgdfxl?:ﬂ-(ﬁxV)xE’)dS
C S

27
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Related Theorem: Stokes’ Theorem

Theorem Statement

Prove that a necessary and sufficient condition that fc A.d7 =0 for every closed curve C is that

VXA =0 identically.

Proof

Sufficiently. Suppose V X A = 0.Then by the stokes’ theorem

fﬁ.dfzﬂ(wﬁ).ﬁds
c S

Since Vx A = 0, therefore [f; (V x A).AdS =0

Hence

fﬁ.d?=o
C

Necessity. Suppose 956 A.d# = 0 around every closed path C, and assume V x A =0 at some
point P. Then assuming V X A is continuous there will be a region with P as an interior point,
where V x 4 = 0. Let S be a surface contained in this region whose normal i at each point has

the same direction asV x fT, ie. VXA =afh whereaisa positive constant. Let C be the

boundary of S. Then by Stokes' theorem

fﬁ.d?:jf(wﬁ).ﬁdsejfaﬁ.ﬁds>o
C S S

which contradicts the hypothesis that 95C A.d7 = 0 and shows that V x 4 = 0.

Hence the theorem.
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Related Theorem: Stokes’ Theorem

Problem Statement
Prove that
fgod?=.Ud§><Vg0
. C S
Solution
By Stokes’ theorem, we have
3@ A.di = ﬂ(vX,cf).ﬁds
S

C
Let A = @C where C is a constant non-zero vector, then

2@ @C.d7 = [f(v x (¢C)).AdS

or

5& C.pdi = ff(w x €).dS
S

C

3€5.¢df=ﬂv¢.5xd§=ﬂ5xd§.v¢=ﬂ5.d§xv<p
C S S S
5.56(pd?=5.ffd§xV<p

C S
Since C is an arbitrary constant vector, therefore

(pd?szd!fXV(p
s

sinceVxC=0

or

ﬁ&eﬁ

Hence the result.
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Further Example 2 of Stokes’ Theorem

Problem Statement

If
A=2yzi— (x+3y—2)] + x2 + 2)k
then using Stokes’ theorem, evaluate
j f (V x 4).AdS
S

over the surface of intersection of the cylinders x? + y? = a?,x? + z2 = a? which is included in
first octant.

Solution

By Stokes’ theorem, we have

ff(VxA) AdS = %Zd?

J\
DplLa ( C
V
2%+ y?=a? A
AI‘O aB>Y
a
C
>

. [1]

= jﬂ 2yzi — (x + 3y — 2)j + (x? + 2)k). (dxi + dyj + dzk)
ABCDA

= .(ﬁ (2yzdx — (x + 3y — 2)dy + (x* + z)dz) (1)

ABCDA
For AB, z = 0 therefore dz = 0 and the integral (1) over the part of the curves becomes

f —(x+3y—2)dy = f—w/az—y + 3y —2)dy

Let x = acos@, y—asm@ dy =acosf0df, 0<6 Sn/z,then
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Vs

/2
j—(x+3y—2)dy=] —(acos 8 + 3asinf — 2)acos 6dO
AB 0

Vs
/2
aZ
=f —[7(1+c0520)+3azsin9c059—2acost9 lde

T
2

0

—a’mr 3

Y/

2 > a“ + 2a

dy = 0 and integral (1) over this part of the curve becomes
a

fd—fd—“z
VALYARS ZZ—2

BC
For CD,x = 0,z = a therefore dx = dz =0 and the integral (1) over this part of the curve

becomes

a sin 260 3
?( >+—azsin29—2asin9
a

2
- 56
red

7T+ 2a| =
> aa

For BC,x = 0,y = a therefor

2

3a
j —(By —2)dy = f ~(By —2)dy =—--2a

CD a
For DA,y = 0 therefore dy = 0 and the integral (1) over this part of the curve becomes
0

f(xz + 2)dz = f(az —z%+2z)dz
DA

23 z2 0
— 2, _ -
a“z 3 + > )
2
_ 2@
_ 3 2
Thus from equation (1), we get
J‘(ng) AdS_—aZn 3, a’ 3a? 2 , a
T T 2 "2 3973

aZ
= —ﬁ(?ﬂl’ + 861)

required solution.
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Further Example 3 of Stokes’ Theorem

Problem Statement
If

fﬁd*— 1affHdS
.aAr = Cat .

c S

where S is any surface bounded by the curve C, show that

VXE = LoH
C ot’

Solution

As we know the Stokes’ theorem

fﬁ.dfzﬁ(wﬁ).ﬁds

c

by the Stokes’ theorem

E d?=j (Vx E).dS

S

ﬁge“
ey

therefore
ﬂ(VXE)dS— fflaH ds
C ot
or
ff VxE+1 as =
Cad B
S
This implies
., 10H
VXE+—=—=0

or

32



is required result.
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Simply and Multiply Connected Regions

Simply Connected Region
A simple closed curve is a closed curve which does not intersects itself anywhere. For example

the curve in the figure (i) is a simple closed curve

&

while the curve the curve in figure (ii) is not a simple closed curve.

.

(ii)
A region R which is said to be simply connected if any simple closed curve lying in R can be
continuously shrunk to a point. For example, the interior of a rectangle as shown in figure (iii) is

an example of simply connected region.
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(i)
Multiply Connected Regions
A region R which is not simply connected is called multiply connected. For example, the region
R exterior to C, and interior to C; is not simply connected because a circle drawn within R and

enclosing C, cannot shrunk to a point without crossing C, as shown in figure (iv).

(iv)

In other words, we can say that the regions which have holes are called multiply connected.
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Green’s Theorem In the Plane

We will consider the vector function of just x and y and derive a relationship between a line
integral around a closed curve and a double integral over the part of the plane enclosed by the

curve.

Theorem Statement

If R is simply-connected region of the xy-plane bounded by a closed curve C and if M and N are

continuous functions of x and y having continuous derivatives in R, then

5€Md + Nd —ff(aN aM)d d
x e dx dy xay
c R

where C is described in the positive (counter-clockwise) direction.

Proof
We prove the theorem for a closed curve C which has the property that any straight line parallel

to the coordinate axes cuts C in at most two points as shown in figure.
Yy

o —— e —

e

O a b 11
Let the equation of the curves AEB and AFB be y = f;(x) and y = f,(x) respectively. If R is

the region bounded by C, we have
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fz(x)

[opasr= | ] e

y= f1(x)

- f|M(x,y)|§ f2t) dx

a

_ j [M(x, f,(x) — M(x, f,(x))]dx

jM(x fl)dx—jM(x f2)dx

ff Mdx

Then,

ffde— ff dxdy (1)

Similarly let the equation of the curves EAF and EBF be x = g,(y) and x = g,(y) respectively.
Then

gz(y)

oo [| T o

x= gl(y)

f IN G I dy

= f[N(x,gz(x)) — N(x,g1(x))]dy

= fN(x,gl)dy+fN(x,gz)dy

a a

:jgNdy

C
Then,



[/ Sty = i

Adding equation (1) and (2), we get

Hence the theorem.

(2)

38
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Related Example: Green’s Theorem

Problem Statement

Verify Green's theorem in the plane for

%(xy + y3)dx + x*dy
C

where C is the closed curve of the region bounded by y = x andy = x2.

Solution

The plane curvesy = x and y = x? intersect at (0,0) and (1,1). Let C; be the curve y = x? and
C, the curve y = x and let the closed curve C be formed from C; and C,.

The positive direction in traversing C is as shown in the adjacent diagram.

y
(L1)

0
[1]

As we know the Green’s theorem

fMd + Nd _ﬁ‘(@N aM)d d
x e dx dy xay
c R

By comparing the given relation with Green’s theorem, we get

M =xy + y?and N = x2, using these values , we must show Green’s theorem.
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Now
ngdx + Ndy =j€(xy + y¥)dx + x*dy
C
Along the curve C;:y = x2,dy = 2dx, while x varies from 0 to 1. The line Integral (1) equals to
fde + Ndy=f(3x3 + xM)dx

+1_19 ,
5 20 )

Along the curve C,:y = x,dy = dx, while x varies from 1 to 0. The line Integral (1) equals to

0 0
fde + Ndy=f2x2dx+x2dx=f3x2dx
1 1

Cz

Thus from equation (1) and (2), we have

1
jg(xy + yHdx + x*dy =——1=——

Now we will calculate the relation

since

then

ff(aN aM)dd —f(z 2y)dxd
ox 3y xdy = x —x — 2y)dxdy
R

1

f f (x — 2y)dydx = f(x —x3)dx

x=0 y=x2

integrating and applying limit, we get



so the theorem is verified.

41
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Green's Theorem In the Plane in Vector
Notation

First Vector Form (or tangential form) of Green’s Theorem

We have Green’s theorem

6N aM
%de+Ndy f ——— dxdy (D
ow
Mdx + Ndy = (Mi + Nj). (dxi + dyj) = A.d?
where

A = Mi + Nj and d7 = dxi + dyj.
Also, if A = Mi+ Nj, then

I N
5 ON_ oM ON oM
vxd=|0 0 O SRy oy (-
dx dy 0z 0z 0z ox dy
M N O
ON oM
SOthat(VXA)k—E—E

Then from equation (1) Green’s theorem in the plane can be written

fﬁ.dfzﬂ(VxA).EdR

C
where dR = dxdy

A generalization of this surface to S in space having C as boundary leads quite naturally to
Stokes’ theorem. This form of Green’s theorem is sometimes called Stokes’ theorem in the
plane.

The Green’s theorem in plane is a special case of Stokes theorem.



Second Vector Form (or normal form) of Green’s Theorem

As we derive in first vector form of Green’s theorem

Mdx + Ndy = A.d7 = A.Tds

v

0 X
where T = % =unit tangent vector to C as shown in figure.

~

If A is the outward drawn unit normal to C, then T = k X 7. so that

‘«N)

de+Ndy=fT'IA‘ ( )s=(ff><l}).ﬁ
Since 4 = Mi + Nj, therefore

B =Axk=Mi+Nj)xk=Ni—Mj
and

o5 _ON_oM
T 9x dy

fﬁ.ﬁdpjfv BdR
C S

these are the required vector notations of Green’s theorem.

then the equation (1) becomes

where dR = dxdy

ds
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Green's Theorem in the Plane as Special case
of Stokes' Theorem

Green’s theorem can be expressed in the plane vector notations which are also named the
tangential form or normal forms of Green’s theorem.

The tangential form of Green’s theorem is also called the first vector form of Green’s theorem.
This generalize form of Green’s theorem in plane also called Stokes’ theorem in the plane. Thus
we can say that Green’ theorem is a special case of Stokes’ theorem when applied to a region in

the xy-plane.
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Gauss' Divergence Theorem as
Generalization of Green's Theorem

As we derive in first vector form of Green’s theorem

Mdx + Ndy = A.d7 = A.Tds

0 X

where T = % =unit tangent vector to C as shown in figure.

If 74 is the outward drawn unit normal to C, then T = k x 7. so that
Mdx + Ndy = A.Tds = A.(k x f)ds = (4 x k). Ads

Since 4 = Mi + Nj, therefore

—

B =Axk=Mi+Nj)xk=Ni—Mj
and
N oM

gy _oM

dx dy

<

then the equation (1) becomes

fﬁﬁ.ﬁdsz fv.EdR
C S
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where dR = dxdy

these are the required vector notations of Green’s theorem.

The generalization of Green’s theorem as Gauss’s divergence theorem is also called the second
vector form (normal form) of Green’s theorem.

Generalization of this to the case where the differential arc length ds of a closed curve C is
replaced by the differential of surface area dS of a closed surface S, and the corresponding plane
region R enclosed by C is replaced by the volume V enclosed by S, leads to Gauss' divergence

theorem or Green's theorem in space.

[fﬁ.ﬁdsz gfv.ﬁdv
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Green’s First Identity

Theorem Statement

If ¢ and y are scalar point functions with continuous second order derivatives in a region R

bounded by a closed surface S, then

|| lev + @pramiav = [[ ovp).as
R S

Proof

Since divergence theorem is

[f/f.ﬁds: gf V. AdV

Now substitute 4 = @V in the divergence theorem, we obtain

|| v-comwrav = [[ covp.ds = [ covpas (D)
R S S

But

V. (V) = (Vo). (V) + 9(V. V) = oV + (Vo) (V)
thus the equation (1) becomes

f f f [V + (Vo) (V)] dV = f f (V) dS
R S

Hence the theorem.
Alternative Forms of Green’s first Identity
We know that

.0y . _0¢
Vy.n =3, and V.7 =5,



Thus
Vip.dS = vp.ads = 2L s
on
and
Vo.dS = V. ds = 2L ds
on

Hence the Green’s first Identity can be written as

gf[rpvzw + (V) (V)] dV = g (pg_;/ids

48
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Green’s Second ldentity

If ¢ and y are scalar point functions with continuous second order derivatives in a region R

bounded by a closed surface S, then

fﬂ [pV*Y — V2@l dV = ff(fpvw — YVg).dS
R S

Proof
We have Green’s first identity

(V2 + (Vo) (V)] dV = || (pVy).dS ¢))
] J

Interchanging ¢ and v in equation (1), we obtain

[||wwe + aw@onav = [ wve).as @
R S

Subtracting equation (2) from (1), we have

] f f [V + (V) (V)] — [9VZP + (Vo) (V)] dV = j f WV0) — (pV).dS
R S

fﬂ [pV*Y — V2@l dV = ff(fpvw — YVg).dS
R S

which is called Green’s second identity or symmetrical theorem.

Alternative Forms of Green’s Second ldentity
We know that

L0y . _ 0y
Vy.n = I and Vp.n = In
Thus
= oY
Vip.dS = Vy.AdS = —dS

on



and
Vop.dS = Vo.AdS = 99 45
on
Hence the Green’s Second Identity can be written as

Lff{cpvzw—wvch]dv=£f(<p3—f—wg—‘£)ds

50
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Related Example: Green’s Theorem

Problem Statement
Evaluate
(2.1)
(10x* — 2xy3)dx — 3x%y?dy
(0,0)

along the path x* — 6xy3 = 4y2.

Solution

A direct evaluation is difficult. By comparing it with Green’s Theorem, we get
21
jg Mdx + Ndy = f (10x* — 2xy3)dx — 3x%y2dy
C (0,0)
here M = 10x* — 2xy3 and N = —3x2y? and
a_M = —6x%y = a_N
dy 0x

it follows that the integral is independent of the path. Then we can use any path, for example the
path consisting of straight line segments from (0,0) to (2,0) and then from (2,0) to (2,1).

Along the straight line path from (0,0) to (2,0),y = 0,dy = 0 and the integral equals
2
10
f 10x*dx = ?xs = 2(32) = 64
x=0

Along the straight line path from (2,0)to (2,1),x = 2,dx = 0 and the integral equals

1 y3
j —12y?%dy = —12 (;) =—4(1) = -4
y=0
Then the value of the line integral
21
f (10x* — 2xy3)dx — 3x?y2dy = 64 — 4 = 60

(0,0)



is the required solution.
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Module No. 76
Selected Problem 1: Green’s Theorem

Problem Statement

Prove that
f Mdx + Ndy =0

Mdx + Ndy = 0 around every closed curve C in a simply-connected region if and only
ON oM
ox  dy

everywhere in the region.

Proof

Assume that M and N are continuous and have continuous partial derivatives everywhere in the

region R bounded by C, so that Green's theorem is applicable.

Then
ON oM
f Mdx + Ndy = ff (a—a)dxdy
C R
Sufficient: If
ON oM
ox ~ dy

in R, then Clearly

f’gde+Ndy=0

Necessity: suppose

fde+Ndy=0
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for all curves C. | fa—N - — > 0 at a point P, then from the continuity of the derivatives it

follows that 2 E — E > 0 in some region A surrounding P. If I is the boundary of A then

E)N aM
%de+Ndy f——— dxdy >0

which contradicts the assumptlon that the line integral is zero around every closed curve.

Similarly the assumptlon ——— < 0 leads to a contradiction. Thus a—N — 66—1\; = 0 at all points on

R.
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Selected Problem 2: Green’s Theorem

Problem Statement

Show that the area bounded by a simple closed curve C is given by

1
Ejg xdy — ydx
c

Proof

Since Green’s theorem is

ON aM
fde+Ndy f ——— xdy

Put M = —y and N = x in Green’s theorem, we get

_ydx = @_M _ _
fﬁxdt ydx = ff )dd 2_!; dxdy = 2A

jgxdt—ydx = 2A
c

or

1
AreazAzijgxdy—ydx
c
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Hence the result.

Now we will illustrate this formula through an example
Example Statement

Find the area of the ellipse x = a cos8,y = b sinf
Solution

By making use of above result,

1
Area=A=§3€xdy—ydx
c

21
1
= Ef (a cos@)(b cosB) d6 — (b sinB)(—a sinb)do
0

A4
21 21
1 1
= Ef ab cos?6 df + absin?0do = Ef ab (cos?6 + sin?6)do
0 0
21

is the required area.
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Selected Problem 3: Green’s Theorem

Problem Statement

Evaluate
f (y —sinx)dx + cosx dy
C

where C is the triangle of the adjoining figure:
i.  Directly,

ii. By using Green's theorem in the plane.

Solution
i. Along OA,y = 0,dy = 0 and the integral equals
/> /2

Vs
, _ : _ /2 _
f (0 — sinx)dx + cos x (0) —f |=sinxdx = cosx |,/ = —1
0 0

y
B
(m/2,1)
F 3
A
0 > /2,0 *

Along AB,x ="/, ,dx = 0 and the integral equals to

1
f(y— 1)(0) + 0dy = 0
0



Along BO,y = z?x ,dy = %dx and the integral equals

2 0

2x _ 2 X ]
(— —sinx)dx +—cosxdx = |—+ cosx + —sinx
s s s s -
T/, x="/y

_1n2
T4 7

T

Then the integral alongC=-1+0+1 — i

AN

2 T
T 4

Hence

T 2

—sinx)d dy = ————

f(y sinx)dx + cosx dy 1
c

ii.  Since the green’s theorem is

ngd + Nd —ff(aN aM)d d
x Y= dx dy xay
C R

by comparing with the given integral, we get
f Mdx + Ndy = f (y —sinx)dx + cosx dy
Cc Cc

oM ON

M =y —sinx, N=cosx,g=1a=—sinx

then the equation (1) becomes

= f(y —sinx)dx + cosx dy = jf(—sinx — 1)dxdy
C R

ol = ]
= f | f(—sinx—l)dyldx
x=0 [y:O J

/2
Z_x
= J-I—ysinx—ylg dx
x=0
/2

2x 2x
f (——sinx — —) dx
T T

x=0

58
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in agreement with part (i).

7Tz’f=7T/2
——(—xcosx +sinx) ——
n( ) 2
x=0
T 2
T4 7
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Module No. 79

Introduction to Classical Mechanics

Mechanics is the science of motion. It studies the states of rest and motion and the laws
governing rest, equilibrium and motion.

A Dbroad division of mechanics is made through the terms classical mechanics and quantum
mechanics.

Classical Mechanics

The science of classical mechanics deals with the motion of objects through absolute
space and time in the Newtonian sense. Classical mechanics deals with the macroscopic object
i.e. those bodies which we encounter in everyday life. Such bodies may be those bodies in the
form of billiard balls, parts of machinery and astronomical bodies.

Classical mechanics itself has two broad divisions in the form of non-relativistic and
relativistic mechanics. Non-relativistic mechanics, based on the laws of Newton is concerned
with bodies moving at speeds and velocity negligibly small as compared to the speed of light
c = 3 x 10%per kilometer per second. Relativistic mechanics is dispensable for particles and
bodies moving with speed comparable to the speed of light.

Quantum mechanics

The quantum mechanics is the mechanics of microscopic object. Its basic concepts,

principals and laws are of entirely different from those of classical mechanics.

Division of Classical Mechanics

Three major divisions of classical mechanics are the following:

Mechanics of particles and rigid bodies: It is based on newton’s law. Basic concepts and terms
are space, time and mass; particle and body; velocity, momentum and acceleration; force and
energy.

Mechanics of fluid: it is also based on newton’s law and their extensions and deal with the
behavior of the fluid (liquid and gases) in motion. Its two well-known branches are

hydrodynamics (for fluid) and Aerodynamics (for gases).



Mechanics of elastic solids: it deals with the behavior of solids when the undergo deformation

under forces.

Module No. 80

Introductions to the Basics of Newton’s Law

Newton’s three law of motion are formulated in terms of crucial underlying concepts: the

notations of space, time, mass and force.

In this section we will review all of the factors of formulation of newton’s law.

Space and time:

We shall assume that space and time are described strictly in the Newtonian sense.

Space. This is closely related to the concepts of point, position,” direction and
displacement sense. Three- dimensional space is Euclidian, and positions of points in that
space are specified by a set of three numbers (x,y,z) relative to the origin (0,0,0) of a
rectangular Cartesian coordinate system. Measurement in space involves the concepts of
length or distance, with which we assume familiarity. Units of length are feet, meters,
miles, etc.

Time. This concept is derived from our experience of having one event taking place after,
before or simultaneous with another event. Measurement of time is achieved, for
example, by use of clocks. Units of time are seconds, hours, years, etc. the basic unit of
time in SI, began as an arbitrary fraction (1/86,400) of a mean solar day (24 y 60 x 60 =
86,400).

Mass Physical objects are composed of "small bits of matter” such as atoms and
molecules. From this we arrive at the concept of a material object called a particle which
can be considered as occupying a point in space and perhaps moving as time goes by. A
measure of the "quantity of matter” associated with a particle is called its mass. The mass
of an object is characterized by its inertia. It’s the resistance to be accelerated. Units of
mass are grams, kilograms, etc. Unless otherwise stated we shall assume that the mass of
a particle does not change with time. Length, mass and time are often called dimensions

from which other physical quantities are constructed.



e Force The informal notion of force as a push or pull. It is a vector quantity. As the unit of
force we naturally adopt the newton (abbreviated N) defined as the magnitude of any
single force that accelerates a standard kilogram mass with an acceleration of 1 m/s 2. If
we apply a given force F (and no other forces) to any object at rest, the direction of F is
defined as the direction of the resulting acceleration, that is, the direction in which the

body moves off.

Now that we know, at least in principle, what we mean by positions, times, masses, and forces,

we can proceed to discuss the cornerstone of our subject — Newton's three laws of motion.
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Introductions to Rectangular Components of
Velocity & Acceleration

Rectangular Components

The process of splitting a vector into various parts or components is called “Resolution of
vector” and these parts are called components of vector. If we split a vector in a rectangular
plane OXY, such components are called rectangular components of a vector.

Component Along x-axis is called horizontal component of vector.

Component Along y-axis is called vertical component of vector.

Position vector
It is often convenient to describe the motion of a particle in terms of its x, y or rectangular
components, relative to a fixed frame of reference. In a given reference system, the position of a
particle can be specified by a single vector, namely, the displacement of the particle relative to
the origin of the coordinate system. This vector is called the position vector of the particle. In
rectangular coordinates (see Figure), the position vector is simply
r=xi+yj

The components of the position vector of a moving particle are functions of the time, namely,

x=x(),y = y()
RECTANGULAR COMPONENTS: VELOCITY

In above Equation we gave the formal definition of the derivative of any vector with respect to
some parameter. In particular, if the vector is the position vector r of a moving particle and the
parameter is the time t, the derivative of r with respect to t is called the velocity, which we shall

denote by

—dr—"+"+k'
v=_=ittjytkz

where the dots indicate differentiation with respect to t.

where



The magnitude of the velocity is called the speed. In rectangular components the speed is just
The magnitude of the velocity vector is

v =2 +v,°%+ vzz)l/Z
The direction of v is tangent to the path of motion.
RECTANGULAR COMPONENTS: ACCELERATION
Acceleration represents the rate of change in the velocity of a particle.
If a particle’s velocity changes from v to v’ over a time increment At, the average acceleration
during that increment is: avg a = Av/At = (v-v’)/At the instantaneous accelerations the time
derivative of velocity:

dv d?r

“Tdat T ae

= ia, +ja, + ka,
In rectangular components,

a= vl + vy + v,k

a=ix+jy+ kz
a,=x,a,=y,a,=1%
Thus, acceleration is a vector quantity whose components, in rectangular coordinates, are the
second derivatives of the positional coordinates of a moving particle.

The direction of a is usually not tangent to the path of the particle.
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Introduction to Tangential and Normal
Components of Velocity & Acceleration

Introduction To Tangential And Normal Components Of Vector
In mathematics, given a vector at a point on a curve, that vector can be decomposed uniquely as
a sum of two vectors, one tangent to the curve, called the tangential component of the vector, and

another one perpendicular to the curve, called the normal component of the vector.

Introduction to tangential and normal components of velocity
The tangential velocity is the velocity measured at any point tangent to a circular path. Thus

tangential velocity, Vt is related to the angular velocity of the wheel, ®, and the radius of the

wheel, r.
Vt = wr
V't = tangential velocity
w = angular velocity
r = radius of wheel
Tangential

velocity

Formula:
VFM 0I‘| Vt = rXfD| (1)

Total velocity of a particle at a point on a curve can be write as

V=1 + vy
We can determine normal component of velocity by
Uy =V — 1V

Tangential and normal components of Acceleration



The rate of change of tangential velocity of an object traveling in a circular orbit or path is
known as Tangential acceleration. It is directed towards tangent to the path of a body.
Total acceleration of a particle at a point on a curve can be write as
a=a;+tay
where

_ dvt 2

_v
G =Tgp N =

where v is total velocity of the object and r is radius of circular path.



Module No. 83

Example of Tangential and Normal

Acceleration

Example

Consider the space curve C with the position vector r given to be at time t
r=>5cos3ti+ 3sin3tj+ 10tk

(a) Find a unit tangent vector T to the curve.

(b) Verify thatv =v T.

Solution:
(a) Tangent vector to the space curve C is
dr o ,
a —15sin3ti+9cos3tj + 10k

The magnitude of this vector is

dr
dt

ds
vV = | = E = \/(—15 Sin 3t)2 + (9 COoSs 3t)2 + (10)2

= \/225sin23t + 81cos23t + 100

The unit tangent vector to C is

_dr/dt  —15sin3ti+9cos3tj+ 10k
|dr/dt| [225sin23t + 81cos23t + 100

(b) From the first part, it follows that This follows directly from (a) since

v=a= —15sin3ti+9cos3tj + 10k



\225sin23t + 81cos23t + 100

\225sin23t + 81cos23t + 100
(—15sin3ti+9cos3tj+ 10k)

\/225sin23t + 81cos23t + 100

v =—15sin3ti+ 9cos3tj + 10k

v = +/225sin23t + 81cos23t + 100

=vT
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Curvature and Radius of Curvature

Curvature is the amount by which a geometric object such as a surface differs from being a flat
plane, or a curve from being straight as in the case of a line.

Statement:

If T is a unit tangent vector to a space curve C, then show that % isnormal to T.

Proof:

Since T is a unit vector, we have T. T = 1. Then differentiating with respect to s, we obtain

Which states that% is normal, i.e. perpendicular to T.

If N is a unit vector in the direction of %, we have

daT _
ds

kN

and we call N the unit principal normal to C. The scalar k = |%| is called the curvature,

while R = 1/, s called the radius of curvature.

Example:
Find the
a. Curvature,
b. Radius of curvature

c. Unit principal normal N to any point of the space curve of given unit tangent vector is
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T = 3 si 21:'+3 2t'+4k
=—gsin2ti+ccos2tj+¢

moving with 10 ms ™1,
Solution:
Since given tangential vector is

T = 3 si 21:'+3 2t'+4k
=—gsin2ti+ccos2tj+¢

Then,

dt

ar = —(6/5)c052ti—(6/5)sin2tj

ds 9 10
dt
__3 2ti 3 g 2t j
= 25cos i 25sm J

dT 3 3
isk= %= [(== 2 4 (=2 2 = 2
Thus the curvature is k |ds| \/( -5 COS 2t)% + ( -z sin 2t) ”

. 1 25
Radius of curvature = =

Y _1dT _ 25 3 . 3 . .
We have unit principal normal N P s ( >z €OS 2ti ~-sin 2tj)

= —cos2ti—sin2tj
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Introduction to Radial and Transverse
Components of Velocity & Acceleration

It is often convenient to employ polar coordinates r, 8 to express the position of a particle
moving in a plane. Vectorially, the position of the particle can be written as the product of the
radial distance r by a unit radial vector:

r=re,
As the particle moves, both r and e,. vary; thus, they are both functions of the time.

Hence, if we differentiate with respect to t, we have

V= re,.+r1e,
From fige,, = cos @i+ sinf j and eg = —sinf i+ cosfj
S0, &, = —sin@ Bi + cosHh joré, = (—sinBi + cos b j)O

This implies &, = fe,

e
v, 9 e,
j| o
05 X

v = ie, + e,

v=re, + réeﬂ
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Thus, 7 is the radial component of the velocity vector, and @ is the transverse component.

To find the acceleration vector, we take the derivative of the velocity with respect to time. This

gives
dv de : y . de
a=—=re +Ff—L+(F0+rb)e, +ro—2
e~ ( s dt
de, dey . .
The values of “7/ ;. and ““8/ ;. are given by Equations
é,= Ok xe, =0eyand ey = 0k x ey = —0e,

and yield the following equation for the acceleration vector in plane polar coordinates:

g=(i” —rél).g? +(?‘§+ 2?"5'..)@5

Thus, the radial component of the acceleration vector is
.+
a, =%-r6
and the transverse component is

=rf+27/0=——(r"0
dg =T 2 rdt(r )
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Example of Radial and Transverse
Components of Velocity and Acceleration

Statement:
On a horizontal turntable that is rotating at constant angular speed, a bug is crawling outward on
a radial line such that its distance from the center increases quadratic ally with time: r =

bt?,0 = wt, where b and w are constants. Find the acceleration of the bug.

Solution:
The equation of acceleration in plane polar coordinates is given by
a=(F—-r6%e,+ (r0 + 219)ey (1)
Aswe have r = bt? and 6 = wt, therefore 7 = 2bt, # = 2b,0 = w and 6 = 0.
By putting these values in equation (1), we have
a = (2b — bt?w?)e, + (bt?(0) + 2(2bt)w)ey
a=b(2 - t?w?)e, + 4btwe,

Which is required acceleration of bug.
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Reference System or Inertial Frame

Framework

A framework that is used for the observation and mathematical description of physical
phenomena and the formulation of physical laws, usually consisting of an observer, a coordinate
system, and a clock or clocks assigning times at positions with respect to the coordinate system.
a system of geometric axes in relation to which measurements of size, position, or motion can be

made.

Inertial frames

A frame of reference in which a body remains at rest or moves with constant linear velocity
unless acted upon by forces: any frame of reference that moves with constant velocity relative to
an inertial system is itself an inertial system. These are also called inertial frame.

Mechanics is based on Newton’s laws of motion. These laws are usually stated without explicitly
discussing the role of frames of references. It is to be emphasized that Newton’s laws are not
valid w.r.t every frame of references e.g. they are not true in a rotating frame or coordinate
system. They hold only in restricted class of frames, so called the inertial frames (Newtonian
frames). Such frames are assumed to be un-accelerated i.e. neither moving in straight line with
variable velocity nor rotating. In other words, it is supposed to be absolutely at rest (or moving
with uniform velocity w.r.t absolutely-at-rest frames). We can easily see that if S is an inertial
frame, then any other frame S’ which is in uniform motion relative to S is also an inertial frame.
To all observers in inertial frames, the force acting on a particle will be the same i.e. the law of
motion will be invariant under transformation connecting inertial frames. In fact all laws of
mechanics are same in all frames of reference. This statement is called Newtonian principal of

relativity.
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Example of inertial Frame

In order to illustrate the concept of inertia, we will consider the example of earth.

Statement:
Calculate the centripetal acceleration relative to the acceleration due to gravity g, of
a) A point on the surface of the Earth's equator (the radius of the EarthisR , = 6.4 X
108 km)
b) The Earth in its orbit about the Sun (the radius of the Earth's orbit is
a. a, = 150 x 10° km)
c) The Sun in its rotation about the center of the galaxy (the radius of the Sun's orbit about

the center of the galaxy is R; = 2.8 x 10* LY. its orbital speed is v; = 220 km/s)

Solution:
The centripetal acceleration of a point rotating in a circle of radius R is given by
5 2m\? ATTR?
ac:wR:(T) -T2

where T is period of one complete rotation (T = 3.16 x 107). Thus, relative to g (gravitational

acceleration), we have

ac _ Am*R?

g  gr?

(1)
a) By putting value from (a) in (1) , we get

a.  4(3.14)%(64 x 10°)?

g (9.8)(3.16 x 107)2

Cc

a
— =34 x1073
g

b) By putting values from (b) in (1), here
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R=a, = 150 x 10%km
a.  4(3.14)%(150 x 105)2

g (9.8)(3.16 x 107)2

c

Ge _ 6 x 10*
g
c) By putting values from (c),

R=R, = 2.8 x 10*LY
a; _ 4(3.14)%(150 x 10°)2

g (9.8)(2.8 x 10%)2

a
£ =15 x10"12
g
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Newton's First and Second Laws

Sir Issac Newton derives the Newton’s laws of motion which are the three physical laws which

together forms the foundation of classical mechanics.

Newton’s 1% law of Motion
Newton’s 1% law of motion is also called the law of inertia. This law measures the force of an
object qualitatively.
We can state it as
“In the absence of an external force, an object continues its state of rest or motion with
constant velocity.”
The symbolic form of first law of motion is

ZFzO = ma=0

as the mass of the object is non-zero, therefore the acceleration of the concerned object must be

Zero

dv
a=0:>E=0:>v=constant

As the consequence of first law of motion

e An object that is at rest will stay at rest unless a force acts upon it.

« An object continues its constant motion until an external force abrupt its state of motion.

The first law of motion says that if the net force acting on a body is zero then the velocity of
object is said to be constant. The velocity of an object is vector quantity so if we say that the

velocity of an object is constant we conclude that the speed and direction of the object is fixed.
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Examples

Some of the examples of first law of motion are
i.  Aball kicked in a ground.
ii. A car moving with constant velocity

iii. A book lying in a book shelf.

Newton’s 2" law of Motion
Newton’s 2" law of motion describes the relationship among the force, mass and acceleration of
the given object.
We can states the 2™ law of motion as
For any particle of mass m, the net force F on the particle of mass m times the particle’s
acceleration.
The symbolic form of first law of motion is
F =ma
The second law can be rephrased in terms of the particle's momentum, defined as
p =mv
by differentiating we get
p=mv=ma
hence we can state it as
F=p
Consequently we can say the net force applied on a body is equals to the rate of change of

momentum of the particle.

Examples

I.  When we apply same force to move a truck and a bicycle, the bicycle will have more
acceleration than the truck, because the mass of bicycle is less than the truck.

ii.  An empty shopping cart is much easier to move than a full one, because the empty one
has less mass.
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The Third Law and Law of Conservation of
Momentum

Newton's first two laws concern the response of a single object to applied forces. The third law
addresses a quite different issue: Every force on an object inevitably involves a second object the
object that exerts the force. The nail is hit by the hammer; the cart is pulled by the horse, and so
on. Newton realized that if an object 1 exerts a force on another object 2, then object 2 always
exerts a force (the "reaction" force) back on object 1.
Newton's third law can be stated very compactly:

To every action there is an equal and opposite reaction.
The third law states that all forces between two objects exist in equal magnitude and opposite
direction: if one object 1 exerts a force F1, on a second object 2, then Simultaneously exerts a
force F»; on 1, and the two forces are equal in magnitude and opposite in direction: Fi, = —F»;.
This law is sometimes referred to as the action-reaction law, with F;, called the “action”
and F,; the "reaction™.
In other situations the magnitude and directions of the forces are determined jointly by both
bodies and it isn't necessary to identify one force as the "action™ and the other as the “reaction”.
The action and the reaction are simultaneous, and it does not matter which is called
the action and which is called reaction; both forces are part of a single interaction, and neither

force exists without the other.

Examples
A variety of action-reaction force pairs are evident in nature.
i.  Afish’s thrust through the water.
ii.  Abird’s fly in the air.
iii.  Arocket’s launch.
iv.  The car moving on a road.

v.  The nail hit by hammer.
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Law of Conservation of Momentum

Definition of Linear Momentum
If a body of mass m is moving with velocity, then the momentum of that body is equals to the
product of mass and velocity of the specific body.

Mathematically, we can write is as

=y
I
3
<N

it is a vector quantity.
It S.lunitis kgs~1.

Momentum of system of particles
The total momentum of a system of particles is the vector sum of the momenta of the individual
particles:
n
ﬁsysten = ﬁl + 232 + -----+ﬁn = Zﬁl
i=1
where the system consists of n particles. we can also express it as
ﬁsysten = ?:1 ﬁi = Z?:lmiﬁi

where m; is the mass of ith particle and ¥; is corresponding velocity.

Statement “Law of conservation of momentum”

Law of conservation of momentum can be stated as:

If the sum of the external forces on a system is zero, the total momentum of the system does not
change.

Mathematically, we can write is as

if

Fext :O:ﬁ:()ﬁzmivi = Mv = constant
i

Momentum is always conserved (even if forces are non-conservative).
As we stated earlier the second law of motion,

Fexe = ma
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We can deduct the law of conservation of momentum from the last expression as well.

dv
Fext=0=>ma=0=ma=0

as mass is non-zero constant, therefore

dv

E = 0 or v = constant = mv = constant.

Explanation

In simple terms, momentum is considered to be a quantity of motion. This quantity is measurable
because if an object is moving and has mass, then it has momentum. Something that has a large
mass has a large momentum or something that is moving very fast has a large momentum. The
momentum of individual component may change but the total momentum of system remains

conserved.

Example

i. A 3000 kg vehicle moving at 30 m/sec has a momentum of 90,000 kgm/sec as a result of
product of the mass and the velocity.

ii.  Two hockey players of equal mass are traveling towards each other, one is moving at 9
m/sec and the other at 5 m/sec. The one moving with the faster velocity has a greater
momentum and will knock the other one backwards.

iii. A bullet fired from a gun, although small in mass, has a large momentum because of an
extremely large velocity.
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Validity of Newton’s Law

» It is known that the Newton's laws are not valid universally after the quantum mechanics

and theory of relativity.
> Initially Newton’s laws were considered as fundamental.

» But now quantum laws are fundamental and Newton’s laws can be observed as derived
from the quantum world.

» S0, we can say that
Quantum Mechanics

Classical Mechanics
> In the Classical phenomena, Newton’s first two laws are always valid.

Examples
> If the speed is extremely increased, even than first law remains valid.

» Newton’s second law F = ma and its another form in terms of the particle's momentum

p = mv are no longer equivalent in relativity.
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Example of Newton’s Law 1, 2

NEWTON'S 1% LAW

Example:

24

Because of the force field, a particle of mass 4 moves along a space curve C whose position

vector is given as a function of time t by

Find
i
ii.

r=3t3 +t)i + (t* + 8t)j — 5tk

The velocity,
The acceleration

The momentum,

iv.  The force field at any time t.
Solution:
i.  Velocity=v = %
d A n -
= E((3t3 +t2)i + (t* + 8t)] — 5tk)
= (9t? + 2t)i + (4t3 + 8)j — 5k
ii.  Acceleration=a = % = %((9152 + 20)1 + (4t3 + 8)j — 5k)
= (18t + 2)i + 12t3]
iii.  Momentum=p = mv = 4((9t? + 2t)i + (4t3 + 8)j — 5k)
= (36t2 + 8t)i + (16t3 + 32)j — 20k
iv. Force= F =2 =2 ((36t% + 8t)1 + (16> + 32)] — 20k)

= (72t + 8)1 + 48t?}

Newton’s 2" Law



25

Example:
A particle of mass 4 units moves in a force field given by
F = 4t%1 + (16t — 4)j — 12tk
Assume that initially, i.e at t = 0 the particle is located at r, = i + 2j — 3k and has velocity
vy =1+ 4j — 9k, find
a) The velocity
b) The position at any time t.

Solution:

i.  Since we know that

As we have m = 4, therefore

dv

F=4dqg=4
=

= 4t%1 + (16t — 4)] — 12tk

dv ~
— =t?1+ (4t — 1)j — 3tk
7l )J

Integrating the above equation gives the velocity
1., 3
v=§t l+(2t2—t)]+§t2k+C
where C is the constant of integration.
Itisgiventhatatt =0, v, =i+ 4j — 9k att = 0, therefore
i+4j—9% =C
So,

1. .3 . . )
v=§t3l+(2t2—t)]+§t2k+l+4j—9k

1 3 -
v= (§t3 + DI+ Qt2—t+4)]+ (Et2 -9k

ii.  Since we know that

_ 1t3+1A+(2t2 t+4)j+ 3t2 9k
V—dt—(3 )i Jj (2 )



There integrating w.r.to t gives the position

_)—(1t4+t)”+<2t3 1t2+4t>“+<1t3 9t>l€+c’
"= \12 T3 T2 I3
Asry=i+2j—3katt =0,wegetC' =i+2j— 3k

_)—(1t4+t)”+<2t3 1t2+4t>“+<1t3 9t>l€+'+2' 3k
"=\12 T3Y T2 JT\2 tra

*—<1t4+t+1)“+<2t3 11:2+4t+2>“+<1t3 ot 3)12
"=\12 T3Y T2 JT\2

26
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Example of Newton’s Law: 3

Example 1:
Determine the constant force needed to bring a 4000 Ib mass moving at a speed of 90 ft/sec to

rest in 3 sec?

Solution:
We know that the motion can be in any direction but for simplicity, we assume that the mass is
moving in a straight axis. We have the information that initially the mass is moving, and finally

it has to be at rest, therefore we can write as

V; = 90 ft./sec,

V, = 0ft./sec,
where
t = 4sec

Then using newton’s law F = ma

Where a = @ (by using first equation of motion)

V, =V 0-90
Now, F = m (“=2) = (4000) (=) = 120000 ft Ib/sec 2
This is important to note that there is a negative sign in the expression for F. This negative sign

is because of the fact that the force is opposite to the direction of motion.

Example

A person of mass 85 kg is standing in a lift which is accelerating downwards at 0.45 ms~2 .
Draw a diagram to show the forces acting on the person and calculate the force the person exerts
on the floor of the lift. (© mathcentre 2009)

Solution
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The weight of the person is 85 g, where g is the acceleration due to gravity.
where
W =85g =85 x 9.81N
a=0.45ms™?
The resultant force is W — R and using Newton’s second law gives:
F = ma
W —-R=F
W — R = 85 X 0.45
R =W — 85 x 045
R = 85 x 9.81 — 85 x 0.45
R= 7956 N = 800N

Therefore, using Newton’s third law the force the person exerts on the floor of the lift is equal to
the force of the floor acting on the person, i.e. R, which equals 800 N.
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Introduction to Energy: Kinetic Energy

Energy:

Energy is defined as the ability to do the work by the object. It is a measurable characteristic of a
system which may be in the form of kinetic energy or potential.

There exist many forms of energy. The energy neither can be created nor be destroyed but can be
converted from one form to another.

In mechanics, energy is the characteristic that transferred from one particle to another. The SI
unit of energy is the joule; 1 joule can be defined as the energy transferred to an object by the
work done of moving it a distance of 1 meter against a force of 1 newton.

The forms of energy include Kinetic energy, potential energy, elastic energy, chemical energy,
thermal energy and many others.

Kinetic energy is the energy stored in a body due to its motion. It can be transferred from one
objects to another and transformed into other kinds of energy.

In classical mechanics, the kinetic energy is equal to 1/2 the product of the mass and the square

of the speed. In formula form:
1
KE=T-= Emv2

The measuring unit of kinetic energy is the joule.

It is denoted by T.

The kinetic energy increases with the square of the velocity. If a car is moving with double
velocity then we can say that it has four times as much kinetic energy. As a consequence of this
quadrupling, it takes four times the work to double the velocity.

if p denotes momentum of the object and m is the mass then we can symbolize the kinetic energy

in the form of momentum as

ﬂ
I
3|
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Introduction to Work — Theorem

When some external force is applied on an object, work is done by this force in the direction of
force. Also when some work is done by the applied force, energy transferred from one place to
another.
The work done can be defined as a product of force and the displacement in the direction of
applied force. The amount of work done can be expressed as the following equation:

Work = Applied Force x Distance
The Sl unit of work is the joule (J), which is defined as the work done by a force of one newton
through a displacement of one meter.
If a force F acting on a particle gives it a displacement dr, then the work done by the force on
the particle is defined as

dW = F.dr

Since only the component of F in the direction of dr is effective in producing the motion.

N

X

The total work done by a force field (vector field) F in moving the particle from point P; to point

P, along the curve C of Fig. is given by the line integral
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P, [
W = f F.dr = f F.dr
T
Where r; and r, are the position vectors of P; and P, respectively.
Theorem Statement
A particle of constant mass m moves in space under the influence of a force field F. Assuming

that at times t, and t, the velocity is ¥; and ¥, respectively, prove that the work done is the

change in kinetic energy, i.e.,

5 1 1
Workdone=jF.dr=§mv22—§mv12
ty
Proof
ty ty
5 L dr
L.H.S = Work done = F.drsz.Edt
2
= | F.odt
ty
Sdr
”dt_v
ts
= J-ma vdt
%1
F =ma
ty ty
1_5 - -
=mjd— vdt=mfvdv
tq ty
=—mj d(v. v)——mlv |

1 1.
Work done = Emv2 - Emvl2

Hence the required equation.
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Example of Work Done

Example 1:
Find the work done in moving an object along a vector r = 8i + 2j — 5k if the applied force
iSF =2 —j — k.
Solution:
As we know the formula for the work done is
W=F.r
=(2t - j — k).(8 + 2j — 5k)
=16—-2+5 =19 joule
Work done = 19 joule

Example 2:
Find the work done by the force of a body of mass m = 10*kg with initial velocity v; = 1.5 x
103ms~1 to the final velocity v, = 3.0 X 103ms~1 at any time t.
Solution:
As we studied the result that the work done is equals to the difference of kinetic

energy of the initial and final points

1 - -
Work done = Emv% - Emvl2

= Em( 7322 - 7312)

= %(104)[(3.0 x 10%)2 — (1.5 x 10%)?]

= 3.38 x 10%gms1
= 3.38 x 10°N

Hence the required work done is 3.38 x 101°N.
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Conservative Force Field

In order to understand the concept of conservative force field, we must understand the

phenomena of path independence.

Path Independence

Independence of path is defined as that the work done by an object remains same between initial
point and the final destination of the particle, it does not matter which path is taken by the object.
The example of path independence is work done by the gravitation force. When an object freely
falls from same height, the work done remains same no matter what path chose, when the object
hits the ground due to the fixed gravitational force and the perpendicular distance between the
object and the ground. The symbolic statement of path independence is

If a particle is moving along a curve C from P;to P, is, then the total work done can be expressed

as
P; P
W = j F.d¥ = f —(VV).d#t = —|dV ;2 = =[V(P) = V(P)] = V(P) — V(P,)
Py Py

In such case we can observe that the work done by the object depend only on the end points of
the curve P; and P,.

Now we can define the conservative force field in terms of path independence of a particle
moving along a curve that:

“A force field is said to conservative if the total work done by the particle moving along a
curve is independent of the path taken by the particle and depend upon the end points of

the curve only.”

Necessary and sufficient conditions for a Conservative Force Field

Conservative force fields conserve the following properties:

i. A force field F is conservative if and only if there exists a continuously differentiable scalar field

V such that F = —VV or, equivalently, if and only if
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curl F = VxF =0
identically
ii. A continuously differentiable force field F is conservative if and only if for any closed non-

intersecting curve C (simple closed curve)

i.e. the total work done in moving a particle around any closed path is zero.

Examples of Conservative Forces

» Gravitational force is an example of a conservative force.
> Elastic spring force is example of conservative force.

» The work done of a particle moving along a closed path is zero and the force which

causes such motion is conservative.
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Example of Conservative Field

Problem:
Prove that the force field
F = (% —2xyz®)i+ (3 + 2xy — x223)j + (623 — 3x2yzD)k

is conservative.

Solution:
We know that he force field is conservative iff curl F is zero;
i VXF=0
i j k
VxF = a/ax a/6y a/az
y? —2xyz3® 3+ 2xy —x2%z3 623 — 3x2yz?

9] d 9] 9]
= i[@ (623 — 3x2%yz?%) — 5(3 + 2xy — xzz3)] -7 [a (623 — 3x%yz?) — E(y2 — 2xyz3)
+k [i B3+ 2xy — x%z3) — i(y2 - 2xyz3)]
0x dy
= (—3x22% + 3x%2z%)i — (—6xyz? + —6xy2z?)] + (2y — 2x2% — 2y + 2xz*)k
=0
As we obtain V x F = 0

We conclude that F is conservative.
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Related Topic of Conservative Force Fields

Conservation of Energy Theorem in Case of Conservative Force Field

The concept of energy is a useful alternative to the concept of force. We will derive the law of
conservation of energy using the concept of conservative force field.

If P; and P, are any two points on the trajectory of a particle, the total work done by the total

force acting on the particle is given by

P tz ty
W= ﬁd*—f drdt—f Wt
= P= | mu—s m—.v

Py ty ty

ts
1 d 1 1 1
=5m f a(vz)dt = Emlvzlii = Emv% —Emvl2 =T,—-T, (1)

(%1

Whel’e U(tl) = Ul &U(tz) = Uz
Now we suppose that the applied force F on the particle is conservative. Then we can express it

as F = —VV, and the integral for W can be written as

W = f F.d7 = f —(W).dit = —[dV[2 = =[V(P) - V(P)]I =Vi =V, (2)
Py Py

where V; and V, corresponds to P.E. at initial and final positions of the particle. By comparing
expression (1) and (2), we have

T,—T,=Vi—=V, or Ty +V, =T, +V, 3)
Expression (3) shows that the quantity T; + V; is a constant of motion. It is called total energy of

the particle. Denoting the total energy by E, we have

1
E=T+V=Emv2+V

Conservative Systems and Orbits of Particles
A single particle moving in a conservative field of forces may perform an important type of
motion. Suppose the total energy E of the system is a constant of motion i.e.
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1
Emf"z +V(@r)=E

where E is some constant denoting total energy of the system.
Suppose the particle’s motion in such that it returns to the same position, represented by the
position vector ry, at a later time. Then it must have the same K.E. and therefore the same speed.

It follows that in a conservative system it is possible for closed trajectories to occur. This fact is
very relevant in the study of Earth’s motion about the Sun.
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Non-Conservative Force Field

Forces that cannot be expressed in the term of a potential energy function are called non-
conservative forces. We can also state that forces that do not store energy are called non-
conservative or dissipative forces. If there is no scalar function V such that F = —AV [or,
equivalently, if V. x F = 0], then F is called a non-conservative force field.

Friction is a non-conservative force, and there are others. It is always opposed to the direction of
motion and is not a single valued function of position alone.

Similarly the impulse (time dependent force) is also non-conservative and cannot be derived
from a scalar point function.

An example of non-conservative force, we have F = kv, where v is the velocity of the particle,

then,
5517* d*—fﬁﬁdt
r = .dt
ty ty
=fﬁ.ﬁdt=kfv2dt>0
tq tq

which shows the integral is not equals to zero. Hence the force is non-conservative.

Work-Energy relation and Non-conservative Forces

We have already shown that for any general force F

P;

When the force F can be broken into conservative and non-conservative parts
F = FO 4 fo

we have

P P

f FO d7 + f FO d# =T, — T, (1)
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But F© = —vV and equation (1) can be written as

P,
Vv, -V, + j FO 4 =T, - T,
P
which can also be written as
P,
T, +V, + f F1O 47 = T,+V, (2)
Py

The work done in overcoming friction is always negative, because £ is opposite to the
displacement relation (2) proves that the influence of friction is dissipative and therefore
decrease the total mechanical energy of the system.

Alternatively (2) can be expressed as

P
Vo = V) + (T, —Ty) = f Fo)_d7
Py
or
P
AV +T) = f Fo g7
Py

It is interesting to remember that the process in which work is converted into internal energy

(due to friction) are irreversible.
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Example of Non- Conservative Field

Problem:

Show that the force field given by
F = x%yzi — xyz?] + 2xzk
IS non-conservative.

Solution:
We have

F = x2yzi — xyz?] + 2xzk

To verify whether the force field F is conservative or not, we will check whether V7 x F=0or
not.

~

; j k
VxF = a/ax a/ay a/az

x?yz —xyz? 2xz
d o) 0 d ~[0 d
_ |2 9o 2y O R N
=1 3y (2xz) E)z( xXyz )] ][62 (x“yz) I (ZXZ)] +k[6x( xyz*) 3y (x YZ)]

= (2xyz)i — (x%y — 22)] + (vz% + x?2)k

*0
As we obtain V x F = 0

We conclude that F is non-conservative.
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Introduction to Simple Harmonic Motion
and Oscillator

Simple Harmonic Motion (SHM) is a particular type of oscillation and periodic motion in which
restoring force of an object is directly proportional to the displacement of the object acting in
opposite direction of displacement.

Mathematically, the restoring force F is given by
FR = _kx

where the subscript R represents the restoring force and k is the constant of proportionality often
called the spring constant or modulus of elasticity.

In Newtonian mechanics, by Newton's second law we have eq. of S.H.M

d?x
F=ma=mﬁ=—kx
or
mi+kx=0

This vibrating system is called a simple harmonic oscillator or linear harmonic oscillator.

This type of motion is often called simple harmonic motion.

The following physical systems are some examples of simple harmonic oscillator

Mass on a spring
An object of mass m linked to a spring of spring constant k represents the simple harmonic
motion in closed region.



I+z

The equation representing the period for the mass attached on a spring

-

The above equation expresses that the time period of oscillation is independent of amplitude as
well as the acceleration.

Simple pendulum

The movement of the mass attached to a simple pendulum is considered as simple harmonic
motion.

The time period of a mass m attached to a pendulum of length | with gravitational

acceleration g is given by
l
T=2m |—
9

12
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Amplitude, Time period, Frequency and
Energy of S.H.M

Amplitude

Amplitude is defined as the maximum distance covered by the oscillating body in one oscillation
or length of a wave measured from its mean position.

The amplitude of a pendulum is one-half the distance that the mass covered in moving from one
terminal to the other. The vibrating sources generate waves, whose amplitude is proportional to
the amplitude of the vibrating source.

Time Period

Time period is minimum time required by a oscillation system to complete its one cycle of
oscillation of the specific system.

It is denoted by T and measured in seconds.

Frequency

The frequency (f) of an oscillatory system is the number of oscillations pass through a specific
point in one second.

It is measure in hertz (Hz).

The frequency of S.H.M can be calculate by using the following relation

1
=7

Energy of S.H.M

If T is the kinetic energy, V the potential energy and E = T + V the total energy of a simple
harmonic oscillator, then we have

and

Then the total energy of S.H.M will be

1
E = —mv? + = kx?
o mv +2 X
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Example of S.H.M

Problem Statement
A particle of mass 4 moves along y axis attracted towards the origin by a force whose magnitude
is numerically equal to 6y. If the particle is initially at restat y = 10,
i.  The differential equation and initial conditions describing the motion,
Ii.  The position of the particle at any time,
iii.  The speed and velocity of the particle at any time,
Iv.  The amplitude, time period and frequency of the vibration.

[
g

Solution:

i Let r = y be the position vector of the particle. The acceleration of the particle is

d’r _d?y
dt2  dt?
The net force acting on the particle is —6y. Then by using the Newton's second law,
d?y
—6y = 4 —=
Y dt?
d’y 3
or F + Ey =0

which is the required differential equation. The required initial conditions (l. Cs) are
y =10, dy/dt = Oatt = 0

ii.  Since the general solution the diff. eq. is

Whent = 0,x = 20sothat A = 20. Thus
y=Acoth+Bsin 3/2t Q)

Using I. Cs

Att = 0, y =10. Thus A = 10. So,

y = 10cos/3/2t + Bsin/3/2 ¢ (2)



d .
~ = —10,/3/2sin\/3/2t +/3/2Bcos[3/2t
3)
dy

Sinceatt = 0,=> == 0
dt

Thus, we get B = 0. Hence (2) becomes
y = 10cos+/3/2t 4)
This gives the position at any time.

iii.  Speed at any time?
From (6) <X = —10,/3/2sin/3/2t
This gives the speed at any time.

iv. Amplitude, T, F ?
General form for the position of a particle moving to and fro is
y(t) = Acos(2mt/T)
Thus, y =10cos+/3/2t

Period =T = Z\En

Amplitude = 10

Frequency = 1/T



16

Module No. 105

Example of Energy of S.H.M

ENERGY OF A SIMPLE HARMONIC OSCILLATOR

Example:

Find the total energy of the force F = —3xi acting on a simple harmonic oscillator, where i
represents the direction.

Solution:

Since the total energy of SHM

E=T+V
By Newton's second law,
F =ma
therefore
F=m® = 3
=m-— x
dv. 3
dat mx
Integrating with respect to t, we have
3
2
=——x%+
v me C

c can be calculated if the initial condition is given. Assuming v = 0 initially, which gives ¢ = 0.

3
Thus v=——x?
2m

So,

9
T =—x*
8mx

Now, as the potential energy is given by V where F=-vmv

o F=-3xi=-Gi+Zj+5k



Then

o, W _ W
ax Xy T Bz

By integrating, we obtain

3
V=Ex + ¢

Assuming V = 0, correspondingtox = 0, we getc; = 0.
So the potential energy is V= %kx2

Hence
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Damped Harmonic Oscillator

The forces acting on a harmonic oscillator are called damping forces which tend to decrease the
amplitude of the successive oscillations or simply force apposing the motion. Since the damping
force is proportional to the velocity. Thus, mathematically,

F; = —bv
= —bx
where d represents the damping force and b is the damping coefficient.
The negative sign shows that that direction of F,; is opposite to the velocity v.
As we know that for the restoring force:
mi+kx =0

Adding the restoring force with the damping force, the equation of motion of the damped
harmonic oscillator will be,

mx + kx = —bx
or
miX+bx+kx=0
Since the mass is not equal to zero, therefore X + %x + %x =0

let

then the equation can be written as

¥+ 20%x+ wix =0
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Example of Damped Harmonic Oscillator

Problem Statement
A particle of mass 4 moves along y axis attracted towards the origin by a force whose magnitude
is numerically equal to 6y. If the particle is initially at rest at y = 10. Consider that the particle has
also a damping force whose magnitude is numerically equal to 6 times the instantaneous speed.
Find

i.  Position of the particle

ii.  Velocity of the particle at any time
Solution
i. Since we have by Newton's second law

F=ma=4y

According to the given information, the damping force is —6y.
So the net force is

—6y — 6y
Hence,
4y = —6y — 6y

or

"+2'+2 =0
ytzy+3y=

The solution of the above equation is
y = e V2/3{(A + Bt)

and
y = BeV2/3t _ [2/3 (A + Bt)eV2/3t
To find the values of constants, we use I. Cs
Att = 0, y = 10and dy/dt = 0; thus,
A =10
and 0 = B(1) —/2/3 (10)
B =1042/3

and the solution gives
y = e V2/3t(A + Bt)
= 10e~V2/3t(1 +,/2/3 1)



the position at any time t.

20
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Euler’s Theorem - Derivation

The following theorem, called Euler's theorem, is fundamental in the motion of rigid bodies.

Theorem Statement

“A rotation of a rigid body about a fixed point of the body is equivalent to a rotation about a line
which passes through the point.”

The line referred to is called the instantaneous axis of rotation. Rotations can be considered as
finite or infinitesimal. Finite rotations cannot be represented by vectors since the commutative
law fails. However, infinitesimal rotations can be represented by vectors.

Proof:
Let O be the fixed point in the body, which we take as a sphere S. Further, we take O at the
center of the sphere. Let A, B be two distinct points on the sphere. As the body moves, the point

O (on the axis) remains foxed and A and B suffer displacement.
/

Let A’ and B’ bet the new locations of the points A and B after an infinitesimal time interval 6t
respectively.We join (A, B) and (4’, B’) by great circular areas.

Also we join (4,A”) and (B, B’) by mean of great circular arcs. Let A” and B” draw axes at right
angles, which meat at the point C on the sphere.

We join C with A, B, A’, B’ by means of great circular arcs.

Consider the spherical triangles ACA’A" and ACAA". Obviously
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i. m<CA"A=CA"A
ii.  AA"=A"A’
iii. CA" iscommon to triangle

Therefore ACAA" = ACA’A" and it follows that CA = CA’
Similarly for the triangle ACAB and ACA'B’, we have
CB = CB, CA = CA and AB = AP’

The last relation is due to the fact that by the definition of rigid body, the distance between a pair
of particles remains unchanged. Hence

ACAB = ACA'B’
The portion of rigid body lying in ACAB has moved to ACA'B’.
In this process the point O and C have remained fixed, Although the later was at rest only
instantaneously. Therefore the body has under gone a rotation about the axis OC.
Hence the theorem.
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Chasles’ Theorem

Theorem Statement:

Chasle’s theorem states that the most general rigid body displacement can be produced by a
translation along a line (called its screw axis) followed (or preceded) by a rotation about that line.

Explanation:

A rigid body has six degrees of freedom.

By Euler’s theorem, three of these are associated with pure rotation.

The remaining three must be associated with translation.

To describe the general motion of a rigid body, think of the general motion as translation
of a fixed point O in the body to a point O’ followed by the rotation about an axis through
0'.

YV V V
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Kinematics of a System of Particles
(Space, time & matter)

Kinematics is the branch of mechanics deals with the moving objects without reference to the
forces which cause the motion.
In other words we can say those kinematics are the features or properties of motion of concerned
with system of particles (rigid bodies).
Here some features of rigid body motion are
» Displacement
Position
Velocity
Linear Velocity & Angular Velocity
Linear Acceleration & Angular Acceleration
Motion of a Rigid Body (Translation & Rotation)

YV V VY

From everyday experience, we all have some idea as to the meaning of each of the following terms
or concepts. However, we would certainly find it difficult to formulate completely satisfactory
definitions. We take them as undefined concepts.

I, Space. This is closely related to the concepts of point, position,' direction and displacement.
Measurement in space involves the concepts of length or distance, with which we assume
familiarity. Units of length are feet, meters, miles, etc.

II.  Time. This concept is derived from our experience of having one event taking place after, before
or simultaneous with another event. Measurement of time is achieved, for example, by use of
clocks. Units of time are seconds, hours, years, etc.

1. Matter. Physical objects are composed of "small bits of matter" such as atoms and molecules.
From this we arrive at the concept of a material object called a particle which can be considered as
occupying a point in space and perhaps moving as time goes by. A measure of the "quantity of
matter" associated with a particle is called its mass. Units of mass are grams, kilograms, etc. Unless
otherwise stated we shall assume that the mass of a particle does not change with time.
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The Concept of Rectilinear Motion of
Particles, Uniform Rectilinear Motion,
Uniformly Accelerated Rectilinear Motion

When a moving particle remains on a single straight line, the motion is said to be rectilinear. In
this case, without loss of generality we can choose the x-axis as the line of motion.
The general equation of motion is then
F =ma= F(x,x,X) = m¥
Rectilinear motion for a particle:

R —
x(1)

Rectilinear motion of a body is defined by considering the two point of a body covered the same
distance in the parallel direction. The figures below illustrate rectilinear motion for a particle and
body.

Rectilinear motion for a body:

)

x(1)

In the above figures, x(t) represents the position of the particles along the direction of motion, as
a function of time t.
An example of linear motion is an athlete running g along a straight track.
The rectilinear motion can be of two types:
i.  Uniform rectilinear motion
ii. ~ Non uniform rectilinear motion

Uniform Rectilinear Motion:

Uniform rectilinear motion is a type of motion in which the body moves with uniform velocity or
zero acceleration.
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In contrast, Non uniform rectilinear motion is such type of motion with variable velocity or non-
zero acceleration.
Uniformly accelerated rectilinear motion:

Uniformly accelerated rectilinear motion is a special case of non-uniform rectilinear motion along
a line is that which arises when an object is subjected to constant acceleration. This kind of motion

is called uniformly accelerated motion.
Uniformly accelerated motion is a type of motion in which the velocity of an object changes by an
equal amount in every equal intervals of time.
An example of uniformly accelerated body is freely falling object in which the amount of
gravitational acceleration remains same.

F =mg
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The Concept of Curvilinear Motion of
Particles

The motion of a particle moving in a curved path is called curvilinear motion. Example: A stone
thrown into the air at an angle.

Curvilinear motion describes the motion of a moving particle that conforms to a known or fixed
curve. The study of such motion involves the use of two co-ordinate systems, the first being
planar motion and the latter being cylindrical motion.

Tangential and normal unit vectors are usually denoted by e; and e,, respectively.
Velocity of Curvilinear motion
If the tangential and normal unit vectors are e; and e,, respectively, then the velocity will be

V=l
You have already learnt that
v=vT

Acceleration of Curvilinear motion
If the tangential and normal unit vectors are e; and e, respectively, then the acceleration will be

d2s (ds/dt)z .

a = dt2 t + p n
You have already learnt that
dv v?
a=T—+—N
dt r

Example
» A stone thrown into the air at an angle.
» A car driving along a curved road.
» Throwing paper airplanes or paper darts is an example of curvilinear motion.



28

Module No. 113

Example Related to Curvilinear
Coordinates

Example 1

Problem Statement
Prove that a cylindrical coordinate system is orthogonal.

Solution
The position vector of any point in cylindrical coordinates is
#=xi+yj+zk
We studied that the in cylindrical coordinates
X =pCcose, y = psing, zZ=z
this implies

?=pcospi+psingj+zk

. . or oOr 0
The tangent vectors to the p, ¢ and r curves are given respectively by i =, a—; and where

o9
ar P4 sino
ap—cosgol sinQ |J

_(p= —psinpi+pcosej

(')r_k
0z

The unit vectors in these directions are
ar/adp cospi+sing]

1= = |or/dp|  |cos@i+sing ]|

_ cos@i+sing]

=cospl+sing]

_\/coszg0+sin2go
_0r/0p  —psingl+pcosg]
¢ |or/dp| |-psingi+pcose]l

p(—=singi+ cos ) R .
= = —singpi+cose ]

Jp?cos2 g + p?sinZ @
B or/oz
Z" |or/oz|

e, =e¢

=k

9329

Then
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e;.e; = (cospi+singjf).(—sinpi+cosej)
= —singpcosg +sinpcosp =0
ey.e3 = (—singi+cosgj).k=0
es.e; = k.(cospi+singj) =0
and so ey, e, and e5 are mutually perpendicular and the coordinate system is orthogonal.

Example 2

Problem Statement

Prove
de
P _ .
dr P
de
() _ .
ar %

where dots denote differentiation with respect to time t.

Solution
We have
e, =cos@i+singj
and
e, =—sinpi+cosej
Then
de, B

d C e
W—E(cos<pl+sm<p])

=—singp @i+ cosppj=@(—sinpi+cospj) = ge,
de d
e % N N
7 dt( singpi+cosq]j)

= —cos@ ¢l —sing ¢j = —@(cos ¢ @i + sin g @f) = —¢e,
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Module No. 114

Introduction to Projectile, Motion of a
Projectile

Introduction to Projectile

If a ball is thrown from one person to another or an object is dropped from a moving plane, then
their path of traveling/motion is often called a projectile. If air resistance is negligible, a projectile
can be considered as a freely falling body so the Eq of motion will be

d?r
m @ = 8
or
d?r
=t

with appropriate 1.Cs

Motion of a Projectile with Resistance
Earlier, we studied the motion of a projectile under the assumption that air resistance is negligible.
If we further assume that the motion takes place in the vertical plane, (XY-plane), and the only
force acting on the projectile is the gravity, then the equation of motion will be
d’r X
a2 g= "8
Here we will discuss the problem of projectile motion when air resistance is taken into account.
Assuming the model of retarding force in which
Foov
or
F =—-kv
Let the initial velocity of the projectile be v, and angle of projection be 8
The initial conditions can be taken as
x(t=0)=y(t=0)=0
x(t=0)=1vycos0 =u,
y(t=0)=v,sinf = v,
The equation of motion in the horizontal and vertical direction can be written as

o ki
or = —X = kx 1)
my = —ky —mg 2

By the substitution x = z we can solve eq (1) as
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z=x=Ae™*
With the initial condition x = u,, when t = 0, we obtain the constant of integration A = u,
so that
x =ue
Another integration gives

+B

The initial condition x(0) = 0 gives B = ul/k. Hence the solution of equation (1) can be
written as
x = %(1 —e~kt) (3)
We can solve equation (2) in the same manner and obtain
y=-L 4281 - evkt) (4)
The path of motion can be obtained from (3) and (4) by eliminating t
g ln( kx) kv, + g kx

1-—)+ =
Y= k2 U, k2  w,

which is no longer a parabola.
We can solve equation (2) in the same manner and obtain
y=-L4+200 1 —e7i) (4)
The path of motlon can be obtained from (3) and (4) by eliminating t
g kx) kv, + g kx
y—kzln(l + P

which is no longer a parabola.

path with no air resistance

y _ S

- -~

path with
air resistance
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Time of Flight =

Time of flight can be found by putting in equation (4) y =0andt =1
gt kvitg
0=t

__kvi+g -k
r=—22(1-e) (5)

(1—e7k7)

This equation can be solved exactly for z. To find an approximate solution, we expand the
exponential factor in equation (5), using

x? x3
e*=1 +x+§+§+---........
Form equation (5)
kv, + g k?t? k373
T = oK (kr— o= + 3 +>
kv, + g k?t k312
which on simplification gives
21y 1
T= kvs +g+§kT + el
In the limit of small air resistance (i.e. k — 0), the above expression reduces to
L W (6)
kvi+g 3

When there is no resistance, (k = 0), obtain from (6)
2v;y 2vysinf

Tg = =

g g
If k is non-zero small number, then the time of flight T will be very close to t,. Substituting 7, for
7 on the R.H.S of (6), and simplifying we get

AV kv,

r="2(1-32)
Y 39

The above equation gives a formula for approximate time of flight in the presence of a weak
retarding force.
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Module No. 115

Conservation of Energy for a System of
Particles

Statement
“The law of conservation of energy describes that the net energy of an isolated system remains
conserved. Energy can neither be created nor destroyed; rather, it transforms from one form to
another.”

Theorem Statement

(Principle of conservation of energy)

In case of conservative force field, the total energy is a constant. i.e.,

If T is for kinetic energy and V' is for potential energy, then the total energy E is
E =T + V = constant

Explanation
For a conservative force field, we have already learned that the work done by the system of
particles is
Work done = change in kineticenergy=W =T, - T
Also Work done = change in potential energy= W =V, - 1,
By comparing, we get
InLL-T1=V, -V,
or
TL,+Vi=T,+V,
which can be written as

2 1 2
Emvl + V1 = Emvz + V2



34

Module No. 116

Conservation of Energy

Example

Consider the force field F = —kr37
i.  Find whether the given field is conservative or not.
ii.  Find the potential energy of the given force field of part (i).
iii.  For the particle moving in xy — plane, find the work done by the force in moving the

particle from A to B, where A is the point where r = a, and B where r = b.
iv.  If the particle of mass m moves with velocity v = % in this field, show that if E is the
constant, total energy then

2
V. lm(ﬂ) +krS=E
2 \at 5

Solution
i AsF = —kr37 = —k(x% + y2)3/2(xi + vj)
i j k
VXF = d/0x a/0dy 9/0z
_k(x2 +y2)3/2x _k(xZ +y2)3/2y 0
= i[5 (0 — - (ke + y52y)| 4 [ (kx4 y1)2) ~ 2 (0)]
dy 0z 0z 0x

k[ (kG2 + 7207729) = o (ke + 72972

1 1
= —3k(x? + y?)2xy + 3k(x? + y*)2xy = 0
Thus the given field is conservative.
ii. Since the field is conservative there exists a potential V such that

F=-Vv
3
F = —kr37 = —k(x* + y*)2(xi + yj)

3 3
= —k(x? + y?)2xi — k(x? + y?)2yj = =VV
v v av

ax ' dy 0z
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By comparing, we get
LA k(x? + y?)3/%x, a—V:k(x2 +v2)3/2y  and Y=o
ax ay 0z
From which, by omitting the constants, we get

V= % k(x? + y?)3/? = % kr®
is required potential.

iii.  The velocity potential at point A
and the velocity potential at point B

So, the work done from A to B is

= Potential at A - Potential at B

1 1 1
e T N S 5 _ 15
= ka® — ¢ kb® = k(a® ~ b%)

which is required work done by the given force field.

iv.  Since the kinetic energy of a particle of mass m moving with velocity v = % is

T_l 2_1 dr2
=z M= mg)

From part (ii), we have the potential energy
1
V= g kTs

Thus the total energy E will be

Hence proved.
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Module No. 117

Introduction to Impulse - Derivation

Impulse is a special type of force defined by applying the integral of a force F, over the time
interval, t, for which it acts on the body.

Impulse is a directional (vector) quantity in the same direction of force as force is also a directional
quantity. When Impulse is applied to a rigid body, it results a corresponding vector change in its
linear momentum along the same direction. The Sl unit of impulse is the newton second (N - s),
and the dimensionally equivalent unit of momentum is the kilogram meter per second (kgms™1).
The particle is located at P; and P, at times t; and t, where it has velocities v, and v, respectively.

The time integral of the force F given by
2

[ rac

t1
is called the impulse of the force F.
Theorem Statement
The impulse is equal to the change in momentum; or, in symbols,
t2
f Fdt =mv, —mv, =p, — p;
%1
Proof
We have to prove that the impulse of a force is equal to the change in momentum.
By definition of impulse and Newton's second law, we have
t, t, t,
dv "
] Fdt = j madt = j mdv = m|v|? =mv, —mv, =p; —p;
ty ty ty
where we use the conditions
v(t;) = v, and v(ty) = v,
The theorem is true even when the mass is variable and the force is non-conservative.
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Module No. 118

Example of Impulse

Example:
What is the magnitude of the impulse developed by a mass of 200 gm which changes its velocity
from 5i — 3j + 7k m/sec to 2i + 3j + k m/sec?

Solution:
Since we have the following information:
m = 200 gm
v, =5i—3j + 7k
v,=2i+3j+k
As we know that

Impulse = p, — p;
= mv, — mv;
=m(v, — V1)
Substituting the values, we get
Impulse = 200(2i + 3j + k — (5i — 3j + 7k))
= 200(—3i + 6j — 6k)
The magnitude of the Impulse will be
Impulse magnitude = 200v9 + 36 + 36
= 200v81
=200(9)
= 1800mgm/sec

= 1.8 N sec
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Module No. 119
Torque

Definition
Torque is defined as the turning effect of a body. It is trend of an acting force due to which the
rotational motion of a body changes. It is also called twist and rotational force on an object.
Mathematically, torque is defined as the cross product of the force vector to the distance vector,
which causes rotational motion of the body.
T=7xF

The magnitude of torque depends upon the applied force, the length of the lever arm connecting
the axis to the point where the force applied, and the angle between the force vector and the length
of lever arm. Symbolically we can write it as:

T = |r||F|sin 6

Torque is a vector quantity implies that it has direction as well as magnitude.
The Sl unit for torque is the newton meter (Nm).
The direction of torque can be approximate using Right Hand Rule.

Theorem:
The torque acting on a particle equals the time rate of change in its angular momentum, i.e.,
aq
T=—
dt

where Q = r X p is defined angular momentum of the system.

Proof:
As we know torque is defined as
T=rXF=rXma
as m is constant, therefore
=m(r X a)

=m(r It
= mdt (rxv)
_d
=7 (r x mv)
where p = mv is defined as linear momentum and hence the theorem.
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Module No. 120
Example of Torque

Example

A particle of mass m moves Along a space curve defined by r = acos wt i + b sin wt j.
» Find

(1) The Torque

(it) The angular momentum about the origin.

Solution

(i) Aswe know that the torque acting on a particle is equal to the time rate of change of its
angular momentum, i.e.

_do_d
T TV P)

where p = mv.

Asr =acoswti+ bsinwtj. Therefore

dr
by
vV =—awsinwti+ bw cos wt j
So,
p = —amw sin wt i + bmw cos wt j
Now
rXp
i j k
= acos wt b sin wt 0

—amw sinwt bmwcoswt 0

= [abmwcos?wt + abmwsinwt]k

~

= abmwk



(i1) From part (i), we already have

is the required angular momentum.
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Module No. 121

Introduction to Rigid Bodies and Elastic

Bodies
Definition of Rigid Bodies

» When a force is applied to an object/ system of particles, and if the object maintains its
overall shape, then the object is called a rigid body.

» Gap between two fixed points on the rigid body remains same regardless of external
forces exerted on it.

» We can neglect the deformation of such bodies.
» Arigid body usually has continuous distribution of mass.
Definition of Elastic Bodies

» When a force is applied to a system of particles, it changes the distance between
individual particles. Such systems are often called deformable or elastic bodies.

Examples
» A spring and rubber band are some common examples of elastic bodies.

» A wheel is a common example of rigid body.

41
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Module No. 122
Properties of Rigid Bodies

Following are some of the properties of the rigid bodies.

Degree of freedom

The number of coordinates required to specify the position of a system of one or more particles is
called the number of degrees of freedom of the system.

For example a particle moving freely in space requires 3 coordinates, e.g. (X, Y, z), to specify its
position. Thus the number of degrees of freedom is 3.

Similarly, a system consisting of N particles moving freely in space requires 3N coordinates to
specify its position. Thus the number of degrees of freedom is 3N.

Translations

A displacement of a rigid body is a direct change of position of its particles. Translational motion
is the displacement of all particles of the body by the same amount and the line segment joining
the initial and the final position of the particles represented by parallel vectors.

Examples of translational motion are particles freely falling down to earth and the motion of a
bullet fired from a gun.

Rotations

Circular motion of a body about a fixed point or axis is called rotation. If during a displacement
the points of the rigid body on some line remains fixed and all other are displaced through the
same angle, then this displacement is called rotation. A rigid performs rotations around an
imaginary line called a rotation axis.

If the axis of rotation passes through the center of mass of the rigid body then body is said to be
spin or rotate upon itself. If a body rotates about some external fixed point is called revolution or
orbital motion of the rigid body. The example of revolution is the rotation of earth around sun
and motion of moon around sun.

Rotational motion concerns only with rigid bodies. The reverse rotation of a body (inverse
rotation) is also a rotation.

A wheel is common examples of rotation.
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Module No. 123
Instantaneous Axis and Center of Rotation

Introduction to General Plane Motion

The general plane motion of a rigid body can be considered as:
» Translational motion along the given fixed plane and rotational motion about a suitable
axis perpendicular to the plane.
» This fixed axis is specifically chosen to pass through the center of mass of the rigid body.
Instantaneous Axis of Rotation

» The axis about which the rigid body rotates is called instantaneous axis of rotation, where
this axis is perpendicular to the plane.

Instantaneous Center of Rotation

» The point where instantaneous axis meets the fixed plane along which the body performs
translation motion is described as the instantaneous center of rotation.
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Module No. 124
Centre of Mass & Motion of the Center of
Mass

The center of mass (c.m.) or centroid of system of particles is a hypothetical particle such that if
the entire mass of the system were concentrated there, the mechanical properties would remain the
same. In particular expression of linear momentum, angular momentum and Kinetic energy assume
simpler or more convenient forms when referred to the coordinated of this hypothetical particle
and the equation of motion can be reduced to simpler equation of a single particle.

Let r,7m,13, .. ......., ybE the position vectors of a system of N particles of masses
my, My, My, ... ... ..., My respectively [see Fig.].

>

X

The center of mass or centroid of the system of particles is defined as that point C having position
vector
i mt;
T, =
Xim;

When the system is moving the position vector will depend on time t and therefore r.will also be
a function of t. the velocity and acceleration of center of mass will be then given by

b=, = 2yt
xim;
i —a = Ximt;
Xim;

Motion of Center of Mass
Motion of center of mass can be examined by considering the following points:
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=

If a system experiences no external force, the center-of-mass of the system will remain at
rest, or will move at constant velocity if it is already moving.

2. If there is an external force, the center of mass accelerates accordingto F = ma.

3. Basically, the center-of-mass of a system can be treated as a point mass, following
Newton's Laws.

4. If an object is thrown into the air, different parts of the object can follow quite complicated
paths, but the center-of-mass will follow a parabola.

5. If an object explodes, the different pieces of the object will follow seemingly independent
paths after the explosion. The center of mass, however, will keep doing what it was doing
before the explosion. This is because an explosion involves only internal forces.
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Module No. 125
Centre of Mass & Motion of the Center of
Mass

The moment of inertia of a rigid body is a property which depends upon its mass and shape, (i.e.
the mass distribution of the body) and determines its behavior in rotational motion.
In rotational motion, the moment of inertia plays the same role as the mass in linear motion.

Definition of Moment of Inertia
Formally the moment of inertia I of the particle of mass m about a line is defined by
I = md?
where d is the perpendicular distance between the particle and the line (called the axis).

Moment of Inertia of System of particles
The moment of inertia of a system of particles, with masses m;, m,, ms, ..., m,, about the line or

axis AB is defined as
N
I = mi diz
i=1

= mldlz + mzdzz + -+ mNdNZ
In dimensions, the moment of inertia can be expressed as
[1] = [M][L?]

Moment of Inertia in Coordinate System
The moment of inertia of a particle of mass m with coordinates (x, y, z) relative to the
orthogonal Cartesian coordinate systemOXYZ about X, Y, Z axes will be

L = m(yz + ZZ)

I, = m(z* + x*%)

I, = m(x* + y?)

Product of Inertia

The product of inertia for the same particle w.r.to the pair of coordinate axes are defined as

Iy = —mxy
ly, = —myz
I,, = —mzx

These definitions can be easily generalized to a system of particle and a rigid body.
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Module No. 126
Example of moment of Inertia and Product
of Inertia

Problem Statement:
Find the moments of inertia of a ring of radius a about an axis through center.

Solution:
Let M be the mass and a the radius of the ring. Then the mass per unit length will be M/Zna'
We regard this ring to be composed of small elements of mass (6m) each of length Js,
we can write it as
om M

s 2ma 0T gna 08

Moment of inertia of the element about an axis through center O and the perpendicular to the
plane of the ring equals %65 a?.
Therefore the M.I of the whole ring will be

M ) Ma Ma 5
Ling = 5—a Z 6s =— | ds =——X 2na = Ma
elements 2

2ma 2T

Hence Ma? is the required moment of inertia of the ring.
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Module No. 127
Radius of Gyration

Radius of gyration specifies the distribution of the elements of body around the axis in terms of
the mass moment of inertia, As it is the perpendicular distance from the axis of rotation to a point
mass m that gives an equivalent inertia to the original object m The nature of the object does not
affect the concept, which applies equally to a surface bulk mass.

Mathematically the radius of gyration is the root mean square distance of the object's parts from
either its center of mass or the given axis, depending on the relevant application.

Let] = ¥V, m; d;* be the moment of inertia of a system of particles about AB, and
M = YN . m; be the total mass of the system.
Then the quantity K such that

or
K = i
M

is called the radius of gyration of the system AB.

Example:
Find the radius of gyration, K, of the triangular lamina of mass M and moment of inertia I =

1/ mh2.

Solution:
Since formula for radius of gyration is given by
K?=-
M
by substituting value in above , we get
1/ MhZ
2__16 —1/ 32
K? = T /6h
h
or K = ﬁ
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Module No. 128
Principal Axes for the Inertia Matrix

Principal Axes

When a rigid body is rotating about a fixed point O, the angular velocity vector w and the
angular momentum vector L (about O) are not in general in the same direction. However
it can be proved that at each point in the body there exists distinct directions, which are
fixed relative to the body, along which the two vectors are aligned i.e. coincident. Such
directions are called principal directions and the axes along them are referred to as
principal axes of inertia. The corresponding moments of inertia are called principal
moments of inertia.

Orthogonality of Principal Axes

If the principal axes at each point of the body exist, then their orthogonality can be proved by
stating that axes relative to which product of inertia are zero are the principal axes.
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Module No. 129
Introduction to the Dynamics of a System
of Particles

Dynamics

Dynamics is the branch of mechanics deals with forces and relationship fundamentally to the
motion but sometimes also to the equilibrium of bodies.

The Dynamics of a System of Particles

Suppose we have a system of N particles in motion under forces. These will be two types of
forces, internal and external.

Internal forces act between particles of the system; all other are external. We suppose further that
the internal forces satisfy Newton’s third law of motion. i.e. Internal forces between a pair of
particles are equal and opposite If Fi(J.i"t) denotes the internal force on the ith particle due to the

jth particle, then in the view of this assumption we can write

(int) _ (int)
F; ~F; (1)
The equation of motion for the ith particle of system can therefore be written as
FO 4 3N FI = mya, 2)

where Fi(ext) denotes the external force on the ith particle, and a;, the acceleration of the ith
particle. It is clear from equation (1) that the internal force on a given particle due to itself is zero
and therefore the term i = j does not contribute to the sum.

To obtain an equation of motion for the whole system we sum over i, (from 1 to N), on the both
sides of equation (2), and obtain

(ext) (int) _ S
YA s Y Y A - Yo
i i i
or

FEO + 3, F(mt) Yim;d; (3)
Where F(*) denotes the total external force on the system. Now we will show that because of
condition (1), the second term on L.H.S of (3) IS zero.

Z F(lnt) Z (F(_int) " Fi(jint))

Since the indices I and j are dummy and vary over the same set of integers, we can interchange
them in the second sum on the R.H.S of the last equation. Therefore we have
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. 1 ; .
(int) _ — (int) (int)
DS =5 > S+ F)
Lj ij
1 . .
— EZ(Fi(jmt) _ Fi(jmt)) =0
Lj

Therefore the equation (3) becomes
F(ext) = Zi m; ai (4)
In case of centroid, the relation becomes

Zmlﬁi = M&C
i

where #. = d, is the acceleration of center of mass (c.m.) and M is the total mass of the system.
Hence equation (4) can be written as

FExD = Md, = = (M#,) (5)
If F(¢XD) = ( then %(Mﬁc) = 0, which implies that M9, =constant.

We conclude that if external forces are on a system of particles are zero, then its momentum will
be a constant of motions or a conserved quantity. Equation (5) describes the translational motion
of the system and may be referred to as the translational equation of motion which describes the
rotational motion of the system, we take the cross product of both sides of equation (2) with

r;, and obtain

N
(ext) (int) _ -
riXP; + Z T X FU =m;r; X a;
j=1

summing over i

ZirixFi(eXt) +XViom ¥ Fi(jlnt) =Yim1; X 4; (6)
Now we will show that in view of our assumption (1) about internal forces, the second term on
L.H.S of equation (6) is zero. On interchanging the dummy indices and using (1) we have

. 1 . .
(int) _ (int) (int)
ZrixFij _Ez(riXFij +TJ'XF}'i )
i,j ij
1 int int
= EZ(ri X Fi(jm ) —1; X Fl.(]-m ))
ij

) ,
= =% (i — 1) X F{™ (7)
The vector r; — 7; is in the direction of the line segment joining the particles I and j and therefore
it is parallel to F;; . Therefore the last term on R.H.S of equation (7) is zero.

Hence we finally obtain
Z T X Fig-ex’:) = Z m;r; X C_ii
iLj i

or



d
i i i
d S
= E(Z T X mivi)
L
d

_ ZL _dL
T dt T dt

l
which is usually written as
% = G (ext)
dt
where G;*? is the torque or momentum due to external force on the ith particle, and G;©*? is
the torque due to all external forces on the system.

Similarly L is the total angular momentum of the system.
Zri X Fl,(j?xt) — Z Gi=G
Lj i
Thus we have obtained the following two equations of motion for a system of particles.

d -

E(Mvc) = F(ext) (8)
and

aL _ ~(ext)

=G )
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It follows from equation (8) that if the total external torque on the system is zero, then its angular

momentum will be a constant of motion or a conserved quantity.



54

Module No. 130
Introduction to Center of Mass and Linear
Momentum

The rigid bodies are a system of particles in which the position of particles is relatively fixed. We
consider such a system of particles in this article and will discuss its center of mass and linear
momentum.

Center of Mass

Our general system consists of ) particles of masses my, my, ... ....., m,Whose position vectors
are, respectively, 4,15, ... ....., 1. We define the center of mass of the system as the point whose
position vector r,,,, is given by
MU M Mary Mty Y myTy
Tem = Mmy+Mmy+-tm T oom @
1 2 I n

where m = Y;I*.; m; is the total mass of the system.
The above definition of center of mass leads us to three equations
_ i=1 X _ =1 MY Yieq MiZ;

xcm m 'ycm m recm m

which are the rectangular coordinates of the center of mass of the system.

Linear Momentum

We define the linear momentum p of the system as the vector sum of the linear momentum of the
individual particles, namely,

From equation (1)

n

i=1 M1
Ty = 1
m =TT (D)
7 —v. = ?=1mivl
cm cm m

it follows that
p=mMvVey

that is, the linear momentum of a system of particles is the product of the velocity of the center
of mass and the total mass of the system.
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Module No. 131
Law of Conservation of Momentum for
Multiple Particles

Statement

In the absence of the external force, the momentum of the system of particles will be conserved.

Proof

Suppose we have a system of N particles in motion under forces. These will be two types of
forces, internal and external.

Suppose now that there are external forces F; F,, ..., F;,,..., F, acting on the respective particles.
In addition, there may be internal forces of interaction between any two particles of the system.
We denote these internal forces by F; j(i"t), meaning the force exerted on particle i by particle j.
Internal Forces act between particles of the system; all over the external. We suppose further that
the internal force satisfy Newton’s third law of motion. i.e. Internal forces between a pair of
particles are equal and opposite.

If Fl-j(i”t) denotes the internal force on the ith particle due to the jth particle, then in the view of

this assumption we can write
(int)

Fji(int) = —F;; (1)
The equation of motion for the ith particle of the system can therefore be written as

FeO + 30 Fy ™ = mya; = p, )
where F;(¢*® denotes the total external force on the ith particle, and a; the acceleration of the ith

particle.
To obtain an equation of motion for the whole system, we sum over | (from 1 to N), on both
sides of the equation (2).

N
z Fe* 4 Z Z Fy 0 = Z m;a; = p,
i

7 T j=1
FEext + 3 F 0 =% ma; = p, 3)
where F(€*Ddenotes the total force of the system.
now we will show that because of equation 1, L.H.S of equation 3 is zero.
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i 1 . 1 ;
P, = Z Fij(mt) - Ez Fij(mt) + Ez Fij(mt)
Lj ij i

since the indices | and j are dummy and vary over the same set of integers, we can interchange
them in the second sum on R.H.S of the last equation. Therefore we have

. ; 1 , 1 .
b, = z Fij(mt) — Ez Fij(mt) + Ez F}-i(mt)
Lj Lj ij
using equation (1), we have
(int) _ (1 (int) _ 1 (int) \ =
i Fyt = (EZi,jFij =T )—0
therefore equation (3) becomes

p, = Fe0 = Z m;a;
7

for centroid, we know that };; m;a; = ma.where a_is the acceleration of centroid.
Hence equation can be written as

d
by = F* = Ma, = - (Mv,)

If Fex) = ( then p, = %(Mvc) =0 or p= Mv, = constant

We conclude that if external forces are on a system of particles are zero, then its momentum will
be a constant of motion or a conserved quantity.



Module No. 132
Example of Conservation of Momentum

Problem Statement

A particle A, of mass 6 kg, travelling in a straight line at 5 ms~? collides with a particle B, of
mass 4 kg, travelling in the same straight line, but in the opposite direction, with a speed of 3
ms~1. Given that after the collision particle A continues to move in the same direction at 1.5

ms~1, what speed does particle B move with after the collision? (© mathcentre 2009)

Given Data

Mass of particle A = m,; = 6kg

Velocity of A before collision = u; =5ms™1
Velocity of A after collision = v; =1.5ms™?!

Mass of Particle B = m, = 4kg
Velocity of B before collision = u, =3ms™?!

Required
Velocity of B after collision = v, = ?

Solution

It is always useful to depict the collision with the velocities both before and after.
Using the principle of conservation of momentum:

miuq + myu, = My, + myUy
6 X5+4%Xx(=3)=6XxX15+4Xuv,
9=4><172

v, = 9/y=23ms™}

So after the collision particle B moves with a speed of 2.3 m s—1, in the same direction as A.

Example 2

S7
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Problem Statement

A particle A, of mass 8 kg, collides with a particle B, of mass mz2kg. The velocity of particle

A before the collision was (—1i + 4j) m s~! and the velocity of particle B before the collision
was (—0.8i + 1.4j) m s~1. Given the velocity of particle A after the collision was

(—2i + 2j) ms~1, and the velocity of particle B was 3j m s~1, what was the mass of particle
B?

Given Data

Mass of particle A= m, = 8kg

Velocity of A before collision=u; = (=1i + 4j) ms~!
Velocity of A after collision=v; = (=2i + 2j) ms™?
Velocity of B before collision=u, = (—0.8i + 1.4j) ms™~?!
Velocity of B after collision= v, =?3j m s~

Required
Mass of Particle B= m, =?

Solution
It is always useful to depict the collision with the velocities both before and after.
Using the principle of conservation of momentum:

miu; + myu, = mv; + myv,
6 X5+4%Xx(=3)=6XxX15+4Xnv,
9 =4 X v,
v, = 9/y= 23ms™
So after the collision particle B moves with a speed of 2.3 ms™1, in the same direction as A.

Example 2

Problem Statement
A particle A, of mass 8 kg, collides with a particle B, of mass 2 kg. The velocity of particle A

before the collision was (—1i + 4j) ms™* and the velocity of particle B before the collision was
(—0.8i + 1.4j) ms™1. Given the velocity of particle A after the collision was (—2i + 2j) ms™?,
and the velocity of particle B was 3j ms~1, what was the mass of particle B?

Given Data
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Mass of particle A = m,; = 8kg

Velocity of A before collision = u; = (—1i + 4/)ms™?!
Velocity of A after collision = v; = (=2i + 2j)ms™!
Velocity of B before collision = u, = (—0.8i + 1.4j)ms™?
Velocity of B after collision = v, = 3j ms™?!

Required
Mass of Particle B =m, = ?

Solution
By making use of principle of conservation of momentum:
muq + myu, = myv, + myv,
8(—1i + 4j) + m2(—0.8i + 1.4j)
=8(-2i + 2j) +m,(3))
—8i + 32j + 16i — 16§ + m2(—0.8i + 1.4j) —m,(3j) =0
8i + 16/ + m,(—0.8i — 1.6§) =0
8i + 16j —m,(+0.8i + 1.6j) =0
8i + 16j = m,(0.8i + 1.6j)
0.8i + 1.6j
M= Tgi 16
By rationalizing and solving the above fraction, we obtain
m, = 10kg
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Module No. 133
Angular Momentum - Derivation

Angular momentum of a particle of mass m, position vector r and linear momentum p is defined
asr X p. Itis also called moment of momentum.

Let there be a system consists of N particles with positon vector r; and the momentum p; (i =
1,2,3,......., N) then the total angular momentum L is given by

L=Zrixpi =Zri><(mvi)

l 2

To find the relation between L and w, we proceed as follows:
L= Zri X (ml-vl-)
i
= Zri X ml(5 X T'l')
i
= Zmi[ri X (& X 1)]
i
= Ximy[(ri )@ — (1. )] 1)

Here (r;.7;))w and (7;. w)r; are not parallel vectors. If they were parallel then we could easily say
that L is parallel to @.

We conclude that in general L and @ are not parallel to each other. To find the relationship
between the vectors L and « we proceed as follows:

Since
1 = xl + yif + z;k
therefore
1.1 = X2 + y;i% + z;?
and

W. 1 = WyX; + wyy; + W,z
Therefore substituting these values in equation (1), we have
L=Yimi(x? + 52+ z2)(wxl + wyf + wk) — (wex; + wyy; + 0,2) (x;8 + yif + z;k)
)
Writing
L=Ly0+Lyj+ Lk =Li+L,j+ Lk
and
W = Wyl + wyj + Wk = wil + w,f + w3k
and comparing the coefficient of i on both sides of equation (2), we obtain



L, = Z m;(x;% + yi% + 22wy, — (Wyx; + wyY; + W Z)X;
i

= Z m;[x 2wy + (% + 22wy — Wy Xi* — Wy XY — Wx;Z;]
i

= Wy XMy ()’iz + ZiZ) - a)xxiz — Wy Xim Xy — Wz XM X;Z;] (3)
As we studied the definitions of moment of inertia and product of inertia be defined as

Lex = Zmi(yiz + Ziz)
i

Iy, = z mi(Ziz + xiz)
i

I, = zmi (xiz + }’iz)

i

Ly = _Zmixiyi
i

Iy, = — Z m;y;z;
i

Iy = — Z m;x;z;
i

Using these definitions and noting that I, = I,,, etc. we can write
Ly = Liywy + Iyywy + [0,

and

Similarly we obtain

Ly, = Loy, + L wy, + 1,0,
L, = liywy + Iy,0y + 1,0,
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Module No. 134
Angular Momentum in Case of Continuous
Distribution of Mass

An actual rigid body consists of very large number of particles and therefore we may suppose that
there is a continuous distribution of mass. If p(r) denotes density of a volume element dV/,
surrounding the point r, then the mass of this element will be p(r)dV.

Hence we can write the expression of angular momentum in case of continuous distribution of
mass by

b =l = [ PO + 20
where
r=0x7y,2) = (x1,%3,x3), dV =dxdydz
Similarly the other two moment of inertia are defined as
Ly =1, = fp(r)(z2 + x2)dV
and

Iy =1, = j P (2 + y2)dV

Similarly the product of inertia are defined as

Ii; =1y = —jp(r)xde,
s = Iy, == [ pGyady,

I3, =1, = —Jp(r)zde
By using these definitions of moment of inertia, we can find the expression of angular momentum
by using the following result
L=Ldi+L,j+Lsk
L = Lywy + Lyw, + 1,0, + Ixy(wx + wy) + Iyz(wy + wz) + I, (w, + w,)

where

Ly = Liywy + Lyywy + [0,

Ly, = Lo, + L wy, + 1,0,

L, = Lywy + Iyw, + [0,

and wy, w,, w, are the components of angular velocity along (x, y, z).
or



L, Lyx Ixy Ly,
Lyl =Ly Ly I, [

Lz Ixz Iyz Izz
where we have used the property of products of inertia that

Ly = Ly, 1y, = I, and

The above matrix form can be written as

wx
Wy,
wZ

|
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Module No. 135
Law of Conservation of Angular
Momentum

Angular Momentum

The angular momentum of a single particle is defined as the cross product of linear momentum
and position vector of concerned particle.
Mathematically L =r x mv.

Angular Momentum of System of Particles

The angular momentum L of a system of particles is defined accordingly, as the vector sum of the

individual angular momentum, namely,
n

L= i X m;v; (1)
2,
Law of Conservation of Angular Momentum

The time rate change of angular momentum in the absence of some external forces is zero.

Mathematically, we can write

dL
— =0 = L = constant
dt

Let us calculate the time derivative of the angular momentum. Using the rule for differentiating
the cross product, we find

dL  d (< Y \
—== Zri xmv; | = Z(vi Xm;v;) + Z(Ti X m;a;)
i=1

i=1 i=1
Now the first term on the right vanishes, because,v; X v; = 0 and, because m;a; is equal to the

total force acting on particle i, we can write

dlL <
i Z(Ti X m;a;)
i=1

dL J

L= [ % (80 R0 + 0, By Fy ) 2)
dL i

o _ ?:1ri % Fi(ext) + Z?=1 Z;’lzl Fij(mt)) (3)

where F; denotes the total external force on particle i, and F;; denotes the (internal) force exerted

on particle i by any other particle j. Now the double summation on the right consists of pairs of
terms of the form
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(i xF)+ (rj X Fﬂ) 4)
Denoting the vector displacement of particle j relative to particle i by r;;, we see from the triangle
shown in Figure that

rp =11 )
Therefore, because Fj; = -F;;, expression (3) reduces to
—13; X Fij (6)

which clearly vanishes if the internal forces are central, that is, if they act along the lines
connecting pairs of particles. Hence, the double sum in Equation (3) vanishes. Now the cross
product (r; X F;)is the moment of the external force F. The sum ) (r; X F;) is, therefore, the
total moment of all the external forces acting on the system. If we denote the total external
torque, or moment of force, by N, Equation (3) takes the form

dL

==
That is, the time rate of change of the angular momentum of a system is equal to the total
moment of all the external forces acting on the system.
If a system is isolated, then N = 0, and the angular momentum remains constant in both

magnitude and direction:
n

L = Z 1; X m;v; = Constant vector (8)
i=1
This is a statement of the principle of conservation of angular momentum. It is a generalization
for a single particle in a central field.
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Module No. 136
Example Related to Angular Momentum

Problem Statement

The moon revolves around the earth so that we always see the same face of the moon.
i.  Find how the spin angular momentum and orbital angular momentum of the moon w.r.t.
the earth are related?
ii.  Find the change in spin angular momentum of moon so that we could see the entire
moon’s surface during a month.

Solution

i. Let M, R,, denotes the mass and the radius of the moon respectively.

Then its spin angular momentum i.e. angular momentum about its axis of rotation is given by
Ly = lwg
where I is the moment of inertia and w, angular velocity of the moon about its own axis

The moment of inertia of the sphere is

2
I = =mr?

5
by generalizing it for moon, we obtain the moment of inertia for the moon

2 2
I =<MRy,

then the angular momentum of moon will be
Ls ==MRy w; 1)
In addition to spinning about its own axis, the moon is also performing orbital motion about the
earth. If we denote the orbital angular momentum by L, then
Lo =R x (MV) =R x (MRw,)
= MR?w, )
SV = wr
where we have treated the moon as a particle and R is the distance between the moon and the
earth. Since we always see the same face of the moon, the moon makes on rotation about its axis
in the same time as it makes on revolution around the earth i.e. wy = w,. Form equation (1) and
(2) we have
L, EMRy o,

L, MR2w,
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=20y
5\ R

If we have to see the entire moon’s surface during a month, then Lg must either increase
or decrease by one-half of its present value.
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Module No. 137
Kinetic Energy of a System about Principal
Axes - Derivation

Kinetic Energy

The kinetic energy for a particle is given by the following scalar equation:

1
Tzzmv2

Where:

» T is the kinetic energy of the particle with respect to ground (an inertial reference frame)
» m is the mass of the particle
» v is the velocity of the particle, with respect to ground

Kinetic Energy of a Rigid Body

For a rigid body experiencing planar (two-dimensional) motion, the kinetic energy is given by
the following general scalar equation:

T = %mvc2 + %Ica)2 1)
where the first term in equation (1) shows the kinetic energy due to the motion of center of mass

and second term shows the rotational Kinetic energy and subscript ¢ denotes the center of mass
and v, denotes the velocity of c.m and I. denotes the inertia matrix w.r.t c.m.

Kinetic Energy of a Rigid Body w.r.t Origin
If the rigid body is rotating about a fixed point O that is attached to ground, we can express the

Kinetic energy as:
1

T == w?
2 0?

Where:

I, is the moment of inertia of the rigid body about an axis passing through the fixed point O, and
perpendicular to the plane of motion and w is the angular velocity.

Kinetic Energy of a Rigid Body about Principal Axes
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If the center of mass is oriented along with origin then the coordinate axes (xyz axes) and the
principal axes of the rigid body are aligned. In this case, the inertia matrix reduces, i.e. products
of inertia are zero along the principal axes, (I,y, = I, = I, = 0).
For general three-dimensional motion, the kinetic energy of a rigid body about principal axes is
given by the following general scalar equation:
T = %mvoz + %wa,% + %Iya)f, + ilzwzz (3)
where Iy, L, I, are the moment of inertia along principal axes (xyz axes) also called principal
moment of inertia and products of inertia I, I,,, I, are zero along the axes

Equation (3) is the required expression of Kinetic Energy along principal axes.

If the rigid body has a fixed point O that is attached to ground, we can give an alternate scalar
equation for the kinetic energy of the rigid body:

2 2, 1
T = Elxwx + Elywy + EIZ(UZ

in this case, the kinetic energy due to the motion of c.m. vanishes.
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Module No. 138
Moment of Inertia of a Rigid Body about a
Given Line

Let M be the mass of the system and é a unit vector along the line I. Then & = Ai + uj + vk,
where (4, u, v)are direction cosines of the line.
If I; denotes the record moment of inertia, then

Il = z mldlz
i

d; = |OP|sin8; = |r;| sinB; = r;sin6; = |e; X 1;|

Form the figure

Therefore
I =zmi|eixri 2 (1)
i
Now
i j k
le;Xnil =2 u v
Xi Vi Zi

= (uz; — vyl + (vx; — Az)j + (Az; — vxk
le; X 1i]? = (uz; —vy)? + (vx; — A2)* + (Ay; — pxy)?
Hence on substitution in equation (1), we have

I = 2 m;[ (uz; —vy)? + (ux; — Az;)* + (Ay; — px;)?]
7
I, = Z m;[ 12z + v2y;? — 2uvy;z; + vix? + A1%z;2 — 2vdx;z; + Ay, + ux; — 2uldx;y;]
;

= z m;[ p? (% + z;%) + 02 (% + ;%) + 22 (yi* + 2%) — 2pdxy; — 2uvy;z; — 2vAx;z;

;
= z m;[ A2 (yi® + z2) + p? (2 + z%) + 02 (2 + yi?) — 2pAxgy; — 2pvy;z — 20Xz,

;

=12 Z m;[ (v + z;?) + u? Z m; (x;* + z;%) + v? Z m; (x;* + y;%) + 2pA(— z m; X;y;)
; ; i 7

+ 2pv(— Z m; yiz;) + 2vA(— Z m; x;Z;)
i i



or finally,

I, = XLy + ulyy, + V21, + 2udlyy, + 2pvly, + 20ALL,
which may also be written as

I, = 2211 + ply, + V2155 + 2ull, + 2pvlys + 2015,
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Module No. 139
Example of M.I of a Rigid Body About
Given Line

Problem Statement

Calculate the moment of inertia of a right circular cone about its axis of symmetry.

Solution

Let M be the mass, a the radius and h the height of right circular cone. We regard the cone as
composed of elementary circular discs of small thickness each parallel to the base of the cone.
We choose the z-axis along the axis of symmetry, and consider a typical disc of radius r and
width 6z at a distance z from the base.
Mass of the disc is given by
Sm = pnr?éz

We regard the disk to be composed of concentric elementary circular rings of varying radii say r
then the mass 6m’ of one circular ring with height 6z will be

om' = p2nr'dz

4

Then the M.I of one circular ring will be
I, = p2nr'6z(r")? = 2mp(r')36z
Hence the M. of the whole disk will be

81 = Z 2mtp(r")36z

rings

r

ém
= f 21( Y(r")36zdr’

nr2édz

0

25mr N3 g
=2 f(r)dr
0

26m 1
= r* ==6mr?

ol =
412 2

From the similar triangles,

we have
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Therefore

Since the M.I of the disk is

S = 5 Smr?

On substituting for §m and r, the M.I of the cone about its axis of symmetry will be

h 2
_1[ (h—z g
0
1 4‘hh 1 4hh
_lpma o =_p7Ta 4
=5 j(h z)*dz > he f(z h)*dz
0 0
Since the M.I of the disk is
61—16 2
—E mr

On substituting for §m and r, the M.1 of the cone about its axis of symmetry will be

h 2
2 (5
= pn a— z
0
1 pra*h 1pma*h
= j(h—z)4dz—2pnh4 J(z—h)“‘dz
0
pra*h
=222 - ol

_ pra*h® _ pma*h?
~ 10h* 10

Since we know that

p = density of the cone



So,
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Module No. 140
Ellipsoid of Inertia

We have obtained the expression of moment of inertia of the given line I in terms of moment and
product of inertia w.r.t the coordinate axes OXYZ coordinate system whose origin O lies on the
line I.
I, =1 =221, + u?lyy + v2l35 + 2url;, + 2uvl,; + 205,

(1)

For the ellipsoid of inertia, we chose a point P such that |OP| = 1/\/7. If (x,y,z) are coordinates

of point P then

X y Z
A=_= I, == I, = = i
OP i, op 0P| wI, v OP zVi

On eliminating 4, u, v from equation (1), we obtain
I = VD2l + WWD2Lyy + (VD 2153 + 2(cyVIND 1, + 2(yzVIVD Ly + 2(xzVIND I3,
I =1[x?1; + V%, + 22133 + 2xyl,, + 2yzlys + 2zx154]
1=x%1; + V2L, + z%135 + 2xy1, + 2yzly5 + 22x13,
which can also be written as
L1 x? + Lypy? + 1332 + 21 ,xy + 21,3y + 215,zx = 1
Since 144, I,,, I35 are all positive, equation (2) represents an ellipsoid. This ellipsoid is called
ellipsoid of inertia or momental ellipsoid. The momental ellipsoid contains information about
moments or product of inertia at given point. If P is any point on the ellipsoid of inertia, then

|oP| = 1/\/7 orl = 1/0P2 i.e. the moment of inertia of a rigid body about any line OP is equals

to the reciprocal of the square of the length of |0P|.
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Module No. 141
Rotational Kinetic Energy

Introduction to Kinetic Energy

Kinetic energy is the energy produced in any body during its motion. It is equal to the half of the
product of mass and square of the velocity of the moving body;

1
K.E=T= Emv2

We consider a rigid body in a general state of motion in which it has both translation and rotation
w.r.t a fixed coordinate system. We suppose that it has an instantaneous angular velocity w about
a reference point C. We will use a model of a rigid body in which it is considered a collection of
large number N of particles which satisfy the constraint of rigidity.
If v is the velocity of C, then the velocity v; of the ith particle is given by

Vi=v+wXr;
If m; is the mass and v; the velocity of the ith particle, then the kinetic energy of the ith particle
will be

T; = =m;v?
L 2 L1

therefore the total kinetic energy of the system will be given by
N N N
1 2 1 2
T = ZTL- = zzmivi = zzmi(v +wXr)
i=1 i=1 i=1
N

1
= EZmi[vz +2v.w X1 + (0 X 17)?]
i=1

N N N

1 , 1 1 )

=E Zmi v +52mi2v.wxri+52mi(w><ri)
N N

l l
1 1
= EMVZ + v. ((A) X Zmiri) +Ez mi(w X Ti)z
i=1 i=1

= %Mv2 +v.0 XYL mr +%Z?’=1mi(w X 1;)? 1)

where Y:¥ . m; = M is the total mass of the system.
Now by using the definition of position vector center of mass (c.m.), we have

r, = S 2)

Xim;
Now we will discuss the consequence of referring of the position vectors of particle of the system
to the c.m. If the position vector of the ith particle of the system w.r.t the c.s. , then

r=r;+r,
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>

Center of Mass

o

Then by substitution this expression in the definition of c.m.in (2) , we obtain
CXim(r'i + 1)
c Xim;
o ximyr'y  Mr,

e Xim; M

. _ZimiT'i .
c — c
xim;
or we can write
!
.= LA R Ml l+rc

which gives

Zmi'f’l’ =0
i

Hence if the reference point C is identified with the center of the mass and origin is taken thereat,
the expression X, m;r; = 0 and therefore

1 . 1% .
T = EMU + EZ m;(w X 1y)
i=1
T =Ty + Trot
where Ty, = %Mv2 is the translational kinetic energy is also equals to the K.E of the center of the
mass and t,.,; = %Z?Ll m;(w X 1;)?% is the rotational kinetic energy of the system.

But we have
(wx1)?=(wX7).(wX7)
=w.1; X (wX1)
therefore on substitution
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N
Tooe = %Z milw.r; X (@ X )] = %a).L

i=1
Thus we have obtained the following formulas for translational and rotational K.E. of a rigid
body

1 2
Ttr = EMU

Tror = 5.1 1)
As we studied the relation L = [w
By using this value in relation (1) we obtain the rotational kinetic energy in terms of moment of
inertia.
Trot =%w.1w =%1w2 2

where I is the moment of inertia of the rigid body about the origin and equation (2) is the
required expression for Rotational Kinetic Energy.
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Module No. 142
Moment of Inertia & Angular Momentum
in Tensor Notation

To show that the 3 x 3 inertia matrix (/;;) is also a Cartesian tensor of rank 3, we proceed as
follows. Here we have to distinguish between the particle index and the component index, which
denotes particle number, will be denoted by Greek letter «, and will take the value

1,2, ......., N. On the other hand, the component index, which denotes the component number
will be denotes by the Latin letters such as i and will take the value 1,2,3.

Using this notation, we can write the angular momentum of the system of N particles as

L=Zraxpa =Zrax(mava)

a a
where v, is the velocity of ath particle. Continuing we have

ZmaTaXUa=2marax(wxra), Vg = WXy

a a
Recall that every particle of the rigid body has the same angular velocity at a given t.
Simplification of the above reduces to

L= Z M (T Te) 0 — (0. 75)7,)

= Z ma(razw - (w'ra)ra)
a
But

3 3
Ww.Ty = E (l)iTa’i E wlxai E wjxa_j

i=1 i=1 j=1
where
T = (xa' ya'Za) = (xa,l'xa,z'xa,S) = Xq,i

Making substitution and taking the i'! component of the expression of angular momentum,

— 2
L = Z mg | 7°w; — (Z Wj Xg,j)Xq,i
J

a

we have

0, i#j

| g thus

But w; = X; wj 8;;; where §;; ={
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therefore

— 2
Li = Z Mme | 7o Z (L)j 6,_1 — Z (L)j xa‘jxa‘l-
a J j
2
z Mg Z(ra 8ij — xa,jxa,i)wj
a J
— 2
L= Z w; z Ma(1a?81j = XajXai)

L;

j a
which can also be expressed as
where
lij = Yo Ma(15°6;j — Xa,jXa,) (2)

Equation (1) shows that the component of angular momentum depends not only on the angular
velocity w but also on the inertia tensor ;.

Since the angular velocity (w;) and the angular momentum (L;) are known to be cartesion tensor
of rank 1, it follows from the quotient theorem I;; that I;; is a tensor of rank 2. It is called the
inertia tensor.



81

Module No. 143
Introduction to Special Moments of Inertia

In this module, we will study some special moment of inertia. In order to introduce the moment
of inertia of some specific shapes and special rigid bodies, we assume that the rigid body is of
uniform density of particles.

Solid Circular Cylinder

We assume the radius of cylinder is a and mass M about axis of cylinder.

1
IZEMG,Z

Hollow Circular Cylinder

We assume the radius of cylinder is a and mass M about axis of cylinder.
We consider the thickness of Wall of cylinder is negligible.

I = Ma?
Solid Sphere
We assume the radius of sphere is a and mass M about a diameter.
I = 2M 2
= 5 a

Hollow Sphere

We assume the radius of sphere is a and mass M about a diameter.
We consider the thickness of sphere is negligible.

[ = Ma?
Rectangular Plate

We consider sides of length a and b, and mass M about an axis perpendicular to the plate
through the center of mass.
1 2 2
I = EM(CL +b )
Thin Rod

We assume the length of rod is a and mass M about an axis perpendicular to the rod through the
center of mass.



Triangular Lamina

We assume the height h and mass M of lamina.
I = 1Mh2
6

Right Circular Cone

We assume the radius of the circular cone is a and mass M.

=2 M2
“10¢
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Module No. 144
M.I. of the Thin Rod - Derivation

Problem Statement

Calculate the moment of inertia of a uniform rod of length [ about an axis perpendicular to the
rod and passing through an end point.

Solution

Let the X — axis be chosen along the length of the rod, with origin at one end point as shown in
the figure. Let M and a be the mass and length of rod respectively. We suppose the rod to be
composed of small elements.

Let dm and dx be the mass and the length of the specific element of the rod at a distance x from
the end point O.

Then

dm_

X

SHES

M
= dm= —dx
a

Then the moment of inertia of this element about the given axis is

,_ M,
Lojement = dmx*® = Ex dx



Hence the moment of inertia of the whole rod will be

M
I = Z —x2%dx
a

all elements

M
=—fx2dx
a
0
3 x3a_M
T a3 a
0

84
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Module No. 145
M.IL. of Hoop or Circular Ring - Derivation

Problem Statement

Calculate the moment of inertia of a hoop of mass M and radius r about an axis passing through
its center.

Proof
Let M be the mass and r the radius of the hoop. Then we can define the density of the hoop by
__mass _ M
p= area  2mrdr
y
A dr
r
<€ > X
v

We consider this hoop to be composed of small masses (dm) each of length és.
We can write it as

_ M _ om
p= 2nrdr  drés
= dm = —39s

27T

Moment of inertia of the small portion of the hoop of mass §m about an axis through center and
perpendicular to the plane of the ring equals

— 2
Iparticle = émr
M Mr

=—90sr?=

—94
27T 2T S

Therefore the M. I of the
whole ring/hoop will be



Mr
I = —z os
21 particles

=My
21 s
_Mr2

T2 T

= Mr?

> Hence we obtain Mr? as the moment of inertia of the hoop.
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Module No. 146
M.I. of Annular Disk - Derivation

Problem

Calculate the moment of inertia of annular disk of mass M. The inner radius of the annulus is R,
and the outer radius is R, about an axis passing through its center.

Solution
Subdivide the annulur disk into concentric rings one of which is shown in the fig.
Let the mass of the ring is dm, and the radius be r, then the moment of inertia of the ring will be:

Liing = r*dm

The Surface area of the ring is
Area = (2nr)dr = 2nrdr
Since the surface area of the
annulus is
m(R3 — R{)

Therefore, we can have



dm

M

dm =

Since the moment of Inertia of the ring is:

_ 2nrdr
- m(R3 —RY)

2rdr
(RZ—R?) )

Lying = r*dm

or

2

2rdr 2Mr3dr

SRR R -R

Thus the total M.I of the annulur disk will be

I

I =

RZ—_R?

Ry
= f Iring
T=Rq

R>
f 2Mr3dr
R; — R}

r=R;

Rz

2M
f r3dr

RZ—_R?

T'=R1

Ry
.r.4-

2M

4

Ry

2M RY—R?

RI—RZ 4

1
—M(Rz + R?)
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Module No. 147
M.I. of a Circular Disk - Derivation

Problem

To find the moment of inertia of a circular disk of radius a, and mass M about the axis of the disk.

Solution
Subdivide the disk into concentric rings one of which is the element (ring) shown in the fig.

y
A

dr

v

Let the mass the of the ring is dm, then the moment of inertia of the ring will be:
Ling = r*dm
The Surface area this element is
Area = (2nr)dr = 2nrdr

Since we have

dm 2nrdr

M  7a?
2rdr

dm = >
a

Since the moment of Inertia of the ring is:



or

Ling = r*dm

2rdr 2Mr3dr
a

a’

Thus the total moment of inertia of the circular disk will be

which is M.I of a disk.

a
Laisie = flring
r=0

a
2Mr3dr
Lyisk = fT
r=0

a
2M 3
=— fr dr
r=0
2M |r* 2M a*
= =5
as |4 o a* 4
lgisk = s Ma?

90
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Module No. 148
Rectangular Plate - Derivation

Problem Statement

Calculate the inertia matrix of a uniform rectangular plate with sides a and b about its side.

Solution
We consider a rectangular plate (lamina) of sides of length a and b. We consider an element of
length dx and dy.

y

A
L Qo

b T
dx

ol. . >x

a
The mass of selected element will be
dm = pdxdy

Its moment of inertia about the y-axis is

pdxdyx? = px?dxdy.
Thus the total moment of inertia is

Since the total mass of rectangular plate is
M = pab
the moment o inertia will be
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Module No. 149
M.IL. of Square Plate - Derivation

Problem Statement

Calculate the moment of inertia of a uniform square plate with sides a about any axis through its
center and lying in the plane of plate.

Solution

Consider a uniform square plate with length of its side to be a, we have to find out M.I. of this
plate about any axis, through its center.

We consider this axis as y — axis.

Let p be the density of plate and the total area of square plate is a?.

So density will be
M
p= 22
We assume that the plate has been divided into vertical strips. Let us consider a strip from the
whole square as shown in figure.

y
A dx
19
a |
<« 1 —>x
:
s —a /2
\ 4

The strips are chosen in this way because each point on a particular strip is approximately the
same distance from axis of rotation i.e. y-axis, the mass of the strip is ém and the width of each
strip is 6x, then the area of the strip will be adx, so
dm = padx
Let the distance of the strip from y-axis is x, then the moment of inertia of strip will be
51 = dmx? = x?padx
So the moment of inertia of square is
Isquare = Z xzpa6x

all strips



Now substitute p = % we obtain

) e
Lsquare = fxzpadx=pa fxzdx
-4 )
3 a/Z 3 A3
B X pala® (—a’)
~ P o, 318 8
_pa(a®\ pa*
S 3\4) 12
Ma?

I square — 7
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Module No. 150
M.IL of Triangular Lamina - Derivation

Problem Statement
Find the moment of inertia of a uniform triangular lamina of mass M about one of its sides.

Solution

Let ABC be the lamina. We will find its M.I. about one of its side BC. We choose the X-axis and
the origin as shown in figure.

A

e e e i I T N RSP

B 0 C

At a distance x from BC we consider a strip of lamina of width dx. If the mass of the strip is dm
then its moment of inertia about BC is = x?dm.

To find dm we note that the triangles ABC and ADE are similar. Therefore the ratios of sides are
the same.

Hence
DE  heightof ADE h—x
BC  heightof ABC  h
which gives
DE = A X BC = A X a

where h is the height of the triangle ABC at base BC and a is the length of BC. Now
ém = p(area) = pDEéx

B h—xg
= a~—) o0




where p is the density.
Therefore the moment of inertia of triangular Iamina about the side BC is

1——J‘ x*dm = f

= Jﬂ 2(h——x)dx-— f(hx —x3)dx

dep

pal, x* x4
Y
pa (h* h*\ pah®
=I<?_Z>=1Z
Now substitute density= p = IZ::: = 1/1;4ah
we obtain
1=1MM
6

Hence the required expression for moment of inertia of the triangular lamina is %Mhz.
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Module No. 151
M.IL. of Elliptical Plate along its Major Axis
- Derivation

Problem Statement

Find the M.I. of a uniform elliptical plate with semi major axes and semi minor axes a, b
respectively about its major axes.

Solution

We consider the elliptical plate as

x2 y2

with semi major axes along x-axis as shown in figure.
From (1) we have

b
y = ia [a2 — x2
So, let y, =§ a? — x2,

We consider a small element of plate of mass ém of the elliptical plate will be pds which will be
equal to pdxdy. The moment of inertia if this element along x-axis will be equal to I = émy?2.

0 b
om

Then the moment of inertia of whole plate will be

I, = f(Sm)yz = f pds y?

plate
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Y Ny \
4 /

_%/az_xz

a
2y? 2p (b3 3
=p f dx =3 E(az—xz) /2dx

—-a
due to symmetry, we can write it as

—-a

a
4pb3
- 3pa3 f(az — x2)°2dx

By making use of polar coordinates, substitute x = a sin 8, then dx = a cos 6 this integral

becomes

TL'
4pb3
j a3 cos3 6 (acos 0)do
0
4 b3ﬂ/2
a
_ZP fcos‘*@d@
0
4pab31><3 i
3 2><4 2
— 1 b3
—Zpa T
-1 b3m X M —1Mb2
—4a & mab 4
where for elliptical plate, we have
_ M
p mab

is the required expression for M.I.
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Module No. 152
M.IL. of a Solid Circular Cylinder -
Derivation

Problem Statement

To find the moment of inertia of a solid circular cylinder of radius a, mass M and the height of
the cylinder h about the axis of the cylinder.

Solution

Let’s subdivide the solid circular cylinder into concentric cylindrical shells/ hollow cylinders,
one of which is shown in the fig.

Let the mass of one shell isdm, height is same as h, thickness be dr and the radius be r then the
density of the shell will be

_dm
p= 2nrdrh
or
dm = 2nprdrh

Since we have
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M M_dm

p= Veytinder " ma’h  2mrdrh
or

2M

dm = — rdr
a

Since the moment of inertia of the shell will be:
Lshey = r2dm
or

, 2M 2M
Ihett =71 a—rdr = a—r 3dr

Thus the total moment of inertia of the solid circular cylinder will be

a
cylmder = j shell

r=0

a
j 2M
cylmder a2

r=0

a
2M
=— jr3dr
a
r=0

2M |r4|®

a?

2Ma
az 4

r

1 =
0

— 2
Icylinder - E Ma

is the M.I of solid cylinder.
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Module No. 153
M.IL. of Hollow Cylindrical Shell -
Derivation

Problem

To find the moment of inertia of a hollow open cylindrical shell of radius R, thickness dR, mass
M and height of shell h about the axis of shell.

Solution

Let’s subdivide the hollow shell into small hoops/ rings, one of which is shown in the figure.

Z

<> dR

i
A

Let the mass of one ring isdm, height is dh, thickness be dr and the radius be R, then the mass
of one ring will be
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dm = p2nRdRdh
Hence the moment of inertia of the ring of radius R will be
Ling = dmR?
or
Ling = (p2nRARAR)R* = 2pnR*dRdh

In order to obtain the moment of inertia for the whole hollow cylindrical open shell, we will
integrate

h
I = jlrmg = ijnR3deh
0

h
I = 2an3dedh
0

= 2pnR3dRh
Since the density of the hollow cylindrical shell is

M

P = 2XRdRR

Therefore
I = MR?

is the M.I of hollow cylindrical open shell.
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Module No. 154
M.I of Solid Sphere - Derivation

Problem

Find the moment of inertia of a uniform solid sphere of radius a and mass M about an axis (the
z-axis) passing through the center.

Solution
For a uniform solid sphere, due to symmetry, we have

Ly = Iyy =1y

In order to calculate the moment of Inertia of the sphere, we split the sphere into thin circular
discs, one of which is shown in Figure.

Idz

e
X
!

We have already derived the expression for the moment of inertia of a representative disc of
radius x, which is

1
laisk = Exzdm

of an elementary disc of mass dm and the radius x.
As we know the mass = (density)(Area of disc)

therefore



dm = prx?
Hence moment of inertia of the sphere along z-axis will be

a
1
I, = fzpnx“dz
—-a

[IPPS2

Now, to write “x”in
terms of z, we make
a triangle as shown in fig,

where

a?=x*>+z%2, =>x*=a?-z

1
I, = fzpn(az —z%)2%dz

—-a
8 5
= —mpa
5P

Since the mass of the sphere is

M = 4 3
= 37Ta p
Therefore
2
IZZ = EMCI,2
Also

2 2
Lix = lyy = I = £ Ma

is the required moment of inertia of the sphere.
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Module No. 155
M.IL. of the Hollow Sphere - Derivation

Problem

A thin uniform hollow sphere has a radius R and mass M. Calculate its moment of inertia about
any axis through its center.

Solution

In order to calculate the moment of inertia of the hollow sphere, we split the hollow sphere into
thin hoops (rings), as shown in Figure.

> dR

e 8
=

de

We have already derived the expression for the moment of inertia of a representative hoop of
radius x, which is

I = dmx?
of an elementary ring of mass dm and the radius x.
The volume of the elementary ring is

dV = 2nxRdOdR

As we know the mass = (density)(volume)
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dm = pdV
therefore
dm = p2nxRdRdO

Hence the moment of inertia of the small ring of radius x will be

Ling = dmx?®

or
Lying = 2nxpRARd6)x* = 2npRdRx*d6
which is the moment of inertia of ring of radius x chosen from the hollow sphere.

In order to obtain the moment of inertia for the whole hollow sphere, we will integrate

/2

I = f]ring = f 2mpRARx3d0

/2
due to symmetry, we can write
/2

I = 47rdeRj x3do
0

To solve the integral, we need to write x in terms of 8. From fig we have
X =Rcosf
The integral becomes,

"/,

I = 47TdeRf (R cos 0)3do
0
/s

I = 47TpR4de cos30do
0

/2
1= 4npR4de cos 6 cos? 6 df
0
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/s
1= 4npR4de cos @ (1 —sin? §)d@
0

/2
I = 47TpR4de cos 6 (1 —sin? )do
0
/2 /2
I = 47rpR4dR(f cos 0 df — f sin? @ cos 0 d6)
0

0

VA
sin® 9 /2

3

I = 4mpR*dR |sin 6 —

0

1
= 4npR*dR (1 - —)

3
2
= 4mpR*dR X 3
_8 R*dR
Since the density of the hollow sphere is
_ M _ M
P =V T anR24R
Hence M. of hollow sphere will be
2
| = =MR?
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Module No. 156
Inertia Matrix / Tensor of solid Cuboid

Problem Statement

Calculate the inertia matrix / inertia tensor of uniform solid cube at one of its corners.
Solution

Let the length of the edges be a of each side and let the axes be chosenalong the edges as shown
in the figure.

By definition
Iy = Ly = fp(r)(yz +2%)dV

Since the box is made of uniform material, the density p must be constant. Therefore

a a a
Ixx=pfjj(y2+zz)dxdydz
00 0

a a a
= pJ f(yz +Z2)ddeJ dx
00 0

a a
= paj J(y2 + z2)dydz
00
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Since we know that for the cube

We obtain

Similarly, due to symmetry, we can write

Again using
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We obtain
. Ma?
12 — 4
Similarly,
L Ma?
12 — 4
. Ma?
12 — 4
The required inertia matrix / inertia tensor will be
[2M Ma? Ma?
_a — —
3 4 4
Ma* 2M Ma?
4 3 4
Ma? Ma®> 2M
— — —a
4 4 3 .
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Module No. 157
Inertia Matrix / Tensor of solid Cuboid

Problem Statement
Calculate the inertia matrix of uniform solid cuboid (parallelepiped) at one of its corner.

Solution

Let the length of the edges be a, b, c and let the axes be chosen along the edges as shown in the
figure.

By definition

I11 = Ly

= [ b0 + 2230

Since the box is made of uniform material, the density p must be constant. Therefore

Cc

a b
Ly = pf f f(y2 + z2)dxdydz
00 0

c a

b
= pff(yz +zz)dydzfdx
00

0



abc
Lx = pT(bz +c?)
using relation
M
p= abc

Similarly, due to symmetry, we can write
M
L, = = (a? + ¢?)

M
I, = ?(az + bz)

Now for the product of inertia, we have

Again using

111
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_ M
p= abc

we get

- Mab

12 — 4
Similarly,

; Mbc

23 — 4

L. = Mac

31 = 2

The required inertia matrix / inertia tensor will be

Iij ==
rM b2 4 o2 Mab Mac
g ("% 4 4
Mab M 2 4 2 Mbc
4 3 (@ +¢) 4
Mac Mbc M 2 4 2
4 4 3 (@ )]
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Module No. 158
M.I of Hemi-Sphere - Derivation

Problem Statement

Find the moment of inertia of a uniform hemisphere of radius a about its axis of symmetry.

Solution

We will use the spherical polar coordinates (r, 8, ¢). Their use makes computational work
simpler.

Their range of variation for hemisphere will be
0<r<a
0<6<T7/,
0<¢p<2rm
x =rsinfcosg,
y =rsinfsing, z=rcosf

We choose the z-axis as the axis of symmetry.

Hence
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I, = f PG +y2)dV

=p f(x2 +y?)av
Now calculate x2 + y? in terms of sp. coordinates
x% + y? = r2(sin? 0 cos? ¢ + sin? 0 sin? @)
= r2sin? 6 (cos? ¢ + sin? @)
=1r2sin%0

and the element of volume in spherical polar coordinates is given by

dV = dr(rd0)(r sin8de) = r?sin 6 drdfde
Therefore

”/2 27T

a
IZZ=pfj jr4sin30drd0dg0
00 0

T/,

a
fr“drf sin Hdef do
0

0
/2

a
= an?j sin® 0 d@

TL'
a 3sinfd — sin 360
— de
5

0

cos 360 /2

= (27tp | —3cosO +
0

aS
= mp = [(0) = (=3 +1/3)]

B a® 8
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= 4mp a_S
15
By using the relation for density
M
p= 2/3 a3
we obtain
I, = gMaZ

which is required expression for moment of inertia of hemisphere.
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Module No. 159
M.IL. of Ellipsoid -Derivation

Problem

Find the moment of inertia and product of inertia for the ellipsoid

w.r.to its axes of symmetry.

Solution
By definition
L1 = Ly
= | p0* +20av
ellipsoid
If we put
X A y R/ z R
a X b Yo c d
then
x=ax',y=by', z=cZ
= dx = adx', dy = bdy', dz = cdz'
and

dV = dxdydz = abcdx'dy'dz’
Now under the above transformation, the given ellipsoid is transformed into the unit sphere S:
x?+y?+7%2=1

The integration is now over the region enclosed by the unit sphere.
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Li=p f (b2y'? + c2Zz'*)abcdx'dy'dz’'
R

or

I = pab3cf y"?dV' + pabc3 f z"%dV’
R R

where dV' = dx'dy'dz’
Now because of symmetry

j y2dv' = f 2" dv’

R R

Now we solve one integral.
We use the spherical polar coordinates (r, 8, ).
Their range of variation will be
0<r<1, 0<60<m 0<¢p<2nm
x =rsinfcose, y=rsinfsing, z=rcosf
and
dV' = dr(rd8)(r sin8de) = r?sin 0 drdfde

Thus

27T

j r*sin3 6 sin? ¢ drdfde
0

1
frov-
0

1 T
=fr4drfsm Hdef sin? @ do
0 0

cos 30"

o —_

sin 2¢|*"
2

_1 | 3 0+
2 cos

0

Thus



118

f 2 gy = 2T
Y ~ 15
S
Therefore on substitution
2T 2T
I, = pab3c— + pabc® —

15 15
21
— 2 2
I, = pabc—15 (b* +c?)

_ M
~ (4/3)mabc

abc X i—:(bz +c?)
Ii; = %(bz +c?)
Similarly,
I, = %(c2 + a?)
I33 = i/l_o(az +b?)

For product of inertia

Lip =1y = — f xydV
ellipsoid

= —pj ax'by'(abcdx'dy'dz")
R

= —pazbchff x'y'dx'dy'dz’
R

Using the polar coordinates (r, 6, @)

2T

w1
I, = —pazbch JJrsianos @(rsin @ sin ¢)r?sin 6 drdfde
0 00

=0
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Similarly, we can obtain
123 = 0

131:0
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Module No. 160
Example 1 of Moment of Inertia

Problem

Particles of masses 2m, 3m and 4m are held in a rigid light framework at points (0,1,1), (1,1,0)
and (—1, 0, 1) resp.

Show that the M. I. of the system about the x, y, z — axis are 11, 13, 12 respectively.
Solution

Since the masses are 2, 3and 4 i.e. m; = 2, m, = 3 and m3 = 4, and the points are given by
P;(0,1,1), P,(1,1,0) and P3(—1,0,1).

We are required to find out the moment of inertia about x-axis, y-axis and z-axis i.e. Ly, Iy, I,
Ly = Z Tni(yi2 + le)
i

=my(yf +2f) + my(y3 + 23) + m3(y3 + 23)
=2(1+1)+3(14+0)+4(1+0)
=4+3+4=11
So,

I, =11
Iyy = Zml(xlz +Zi2)
i

=my (xf +27) + my(x3 + 23) + ma(x3 + 23)
=2(0+1)+3(14+0)+4(1+1)
=2+3+8=1
So,

yy =13



So,

» Hence Showed

I, = Zmi(xiz +yi2)
i

=my(yf + x7) + my (x5 + y3) + ma (x5 + y3)
=2(0+1)+3(1+1)+4(14+0)

=2+6+4=12

I, =12
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Module No. 161
Example 2 of Moment of Inertia

Problem Statement

A boy of mass M = 30kg is running with a velocity of 3 m/sec on ground just tangentially
to a merry-go-round which is at rest. The boy suddenly jumps on the merry-go-round. Calculate
the angular velocity acquired by the system. The merry-go-round has a radius of r = 2m and a

mass m = 120kg and its moment of inertia is 120 kgm 2.

Solution
The merry-go-round rotates about an axis which we regard as passing through its c.m.
Let’s give the following notations:
» M.lofboy=1,
M.I of merry go round = I,
Vel. of boy = v;
Vel. of merry go round = v,

Angular vel. of boy = w,

YV V VYV VY V

Angular vel. of merry go round = w,

The moment of inertia I; of the boy about the axis of rotation can be found by
I, = Md? = 30 x 22 = 120kgm™2
The moment of inertia I, of merry go round is given to be
I, = 120kgm™?2
Since the velocity of the boy about the merry-go-round is v; = 3ms™1, therefore his angular

velocity w, about the axis of rotation is therefore

v 3
Wy, = 1=37° 1.5 radian per second

Initially the merry go round is at rest, therefore v, = 0, and thus its angular velocity w, = 0.
We ignore friction and therefore there is no external torque on the system.
Hence by the law of conservation of angular momentum
(L+L)w=Lw+ Lw,
Loy + Lo,
A
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where w is the angular velocity of the system when the boy jumps on the merry-go-round.
120(5) + 0
“ =120+ 120
= (0.75 radian per sec
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Module No. 162
Example 3 of Moment of Inertia

Problem Statement(tl

Two particles of masses m; and m, are connected by a rigid massless rod of length [ and moves
freely in a plane. Show that the M. I. of the system about an axis perpendicular to the plane and

passing through the center of mass is M 1% where

mpm,
my +m,

Solution

Let r, be the distance of mass m, from center of mass C. Then [ — r; is the distance of the mass
m, from C.Since C is the center of the mass.

So,
myry = my(l —11)
= myr = myl —myn
= (Mmy + my)ry = myl

m,l
=>n=——T
P (my +my)
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=1 =1 my |
ne (m; + my)
mll + mzl - mzl
= l -1 =
(my + my)
=1 = ml
ne (my + my)

Thus the M.I. about an axis through C is

mlrlz + mz (l - T12)2

myl  \* N
= (g ™ ()
my +m, my +m,

mym,l? mym,
= 2 (ml + mZ) = lz
(my +my) my +m;
I = MI?
where
o mm,
T my+m,

Hence showed.
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Module No. 163
Example 4 of Moment of Inertia

Problem (© engineering.unl.edu)

Calculate the moment of inertia of the shaded area given in figure about y-axis.

y
4"
y=x%/3

1Il

0lL—=" - x
Solution
Here, we have
y=x%/3 (1)

We consider an elementary strip from the shaded area whose M.I is

Lo =1x2(xd )=1x3d
strip 3 y 3 y
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Then by integration, we obtain the moment of inertia of the whole shaded area
4
3 2| 5,14
Iy =\/§fy fady =3z |y
1
1

= ViZ[@% - 1
2\/_[(4)5/2 _ (1)5/2]

=£(32— 1)

= 21.5inch*



128

By using (1), we get

3
Istrip = \/§y /Zdy
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Module No. 164
Example 5 of Moment of Inertia

Problem

Determine the moment of inertia of the shaded area shown in figure with respect to each of the
coordinate axes.

Solution

Here we have

y = kx? 1)
From fig. we have

x =a, y=>b, then

b
b=ka*=k=—
a
Substituting the value
of kin (1), we obtain
b a
— = 2 -
y = 2 X orx \/E\/;

Now the moment of inertia along x-axis will be
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b

L = f y*dA = fyz(a—x)dy

LS
o

Hence

and

are moment of inertia about x-axis and y-axis respectively.
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Module No. 165
Example 5 of Moment of Inertia

Theorem Statement

The moment of inertia of a rigid body about a given axis is equal to the same about a parallel
axis through the centroid plus the moment of inertia due to the total mass placed at the centroid,
(the last quantity will be referred to as moment of inertia of the centroid).

Proof

By definition, if I denotes the M.I about the given axis, and d; denotes the distance of it" particle
from the given axis, then
i

If e is the unit vector in the direction of the axis, then we have the following result

diz = (e X Ti)z

Let . denotes the position vector of the centroid and

r{ the position vector of the i*" particle w.r.t to the centroid, then
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— !
r,=r,+mn

On making substitutions, we obtain

I = Zmi [e X (r, + ri')]z

i

2
=Zmi[exrc +e><rl-’]

i

=Zmi [(e X1 )%+ (exr)? +2(e xrc).(e xri’)]

i
= Zmi(e Xr.)? +Zmi (e X 1/)?
i i
+2 (e xrc).Zmi(e X 17)
i
=zmidcz +Zmid{2 +2(e><rc).e><2miri’
i i i

But >;; m;r; = 0 (We studied in earlier module).

Therefore

[ = (z m)d? + z m; d!?
i i

=Md.S +1'

where

M=Zmi
i

is the total mass of the system.
or
I=1,+TI

where I, denotes the moment of inertia of the centroid, and I’ denotes the M.I of the system
w.r.to a parallel axis through the centroid.
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Module No. 166
Example 1 of Parallel Axis Theorem

Problem

Use the parallel axis theorem to find the moment of inertia of a solid circular cylinder about a
line on the surface of the cylinder and parallel to axis of cylinder.

Solution

Suppose the cross section of cylinder as in figure. Then the axis of the cylinder is passing
through the point C, while the line on the surface of cylinder is passing through A. So, we have to
find out M.1 of circular cylinder about a line passing through the point A whose radius is a
(radius of circular cylinder) and mass is M.

By parallel axis theorem
Li=1.+Ma*> (1)

Since I, which is the moment of inertia of a solid circular cylinder about an axis passing from
the center of mass is defined by

Ie = 5 Ma? 2)
where a is the radius of a solid circular cylinder.
By substituting equation (2) in equation (1) we have
1

I, == Ma* + Ma?
2
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=

I, =G +1) Ma?
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Module No. 167
Example 2 of Parallel Axis Theorem

Problem

Prove that the moment of inertia of a uniform right circular cone using parallel axis theorem of
mass m, height h and semi vertical angle a about a diameter of its base is

Mh?(3tan? a + 2)/20

Solution

In the case of M.l about its diameter, we consider the elementary disc of mass §m whose
moment of inertia about a diameter will be

81 _1 2§
0o =5Tom

> N

om

We note that the diameter passes through the center (which is also the centroid) of the
elementary disc.

Hence by parallel axis theorem, the M.I. 81 of the elementary disc about a parallel axis (parallel
diameter) at the base is given by
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851 = 61y + (6m)z?

1 1
= Zrz&n + dmz? = 6m(Zr2 + z2)

1 1
= prtrZSZ(Z r2+z%) =pn (ZrA‘ + r222> 8z

From the similar triangles,

we have

0z

Therefore = prt [ (h — 2)* + & (h — 2)°2%| 62
a4 4 az 2,2 3 4
=pnlm(h—z) +ﬁ(h z°—2hz° +z )l(ﬁz

Therefore M.I of complete right circular cone about a diameter is given by

‘ a* a?
I = pnf {4_h4 (h—2)*+ n (h?z% — 2hz® + 24)} 5z
0

a* h®> a?h°
I = -
pr <4h4 5 +h230>

Since we know that p = Waymath

= ﬂ(3a2 + 2h?)
20
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Since the semi vertical angle of
the right circular cone is a,

So by right triangle AOB, we have

. _ AO _a
ana = 5= %
A
a
- a(
(4] B
a=htana
Therefore
M
I = —[3(htan a)? + 2h?]
20
or
Mh?
— 2
I = 50 [3tan” a + 2]

Hence proved.
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Module No. 168
Example 3 of Parallel Axis Theorem

Problem[!

Find the moment of inertia of a uniform circular cylinder of length b and radius a about an axis
through the center and perpendicular to the central axis, namely I, or I,,.

Solution

Consider the elementary disc of mass dm and thickness dz located at a distance z from the xy
plane. Then the moment of inertia about a diameter will be

ol —1 2d
O—Za m

z

Then, using the parallel-axis theorem, moment of inertia of the thin disc about the x — axis will
be

1
dl, = Zazdm + z%dm

where dm = pra®dz.

Thus
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b/2

1
I, = prra? f (Zaz + ZZ> dz
_b/2

1 1
— 2(= .2 —p3
pra (4a b + v )
but the mass of the cylinder m is pra?b,

therefore

Due to symmetry we have
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Module No. 169
Example 4 of Parallel Axis Theorem

Problem

Calculate the moment of inertia I ,,, for a uniform rod of length [ and mass M rotating about an
axis through the center, perpendicular to the rod.

Solution

In order to calculate the moment of inertia through the center of mass c.m., we use parallel axes
theorem.

In a transparent notation
L=1I,, +Md? 1)
where d is the distance between the origin and the center of mass and d = l/z.

Also I; is the moment of inertia of rod about one of its end (which we calculated earlier).

Here
1.2
I, = EMl (2)

From (1), we have

Substituting value from (2) in (1)

1 N 11
Icm :§Ml —M<E) :§Ml —ZMZ
1
Icm:EMlz

which is required moment of inertia about its center of mass.
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Perpendicular Axis Theorem

Theorem Statement

The moment of inertia of a plane rigid body about an axis perpendicular to the body is equal to
the sum of the moment of inertia about two mutually perpendicular axis lying in the plane of the

body and meeting at the common point with the given axis.

Proof

We choose the coordinates such that XY axes lie in the plane of the rigid body and the Z-axis is

perpendicular to it.

Then the theorem can be stated as
I3z =111 + I
or
Iz = Lex + 1y
where I;; = I, etc. are M.1 about the x-axis etc.
Since the z-axis has been
chosen to be perpendicular

to the laminar body, therefore

133 = IZZ = Z mldlz
i

y
4 Xi (xi, ¥i)
,’xiz + J’iz ¥y
d;
x
0 >
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where d; is the distance of the it" particle (lying in the xy-plane) from the z-axis.
If we denote the coordinate of this particle by (x;, y;), then
a? = xf +7

and therefore

133 = Izz = Zml(xlz +y12)

l
_ 2 2
= z mix; + Z m;y;
i i

= Ly + 1y

» Hence the proof.
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Module No. 171
Example 1 of Perpendicular Axis Theorem

Problem Statement

Find the moment of inertia of a uniform circular plate (or disc) about any diameter.

Proof

Since we have deduced that moment of inertia of a uniform circular disc is
1
Lyjsc = Py Ma?

which is about a line passing through center and perpendicular to the plane.

Considering the same axis with same terms in 3-dim body (i.e. z — axis passing through center
of mass and perpendicular to xy — plane), we have using perpendicular axis theorem

Izz = Ixx + Iyy (1)

We have to find out M.I. of uniform circular plate (disc) about any of its diameters which are
along x — axis and y — axis (i.e. we have to find out I, or I, both of them are equal to I;)

Since
Ly =1g =1y
So equation (1) becomes

L,=1;+1,



or

I, =24

1
( Izz = Idisc = E Maz)

where M is the mass of disc and a is its radius.

144
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Module No. 172
Example 2 of Perpendicular Axis Theorem

Problem Statement

Find the M.I. of a uniform elliptical lamina with semi major axes and semi minor axes a, b
respectively about respective axes (X, y, z-axis) using perpendicular axis theorem.

Proof

We consider the elliptical plate as

x2 yZ
Stm=1 O

with semi major axes along x-axis as shown in figure.

1 b
om

From (1) we have

lety, = gm

We consider a small element
of mass dm of the elliptical
plate, then we will have

dm = pds = pdxdy
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The moment of inertia of this element along  x-axis will be equal to I = §my?2.

Then the moment of inertia of whole plate will be

= [(6m)y? = fplate pds y?

due to symmetry, we can write it as

a
4pb3
_P f(az—x2)3/2dx

3a3

By making use of polar coordinates,

substitute x = a sin 8, then dx = a cos 6 this integral becomes

4pb3

7T
J a3 cos3 6 (acosB)db
0

4pab3

7T
f cos* 0 de
0

— 1 b3

= 4pa T
for elliptical plate, we have

M

p= mab

Thus
1 M
Ly =—ab3m x —

4 wab
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1 2
&x::ZA4b

Similarly, about y-axis

due to symmetry, we can write it as

b
4pb3 3
~ 353 j(az_yz) /2 dy
0

Using polar coordinates, substitute y = b sin 8, then dy = b cos 8 d8 this integral becomes

T/,

4pa’
I, =P fb3cos30(bcost9)d0
0

yy — 3ph3

/s
j cos* 6 do

0

B 4pab

4pa®b3 w
= — X —
3 8 2

_.1 3b
—-4pa Vs

1 3 M
= — X —
4 aor mab

1

— 2
@y——zﬂhl

now using perpendicular axis theorem, we obtain
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Iz = Lex + 1y

—1Mb2+1M 2
2 2

1
IZZ = ZM(CLZ + bz)

which is M.1. of elliptical lamina along z-axis
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Module No. 173
Example 3 of Perpendicular Axis Theorem

Problem

Find the moment of inertia of a rectangular plate with sides a and b about an axis perpendicular
to the plate and passing through a vertex using perpendicular axis theorem.

Solution

We consider a rectangular plate (lamina) of sides of length a and b. We consider an element of
length dx and dy as shown in figure.

y
A
{dy
b >
dx
v x
0 % P )
a
We find the M.l about y — axis.
The mass of selected element will be
dm = pdxdy

It’s moment of inertia about the y — axis is

letement = pdxdyx® = px*dxdy.

where x is the perpendicular distance from the element to the y — axis.
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Thus the total moment of inertia about y-axis is

a b
I, = f fpxzdxdy
x=0 y=0

a
PEIR |
=pbfx2 = pb|—| ==pba3
3 3
0 O
Since the density of the rectangular plate is
_ M
P=ab
the moment of inertia will be
1
Iy = §Ma2

In the similar manner, we will calculate the moment of inertia about x-axis

The total moment of inertia about x-axis is

a b
L = f fpyzdxdy
x=0y=0

b

=pajy%y=pb
0 0

31b

y 1
3

= §pab3

Using the relation of the total mass of rectangular plate
M = pab
Then the moment of inertia will be

1—1MN
X3

Thus by using perpendicular axes theorem, we obtain the moment of inertia along z-axis

I, =L +1,

1 2 1 2
Qv::§A4b 4—§A4a
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1
M(a?* + b?)

IZ:§

which are the required moments of inertia of rectangle along x, y, z-axis.
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Module No. 174
Problem of Moment of Inertia

Problem

Find the moment of inertia about the line of an apparatus (as shown in figure) consisting of a sphere
of mass M and radius b attached to a rod of length 2a & mass m.

Solution

Since from the figure it is clear that b is the radius of the sphere whose mass is M and is attached
to the rod of length 2a whose mass is m.

Therefore
I, =1L+

where I, is the M.I. of a rod of length 2a about L and I,; is the M.I. of a sphere of radius b
about the line L, then



2a
I, = f px2dx
0
~ 312a ~ 8 ,
=rl3 o= p3a
using relation for p, we get
I, = %ma2
Now
L, =1+ Md?

where I' is the Ml of sphere about its diameter

IZL = szZ +M(2a+ b)Z
5

Substituting equation (2) & (3) in (1), we get

4 2
I, = =ma®* + =Mb? + M(2a + b)?

L=3 5

which is the required M.I. of the apparatus.

(2)

(3)
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Module No. 175
Existence of Principle Axes

Introduction

The axes relative to which product of inertia are zero are called the principal axes and the
moment of inertia along these axes are called principal moment of inertia.

Theorem Statement

For a rigid body, there exist a set of three mutually orthogonal axes called principal axes
relative to which the product of inertia are zero and « and L are considered along the
same direction.

Proof

We assume that there exists an axis through a point O of the rigid body such that angular velocity
« and angular momentum L of the body are parallel to this axis. Then we can write

L=1w Q)
where I is a constant of proportionality.
Form equation (1), we have
Li =1wq, Ly =1lw,, Lz =lw;
Also from the general theory of angular momentum
Li=%; Ijj w; )
From equation (1) and (2), we have
Ly =Ly + 03 + 13wz = [w,
Ly = Liwy + Iw; + [zws = [w;
Ly = 3101 + [30; + I3303 = [w3
which can also be written as
(li1—Dw1 + Ipwy + Ii3wz =0
L1001 + (Iz2—Dwy + 303 =0

3101 + I30; + (I33 — Dwsz =0 (3)
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Equation (3) is a system of three homogeneous linear algebraic equation in the unknown
w1, Wy, W3.

This system will have a non-trivial solution, i.e. (w # 0), if the determinant of the matrix of
coefficients is zero. i.e.

i1 —1 I, I3
121 122 —1 123 =0 (4)
I34 I3, I35 —1

This is a cubic equation in I and will in general have three roots. Equation (4) is called
characteristic equation of the matrix (/;;).

The roots of equation (4) are called eigen values of the inertia matrix (/).

The problem of finding principal moment of inertia and directions of inertia has been reduced to
that of finding the eigenvalues and eigenvectors of a symmetric 3 x 3 matrix.

The following results from the eigenvalue theory of matrices will deduce further results about the
principal moments and directions (axes) of inertia.

Related Theorems
» Theorem 1
A 3 x 3 symmetrical matrix has three real eigenvalues, which may be distinct or repeated.
» Theorem 2
The eigenvectors of a symmetrical matrix corresponding to distinct eigenvalues are orthogonal.

» Theorem 3

It is always possible to find three mutually orthogonal eigenvectors fora 3 x 3 symmetric
matrix, whether the eigenvalues are distinct or repeated.

Results

In the light of above theorems, we deduce the following results about the inertia matrix I __ at

mat

point O of a rigid body.

I.  The principal of moment of inertia are always real numbers. This is obviously physical

because the moment of inertia is defined as the quantity ., m;d? where m; and d; are
both real.



When all three principal moments I, I, I, are distinct, then by the theorem 2, three
mutually orthogonal principal axes can be found.

When I, = I, but I; # I3, then by the theorem 3, we can still determine three mutually
orthogonal principal axes, because the inertia matrix is symmetric.

156
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Module No. 176

Determination of Principal Axes of Other
Two When One is known

In many instances a body possesses sufficient symmetry so that at least one principal axis can be
found by inspection, i.e;the axis can be chosen so as to make two of the three products of inertia
vanish.

We consider a plane rigid body i.e. a 2D body; for example a plate of uniform thickness. Such a
system can be regarded as a coplanar distribution of mass.

Since there are three mutually orthogonal principal axes, one of them must be perpendicular to
the plane of the body.

The other two axes will lie in the plane of lamina.

We choose X and Y axes in the plane of lamina, and the Z axis perpendicular to its plane, as
shown in figure.

Iy, =1L,, =0 whereas I, # 0 1)
Since we have obtained the following equations for principal axes.
(11 = Dwy + I1;0; + 303 =0
L1y + (I = Dw; + 3wz =0
L3101 + Iz, + (I33 — Dwz =0 (2)
By making use of (1), and using the first two equations of (2), we obtain
(11 —Dwy + [0, =0
Lywy + (I = Dw,; =0

Since the principal axes perpendicular to the plane of lamina is supposed to be known, and we
are interested in determining the principal axes in XY -plane, therefore we didn’t consider third
eq. of (2).

Let OP;, OP, denote the principal axes in the XY-plane and let ¢ denote the angle between the
OP, and the X — axis.
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> <
-

@
\ > X

We define

which can also be written as

= =k, (3)

cos @ " sin Q -
where k is any arbitrary constant.
Substituting for w4, w, from equation (3) in (2) we have, after simplification
(I;7—I)cos@ + I;,singp =0
Iy cosp + (I, —I)sing =0
These equations can be put in the form

sin @ cos ¢
—, Iy = = =1, —
cosp’ 12 sing

Ly —1=—-I
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Module No. 177
Determination of Principal Axes by
Diagonalizing the Inertia Matrix

Introduction

Suppose a rigid body has no axis of symmetry. Even so, the tensor that represents the moment of
inertia of such a body, is characterized by a real, symmetric 3 x 3 matrix that can be
diagonalized. The resulting diagonal elements are the values of the principal moments of inertia
of the rigid body.

The axes of the coordinate system, in which this matrix is diagonal, are the principal axes of the
body, because all products of inertia have vanished.

Thus, finding the principal axes and corresponding moments of inertia of any rigid body,
symmetric or not, is virtually the same as to diagonalzing its moment of inertia matrix.

Explanation

There are a number of ways to diagonalize a real, symmetric matrix. We present here a way that
IS quite standard.

First, suppose that we have found the coordinate system (principal axes) in which all products of
inertia vanish and the resulting moment of inertia tensor is now represented by a diagonal matrix
whose diagonal elements are the principal moments of inertia.

Let e; be the unit vectors that represent this coordinate system, that is, they point along the
direction along the three principal axes of the rigid body.

If the moment of inertia tensor is "dotted" with one of these unit vectors, the result is equivalent
to a simple multiplication of the unit vector by a scalar quantity, i.e.

Iel- = /1€i (1)

The quantities A; are just the principal M.l about their respective principal axes.The problem of
finding the principal axes is one of finding those vectors e; that satisfy the condition

(I—-ADe; =0 (2)

In general this condition is not satisfied for any arbitrary set of orthonormal unit vectors e;. It is
satisfied only by a set of unit vectors aligned with the principal axes of the rigid body.
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Any arbitrary xyz coordinate system can always be rotated such that the coordinate axes line up
with the principal axes. The unit vectors specifying these coordinate axes then satisfy the
condition in eq (2). This condition is equivalent to vanishing of the following determinant

I —2AIl=0 (3)
Explicitly, this equation reads
111 —1 112 113
Iy ILpx—=1 Iz [=0
131 132 133 —1

Itis a cubic in A, namely,
B4+ A¥ +BA+C=0 (4

in which A4, B, and C are functions of the I's. The three roots 1,, A, and A5 are the three
principal moments of inertia.

We now have the principal moments of inertia, but the task of specifying the components of the
unit vectors representing the principal axes in terms of our initial coordinate system remains to
be solved.

Here we can make use of the fact that when the rigid body rotates about one of its principal axes;
the angular momentum vector is in the same direction as the angular velocity vector.

Let the angles of one of the principal axes relative to the initial xyz coordinate system be
a, S and y and let the body rotate about this axis. Therefore, a unit vector pointing in the
direction of this principal axis has components (cos a, cos 8, cos y).

Using eq (1),
161 = Alel
where A, the first principal moment of the three (1,, 4,, 43), is obtained by solving eq (4).

In matrix form

L — A4 Iy, i3 cosa
I, I — A4 I3 [COS ﬁ] =0
cos
I3 Iy, Isg— A,) %Y

» The direction cosines may be found by solving the above equations.

» The solutions are not independent. They are subject to the constraint
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cos?a + cos? f + cos?y =1

> In other words the resultant vector e; specified by these components is a unit vector.
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Module No. 178
Relation of Fixed and Rotating Frames of
Reference

In order to derive the relationship between fixed and rotating frames of reference, we will study
the following theorem!*21,

Rotating Axes Theorem
» Theorem Statement

If a time dependent vector function Ais represented by /Tf and ffr in fixed and rotating coordinate

dA\  (dA h
E = E +wXA,
f r

where it is understood that the origins of the two systems coincide at t = 0

system, then

> Proof

We denote the fixed and rotating coordinate systems by 0X,Y,Z, and 0XYZ and denote the
associated unit vectors by {iy, jo, ko} and {i, j, k}.

Consider a vector A which is changing with time. To an observer fixed relative to OXYZ system,
the time rate of change of A = A,1 + A,J + Ak will be

dA —dA“+dA“+dAIE
ac T @t Tt T
where d:tr denotes the time derivative of A relative to the rotating frame of reference.

However, the time rate of change of A relative to the fixed system 0X,Y,Z, symbolized by the

d
% needs to be found.

To the fixed observer the unit vectors i, j, k actually change with time.

Thus
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d d ) R

EAI-‘ = E(All +A2] +A3k)
_dA1A+dA2A+dA3E+A dz+A dj_l_ dk
BT TR, Yat " 7?de T3 de

dA dA di daj dk
f r J
R + A, —

dt dt Ldt

tA, A (D

Since 1 is a unit vector, di/dt is perpendicular to 7. Then Z—i must lie in the plane of jand k.

Therefore
di . -
i aj + ayk (2)
Similarly,
dj S
- azk + a,l (3)
dk .
a asl + agj 4)
Form i.j = 0, differentiation yields
Y di i
Bat T ar T Far T at
But from (2), we have
di dj
].E—alandl praair’
=4 ayp = —aq
Similarly form 1.k = 0 we obtain
AdA+IE di_O:AdlAc_ 7 di
T t A TERrT:
From (3), we have
P and =
.dt—azan .dt—aS

=>0(5 = —a,



and from j. k = 0 we obtain

From (4), we have

~dj L dk
k.dt =a, and].dt = Qg

Then
follows that
A di+A 4 +A dk
Ydt  T%dr 3 dt
where

dk EW—O=Vd
dt = dt Jde
- dg = —Q3
dai .
T aj + ayk
dj « .
- aszk — a;l
dk X X
dt = —al —a3)

164

= (—ayd; — ayA3) + (—a1 Ay — azds)f + (—ayA;y — azdy)k

a = wli+a)zj+w3k

The vector quantity  is the angular velocity of the moving system relative to the fixed system.

Thus from (1) and (5), we obtain

<d/f> _(dﬁ)
dt) —\dt),

+wXxXA
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Module No. 179
Equation of Motion in Rotating Frame of
Reference

There are two cases to be discussed in this article. Frist is when the origins of fixed and rotating
coordinate system coincide and other is when the origins of two system are distant.

Case |

In this case we consider the origins of the fixed and rotating coordinate system coincide. This
case was earlier discussed in detail, where it was found that:

~

To an observer fixed relative to 0XYZ system, the time rate of change of r = i + r,j + 13k
will be

d d . d | d .
arr = %rll +Erzj +Er3k (D

where % denotes the time derivative of r relative to the rotating frame of reference.

ZOZ

However, the time rate of change of r relative to fixed system 0X,Y,Z, symbolized by % will
be

drf_(dr> _(dr) b x )
at \dt), \at), """ 2)

or in operator form, we can write

(), =), +ox
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Differentiating both sides of (2) w.r.t the fixed coordinate system, we have

(2)=(2), 0

by applying operator, we have

(Ge), = (G ox) e rox
dtfv_ T W r(vr W X7T)

dr

=a,+ 2w X
" dt

+toXr+wX(wXr)

or

ar = ar + 20 XV + 0 X1+ 0 X (0 XT)

(3)
where

dvf d'l]r
U= YT

are the acceleration in the fixed and rotating coordinate systems. The relation (3) is referred as

Coriolis theorem. The term 2w X v, is called Coriolis acceleration, whereas the term w X (v X
r) is called centripetal acceleration.

The equations of motion in fixed and moving/ rotating coordinate system are

F =mas, F' =ma,
where F and F' are the total forces in the fixed and the rotating coordinate systems.
On making substitution for a, from (3) in equation F = may, we obtain

These forces are called fictitious or apparent or inertial forces. They do not have physical forces
and do not arise from interactions of the particles.

Case Il

In this case we consider the origins of fixed and rotating coordinate systems are not coincident.
We have

(rf=R=()r+1,

= xi +yj + zk + 1,
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where 1y, is the position vector of the origin of the rotating system w.r.t the origin of the fixed
system.

Z
N
Z, P
N
z -
>Y
7o/ 0

Therefore

(dr) _dr0+d S v+ 2k
dt/;  dt g Y2k

TR T VLI dk
vy = vy + (XU + yj + zk) xdt ydt Z

Ve =Vy+ VU +wXT
where r = (1),
Similarly the acceleration in the two systems will be related by

ar=ap+a, +20 X1+ 0 X1+ w X (wXT)
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Module No. 180
Example 1 of Equation of Motion in
Rotating Frame of Reference

Problem Statement

The angular velocity of a rotating coordinate system OXYZ relative to a fixed coordinate system
0X,YoZ, is

@ = 2ti — t?f + 2t + )k

where ¢ is the time and {3, j, k} unit vectors associated with 0XYZ. The position vector of a
particle at time t in the body system (0XYZ system) is given by

r=(t* + 1)i — 6t] + 4t3k
To Find
i.  The apparent and true velocities at time t = 1.
ii.  The apparent and true acceleration attime t = 1
Solution

The apparent velocity is given by

dr d ~
— — 2 NG 3
v, = (dt)r o [(£2 + i — 6t] + 4t3k]

d(t2+1) Ad6t+fcd4t3
dt Jae dt

=1
= 2ti — 6] + 12t%k
Therefore the apparent velocity at time t = 1 is given by
v(t=1) =20 — 6] + 12k

The true velocity at any time t is given by

V=V, + W XT
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A i j k
=2i—6]+12k+| 2t —t* 2t+4
t?24+1 -6t 4t

Therefore
|t 7k
ve(t=1)=2i—-6/j+12k+[2 -1 6
2 -6 4
=341 - 2] + 2k
ii. For apparent acceleration
dv, d ~
= = —(2ti — 6] + 12t?
a = — dt( ti — 6] + 12t%k)

= 20 + 24tk
Therefore
a,(t =1) =21+ 24k

For true acceleration we have
ar =ar + 20 X+ 0 X1+ 0 X (0 XT)
1)
now

w(t=1)=21—j+6k
and

o = 20— 2tj + 2k

ot =1) =2i—2j+ 2k

Since r = (t? + 1)i — 6t + 4t3k and

v, = 2t — 6] + 12t%k, therefore

i j k
wXr=|2 —2 2(=41—4j—8k
2 —6 4

and
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~

it ]k
20Xv. =22 -1 6
2 —6 12

= 2(241 — 12j — 10k)

Also since
i k ~
wXr=12 -1 6|=321+4]j—10k
2 —6 4
Therefore
i g k
wX(@Xr)=|2 -1 6
32 4 -10

= —141 + 212j + 40k
Hence on making substitution, we have
ar = (20 + 24tk) + (41 — 4f — 8k) + 2(241 — 12j — 10k) + (—141 + 212] + 40k)
= 407 + 184] + 36k

which is required true acceleration.
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Module No. 181
Example 2 of Equation of Motion in
Rotating Frame of Reference

Problem Statement

A coordinate system OXYZ rotates with angular velocity @ = 2i — 3] + 5k relative to the fixed
coordinate system OX,Y,Z, both systems having the same origin. If A =sinti— cos ti+e tk

~ 2
where i, j, k refer to the rotating coordinate system OXYZ then find Z—f and ZT? w.r.to

I.  Fixed system

ii.  The rotating system

Solution
2
i. Tofind Z—': and 27;1 in the fixed system, we have to apply the following formulas
dA dA -7
(%), = (&), +@ x4 1)
d?A d?A S dA  dB 2 @
(ﬁ)f—(F)r'i'ZCUXE-FEXA-Fa)X(a)XA) (2)

dA\ [dA] _dA4,
de) —|dt] — dt

d ~
=E(sinti—costj+e‘tk)

@xA=(-3et+5cost)l— (2et —5sint)j + (—2cost + 3sint)k

A N
<—> =costi+sintj—etk+ (—3e t+5cost)i— (2e"t — 5sint)jf
f

QU

t
+ (=2cost + 3sint)k
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= (cost + 5cost —3e H)i+ (5sint +sint —2e~8)j + (—e ¢ —2cost + 3sint)k
= (6cost —3e t)i+ (6sint —2e7t)j+ (—e t — 2cost + 3sint)k

Now for solving equation (2), we proceed as follows

d?A\ _d (dA\ _d st ot
dtzr_dt dtr—dt(COSl sintj—e~"k)

= (—sinti+costj+ e tk)

-

dA - -
2w X (E) = 2(21—3j 4+ 5k) x (costi+sintj— e tk)

r

= (41— 6] + 10k) x (costi+sintj— e~ tk)
i 7k
4 —6 10

cost sint —et

2w X < )
dt

= (6e "t —10sint)i + (4e ' + 10 cost)j + (4sint + 6 cost)k

= 21— 3]+ 5k '—d =0
= — e = —=
W {—3j W=

So,

do - X X -
ExA=0><(sintl—cost]+e‘tk) =0

@ x (@ x A) = (21 — 3] + 5k) x [(21 — 3] + 5k) x (sinti—cost ]+ e k)]
= (21— 3j+ 5k) x [(—3et + 5cost)i — (2e "t — 5sint)j + (—2 cost + 3sint)k|
i j k
= 2 -3 5
—3e t+5cost —2e '+ 5sint —2cost+ 3sint

= (6cost —9sint — 25sint + 10e™ )i+ (4cost — 6sint — 15e~t + 25 cost)j + (4e~*
—10sint + 9e~t — 15 cos t)k
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= (6cost —34sint + 10e t)i + (29 cost — 6sint — 15e75)f
+ (—4e t 4+ 10sint + 9e~t — 15cos )k

= (—sinti+costj+e tk)+ (6et —10sint)i + (4e ¢ + 10 cost)j + (4sint + 6 cos t)k
+ 0+ (6cost —34sint + 10e t)i + (29 cost — 6sint — 15e75)j + (10sint
—13e7t +15cost)k
d*A | s | ene
Tz = (6cost —45sint + 16e7 )i+ (40cost — 6sint — 11e7t)j
f

+ (14sint — 12e~t + 21 cost)k

ii.  The rotating system

(dﬁ) ~ dﬁl _ dA,
dt ) ~ |dt| — dt
T s

d -
=E(sinti—costj+e_tk)

=costi+sintj—e 'k

d?A\ _ d (dA
at2 ] — de\dt
T T
= % (costi+sintj— e tk)

= (—sinti+cost]+ e~ tk)
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Module No. 182
Example 3 of Equation of Motion in
Rotating Frame of Reference

Problem Statement

A bead slides on a smooth helix whose central axis is vertical. The helix is forced to rotate about
its central axis with constant angular speed w. Find the equation of motion of the bead relative to
the helix.

Solution

We choose a coordinate OXYZ fixed in the helix such that Z-axis is coincident with the axis of
the helix.

Then the parametric egs. of the helix are given by
x=acosf,y =asinb,
z = bl
In vector form these can be written as
?=acosfi+asin@j+ bok

where 1, j, k point along the coordinate axis. Here k is constant but , j are variable.
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The equation of motion in the rotating coordinate system is given by
ma, =F —2mw X v, —mw Xr —mw X (0w X 1) Q)

In this problem, since w is constant,

w = wk, w=0 2)
Also

v, =7 = (—asinfi+acosfj+ bk)d 3)
and

L d PO NP
ar=r=a[(—asm01+acosé’]+bk)9]r

=(—asin@i+acos@j+bk)d +(—acosi—asin@ j)6? (4)
If F denotes the external force in the fixed (space) coordinate system, then

F = —mgl? + R ()
where R is the reaction of the helix on the bead.

Before making substitution from equation (2-5) into equation (1), we obtain simplified
expression for the second, and the fourth terms of (1), (the third term being zero).

w X v, = wk X (—asinfi+acos@j+ bk)d

= wa(—sinfj— cos O )8 (6)
and

w X1 =wkx (ac059i+asint9j+b0fc)

= wa(cosB]—sinO1)

w X (wXx71)=w?ak x (cos@ j —sin O 1)
= w?a(—cosfi—sinb})) )
Therefore on making substitutions from (4), (5), (6) and (7) into (1), we obtain

m(—a sinfi+acosfj+ bE)é —ma(cosO1i+sinbj) = —mgk + R + 2mwa(sin @ +
cos 1) + maw?(cosO 1+ sinbj)



176
m(—a sinfi+acosfj+ blAc)é —ma(cosO1i+sinbj) = —mgk + R + 2mwa +
maw?) (sinf j + cos O 1) (8)
Now if we write
vy = (—asin9i+ acosfj+ blAc)H' =uf
Then it is clear that the vector u is tangent to the helix. Since R is normal to the helix,
R.v,=Ruf =0
Rewriting (8) in terms of u (after eliminating the common factor m), we have
ub — a(cos@1i+sinh)B? = —gk + R + (Qwa + aw?)(cos 8 i + sin B f) 9)
Taking dot product of both sides of (9) with u, we have
u.uf — au.(cos @1 +sin6)8? = —gk.u + R.u + Qwa + aw?)(cosOi+sinfj).u  (10)
Now
w.u = a®sin® 6 + a® cos® 6 + b? = a* + b?
ku=k (—asinfi+acos6j+bk)=>b
Ru=0
(sin@j+ cosfO1i).u=(sinfj+ cosfi). (—a sinfi+acosfj+ blAc)
=acosf@sinf —acosfsinf
=0
Therefore (10) reduces to
(a®? +b*)B = —gb
or

_ gb
(a2 +b?)
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Module No. 183
Example 4 of Equation of Motion in
Rotating Frame of Reference

Problem Statement

Prove that the centrifugal force acting on a particle of mass m on the earth’s surface is the vector
directed away from the earth’s center and perpendicular to the angular velocity vector .

i.  Show that its magnitude is mw?r, cos A.

ii.  Determine the places on the surface of the earth where centrifugal force will be maximum
or minimum.

Solution

i.  Since centrifugal force is —mw X (W X 7).

We have to show that it’s vector is directed away from center of the earth and perpendicular to
the angular velocity vector @ and its magnitude is mw?r, cos A

where A is the latitude as shown in figure and 7, is the radius of the earth.

>X

S

It is quite clear that the particle is moving away from the center of earth and centrifugal force is
produced in the opposite direction of the path of the particle.
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It can be observed from the given figure that the movement of the particle (i.e. m& x (@ X 7,)) is
perpendicular to the angular velocity @ and vector @ X r,, becomes centrifugal force in the
opposite direction of the particle, so its centrifugal force is also perpendicular to @ and @ X 7,.

Now we move onto the proof of magnitude of centrifugal force, since

Fop = —m@ X (@ X 1)
We need to show that
|ﬁcf| =|-mw x (& X 7,)| = mw?r, cos A

Now we assume that the motion takes place in the XZ-plane.
Then,

é="kcosf +isin@
=k cos(™/, — 2) +isin("/, — 1)

é =ksinA+icosA
Consider the centrifugal force

=—mw X (@ X7,)

If & denotes a unit vector along the NS-axis, then we can write @ = wé and the expression
becomes @ X (& X 7,) = w?é X (é X 1)

—w?e x (8 X7, = —w?[(8.1,)é — (6.8)7]
= —w?[(e.7,)é — 7]
Now
é.7, = (ksind+icosd).n.k
=71,c080 = cos(”/z — 1) =1,sin1
So expression (1) becomes
—& X (@ X7) = —w?r,sind (ksinA + icosd) + w?r.k
= (—w?7, sin? 1 + w?r,)k — w?r, sinAcos A1

= (—w?n,(1 — cos? 1) + w?r,)k — w?r,sinAcos A1
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|ﬁcf| = |-md& x (& x 7,)| = |-m((—w?7,(1 — cos? 1) + w?r,)k — w?r, sin Acos A1)|

= |-m(w?7, cos? D)k + mw?r, sin A cos A 1)|

= m\/(a)zre cos? 1)? + (w?r, sin A cos 1)?

= my/w*1,2 cos* 1 + w*1,% cos? Asin2 A

= my w*r,2 cos* A + w*r,2 cos? A (1 — cos? 1)

= my w*r,2 cos* 1 + w*r,2 cos? A — w*r,2 cos* 1
= my/w*r,% cos? A
|17"Cf| = mw?r, cos A
Hence the required result.

The centrifugal force will be maximum at A = 0, where cos A = 1 (maximum) i.e. at equator
and minimum will be at NS-polesi.e.at 1= 7T/Z where cos A = 0 (minimum).
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Module No. 184
Example 5 of Equation of Motion in
Rotating Frame of Reference

Problem Statement

A coordinate system OXYZ is rotating with angular velocity @ = 5i — 4j — 10k relative to fixed
coordinate system 0X,Y,Z, both systems having the same origin. Find the velocity of the
particle at rest in the 0XYZ system at the point (3,1, —2) as seen by an observer in the fixed
system.

Solution
Since the given angular velocity is

@ = 50— 4 — 10k
and the point P(3,1, —2) at rest in OXYZ system.

Then

—

OP =7#=3i+j—2k

Also, we know the equation of motion in case when the origins of the coordinate systems
coincide each other

—

= U—r) +wX7
But we have to find out the velocity of the particle at rest in 0XYZ system at P(3,1, —2).
i.e.

—

=v0+5><?

N

v7 = (0,0,0) + (5{ — 4f — 10k) x (31 + 1j — 2k)

~

Gk
=(00+0/+0k)+|5 —4 —10
3 1 -2

= (00+ 07 + 0k) + ((8 + 10)i — (—10 + 30)] + (5 + 12)k)
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= (0f + 0f + 0k) + (181 — 20 + 17k)
Hence
vf = 181 — 20f + 17k

is the required velocity of the system.
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Module No. 185
General Motion of a Rigid Body

In general motion of the body, (i.e. no point of the body is fixed in space), let Fé*t be the total
external force on the rigid body and G&** the total external torque about its center of mass (i.e.
centroid). Then the equations of motion are

Ma, =F°¢** Q)
and
L. =G )
where a. is the acceleration of the c.m. and L. is the total angular momentum about it.

Now we resolve the vectors a.,Fé*,G¢*and L along the unit vector i, j, k taken along the
principal axes at the mass center.

The triad of vectors i, j, k may be inferred to as a principal triad. It will be assumed to be
permanently a principal triad.

Let Q) be its angular velocity. If the triad is fixed in the body then © = @, the angular velocity of
the body.

Now using the operator: (%)f = (%)r + w X

dF\ _ (dF LS F
de ). — \dt @
f r
which relates the rate of change of a vector in a fixed (i.e. inertial) frame and a rotating frame,
we have (on dropping the suffix r)
dv av. -
ar = a :E-I_va (~v,=v)
f

or af= %+5x5 (3)

where v = v,i + v,j + v3k is the velocity of the mass center (in the rotating coordinate system).
Substituting for a; = a, from equation (3) into (1), we obtain
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M(d—v+ Q xv) = Fext
dt
which is equivalent to

M(Ul + Q2173 + 93172) == F1
MW, + Qzv; + Qv3) = F, (4)
M(Ug + lez + szl) == F3

From (2), on using
dL dL
(E)f = a +0OXL

and the relation L = Lw,i + Lw,] + L;wsk, we obtain the equations

L6t + L6of + 63k + (QuLs — QzLy)i+ (Qply — QiLs)j + (QuLy — QuL )k =G
From this vector equation we obtain the following three scalar equations
Lwy + QyL; — Q3L, = G4
Lw, + Q3L; — QL; = G,
and
Lwz + QqL, — QL = G5
where on using the results
Li=Lw, Ly, = Lwy, Ly =303
we have

11(1)1 + (1)3.0.2[3 - (1)293[2 = Gl
Lw; + w1 Q3 — w3yl3 = G )
13(1)3 + (1)29112 - (1)19211 = G3

where I, I,, I5 denote principal M.I at the centroid of the body.

The set of egs (4) and (5) constitute six equations for the components of velocity of centroid and
the components of angular velocity of the body.
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Module No. 186
Equation of Motion Relative to Coordinate
System Fixed on Earth

We derived the equation of motion when the origins of fixed and rotating coordinate systems are
distant.

&f=&0+&r+25)’xﬁr+w—"x?+5x(5xf’) (1)
From (1) the most general from of the equation of motion in a moving frame can be written as

d%v g = - — — — - -
m(d—t;) =F—-—mwX7—2mw X v, —mw X (0 X71)—ma, (2)
r

where the subscript r refers to the rotating frame, F is the total external force in the fixed
coordinate system and d,, is the acceleration of the origin O in moving (rotating) coordinate
system, OXYZ. In the case of the earth, which is a rotating coordinate system, we choose the
origin as a point fixed on the earth.

We choose the fixed coordinate system at the center C of the earth and denote it by CX,Y,Z,, .
For a particle near the surface of the earth

F=mg ©)
where g is the acceleration due to gravity.

d,, the acceleration of the origin O is the centripetal acceleration of O due to the rotation of the
earth. It may be represented as

dy = X (@ X 7,) 4)
Therefore on substitution from (3) and (4) into (2), we obtain

22 .

m(%) =mg—mw X7 —2mw X v, —ma X (0 X7) —mu X (0 X7,) (5)
T

which gives the full equation of motion for a particle of mass m w.r.t. a coordinate system fixed

on the earth.

Next we obtain a simple form of (5) taking into account the fact that the angular velocity @ of
the earth is nearly constant both in magnitude and direction, (which is along NS i.e. North-South
polar line), and of small magnitude. In fact
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21 radian

w = |5| =
24 hours

_ 2T
"~ 86400

radian per second

= 7.27 X 10~°rad/sec

Since @ may be taken as constant, @ = 0. Since the fourth term on R.H.S. of (5) has the
magnitude mw?r (where r is the distance of the particle from the NS-axis), is negligibly small

because of w?. However the fifth term ma x (& X 7,), the last term of equation (5) is not
negligible because |7, | (the magnitude of the radius of the earth) is very large.

Hence equation (5) can be written as

dZF - — —> —> -
m<ﬁ> =mg —2mw X v, —mw X (0 X 7,)

r

—

which is a second order differential equation in  and may also written as

d*#

m
dat?

+2m5x%:mg’—m5x(5xf’e) (6)

where we have dropped the subscript r, it being understood that the terms on L.H.S of (6) refer
to the rotating coordinate system.

If & denotes a unit vector along the NS-axis, then we can write @ = wé, and equation of motion
takes the form

—w?ex(ex?n)

=
+
[\
e
>
X
=
Il
«Q,



